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Abstract

Strongly correlated quantum many-body systems feature a competition of various energy scales as well as a large
number of degrees of freedom. The interplay between them leads to a complex variety of quantum phases, while at
the same time yielding the possibility to tune them through external perturbations. A way to gain control over the
behavior of these quantum systems, is the engineering of couplings to an external bath. Controlling the dissipative
coupling of the system to the environment while introducing a coherent drive allows to tailor quantum many-body
phases of matter and light with some desired properties, an approach that has been applied to both ultracold atoms
and solid state systems.

The system that is central to this work is a system of ultracold interacting fermionic atoms on an optical lattice that
are globally coupled to a dissipative optical cavity mode. It features an intricate interplay of energy scales, among
which are the atomic short-range interactions, a cavity mediated global interaction and the kinetic motion of the
atoms. This results in complex quantum phases and self-ordering processes occurring in the system and makes it a
perfect platform to study them.

This thesis approaches the many-body atom-cavity coupled system and the possible manifestation of non-trivial
quantum phases in two main ways. On one hand, we investigate the steady state phase diagram using our method
of many-body adiabatic elimination that goes beyond standard mean-field methods. By including fluctuations in
the atoms-cavity coupling in our analytical model we are able to show their importance to determine the mixed
state character of the self-ordering phase transition. We identify many-body processes within the self-ordered
phase that strongly influence the physical nature of the steady states. Our method captures cavity cooling as well
as many-body cooling resonances, as well as a novel mechanism, the fluctuation-induced bistability, that emerges
from the excited eigenstate spectrum of the effective Hamiltonian. We provide arguments, that these phenomena
can be generalized to a large class of atoms-cavity models with comparable atomic and photonic energy scales.

On the other hand, we investigate the dynamics across the self-ordering transition using newly developed numeri-
cally exact tensor-network based algorithms.
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Chapter

Introduction

In recent years, many fascinating discoveries were made in the research of non-equilibrium properties of a multi-
tude of quantum systems, both in complex solid state and ultracold atom systems. A perfect platform to probe the
non-equilibrium physics and emerging phenomena is the class of open systems that couple to an external environ-
ment with many degrees of freedom via dissipation. An asset of these systems is the introduced attractor dynamics
that lead to an exponentially fast decay of the dynamics towards the steady state. Controlling the interplay between
driving and dissipation in the system can thus allow to access quantum states with sought-out properties [4], which
generates a platform for quantum simulations [5-7]. By manipulating the exchanges between a system and its
environment, reservoir-engineering techniques allow to realize previously inaccessible quantum phases of matter
and stabilize phases without an equilibrium counterpart.

For years, the regime of strong coupling of quantum matter and quantum light has been explored on a variety of
platforms. These range from atomic Bose gases or fermionic ensembles coupled to a dissipative cavity [8—10]
to electronic systems coupled to THz cavities [11-13]. For atomic systems some experimentally as well as the-
oretically investigated examples systems where the bosonic atoms are three-dimensional Bose-Einstein Conden-
sates [14-20], or confined to an external optical lattice structure [9,21-23]. The external lattice enables tuning of
the atoms interaction strength over a wide parameter range and leads to an emerging band structure. More recently,
there have been advances in the realization of ultra-cold fermionic gases coupled to a cavity field [24-28]. The
cavity setups permit to access the strong coupling regime and gain precise control over the collective matter-light
coupling.

For these light matter coupled setups the formation of self-organized density patterns has been theoretically pre-
dicted and observed when tuning the coupling across the Dicke superradiant transition. Some work has previously
been done on various models that feature atoms in a cavity transversally driven by a laser field [29-32]. The atomic
ensemble can spontaneously form spatially ordered structures such as checkerboard patterns. This occurs when
the laser intensity exceeds a threshold value and results from the mechanical forces on the atoms associated with
superradiant scattering into the cavity mode. This was confirmed by experiments on thermal clouds as well as
Bose-Einstein Condensates [33, 34] and atoms on an underlying optical lattice [21]. An equivalence to the super-
radiant transition in an effective Dicke-model has since been stated [35-38]. This opens up many possibilities to
investigate out-of-equilibrium and strongly correlated light-matter effects. This includes driven-dissipative phase
transitions [39, 40] and Mott insulator transitions in self-organized lattices [41]. Further effects like emerging
topological phases [42] or the engineering of tunable range interactions in multi-mode cavities also have been
investigated [16].

In the past years theoretical studies for involving fermionic atomic subsystems have predominantly focused on
either the properties of the self-ordering phase transition with both longitudinal and transversal pumping [43-50],
aspects of the non-equilibrium dynamics [51, 52], super-fluid pairing [53, 54] or topological effects that can occur
in this class of system [42, 55-59]. Further, a point of interest has been the possibility of stabilizing various
exotic states of matter via the attractor dynamics [60-68], and synthetic gauge fields [69] or the emergence of
skin effects [70]. Most of the theoretical approaches to the light-matter coupled systems rely on a decoupling



of the atomic degrees of freedom from the photonic sector and subsequent adiabatic elimination of the cavity
field [45,46,49,71,72]. So far, not many theoretical methods exist that allow to treat ensembles of interacting
particles globally coupled to a dissipative bosonic field on a level beyond this mean field approximation. Therefore,
it is of high interest to develop methods that are able to describe the competing long and short-range interaction
present in the system under consideration of fluctuation effects and to investigate how they can explain the new
phases that were observed in experiments. Here, concerning the steady state quantum phases, we want to focus on
effects like multi-stable behavior and cooling effects.

Cavity cooling is an important process in the preparation of ultracold atomic systems and relies on the broad-
ening of the spectrum of the light scattered by a moving particle relative to the incident light. It contains both
lower- and higher-frequency components, corresponding to an increase or decrease of the particle’s kinetic energy,
respectively. By tuning the cavity to higher frequencies, it is possible to efficiently cool an atomic system via
light scattering into the cavity [73]. This was confirmed by theoretical works and seminal experiments, which
demonstrated cavity cooling of single atoms [74] as well as the center-of-mass mode of an atomic ensemble [75]
or many non-interacting atoms [76]. Efficient cavity-assisted laser cooling of an atomic ensemble [77-80] utilizes
the decay of an optical resonator instead of atomic spontaneous emission for energy dissipation. It is based on the
preferential coherent emission of laser photons into an optical cavity. However, cooling resonances in the context
of interacting atomic systems remain mostly unexplored. We investigate those many-body cooling processes that
play a crucial role in the emergence of a fluctuation-induced bistability.

The emergence of a bistability or multistability is a fascinating effect often occurring in nature. Systems that can
reach several stable states are often seen in nature and are explored in many scientific fields such as chemistry,
biology, engineering, or physics. Which state the system evolves towards might be influenced by the previous
dynamics, the preparation of the initial state or other. Since presence of a bistability can induce a high sensitivity
of the system dynamics to the initial conditions and external perturbations, it can yield profound implications for
the overall behavior of the system. In physics, a very well-known bistability is the optical bistability [81], where
two stable states that are characterized by different light intensities emerge. This is typically caused by nonlinear
effects, for example in a cavity containing a nonlinear optical medium with a refractive index depending on the
light intensity. For fermionic atoms in optical cavities an underlying non-linearity can also appear throughout
the BEC-BCS crossover [24, 44] induced by the optomechanical interactions of the cold atomic gas coupled to
an optical cavity field [78]. The influence of dissipation on the existence of bistabilities remains an important
question. Bistable behaviors emerging in the vicinity of a dissipative phase transition are typically ascribed to
the first order character of the transition [18, 40, 82-90], or to the spontaneous breaking of a weak-symmetry
[14,32,78,91-99]. If it behaves as a first order transition often a hysteresis behavior in the dynamics across
the phase transition is observed. The transition point between the two competing phases depends on the initially
prepared state and parameter protocol. But in most of these cases the bistability is only obtained within a mean-field
approach. Considering quantum fluctuations around the mean-field solutions the competing bistable states resolve
to meta-stable states [92, 100—102] that are admixed in the density matrix, leading to a unique steady state in the
quantum dynamics. This is to be differentiated from multiple stable steady states observed within each symmetry
sector in the presence of a strong symmetry of the dissipative system [103—106]. For instance, fluctuations don’t
always counteract bistability. There are cases where fluctuations have been shown to change the nature of a phase
transition from second-order to a first-order character. This has been observed in equilibrium, for classical setups
or systems that can be described by Ginzburg-Landau type theories such as superconductors, magnets or liquid
crystals [107-111]. A coexistence of phases around the critical point is possible [112].

Beyond the unveiling of the steady state phase diagram, many intriguing phenomena can be expected in the real
time dynamics of these atom-cavity coupled systems [52, 113]. Nevertheless, most theoretical and experimental
research on these systems thus far focus on the description of steady states. While this, as we demonstrated above,
yields many intriguing phenomena that warrant further investigation, the quantum time evolution of these complex
systems also remains to be explored.

Theoretically, interacting many-body quantum systems that are isolated from their environment already pose a
great challenge when aiming to resolve its quantum dynamics towards the steady state. The dimension of the
Hilbert space associated with the many-body system grows at an exponential rate with the number of particles to
be considered, since the quantum state of the system is generally in a superposition of all possible configurations at
varying weights. Therefore, one quickly reaches the limit of exactly solvable system sizes. An analytical solution
can only be found on few special cases, for more general approaches we need to develop efficient computational



methods that are able to give numerically exact results. A lot of effort has been put into the development of al-
gorithms that simulate the numerically exact time evolution of complex quantum system [114—-120] or search for
their ground state [121-124] using tensor network methods. Various time evolution methods have been developed
to treat closed quantum many body systems. The most prominent are the Trotter-Suzuki-algorithm [125, 126], that
relies on an approximate decomposition of the time evolution operator into short-range terms, the Time Depen-
dent Variational Principle (TDVP) [127-130] or time-dependent Density Matrix Renormalization Group (tDMRG)
methods [115,131].

When treating the time evolution of open quantum systems, more challenges arise. If they are described by Lind-
bladian dynamics, the dynamics is determined by the density matrix instead of state vectors. This results in an
effectively squared Hilbert space dimension compared to the dimension of the original space. To overcome this
challenge, some algorithms have been developed, such as the purification-algorithm [132—-134]. Alternatively,
the Lindbladian dynamics are imitated through stochastic unraveling of the Lindblad master equation using quan-
tum trajectories. The evolution of the density matrix is modeled by means of Monte-Carlo averages over the
time-evolution of many different trajectories in phase space [135-145]. The Monte-Carlo Wavefunction (MCWF)
approach has been applied to a bosonic many-body system globally coupled to a dissipative cavity field [102]. The
performance of both methods has been compared for short-range interacting systems [139, 145]. How these results
hold up in systems that feature a long- or global range interaction remains to be explored and in this thesis we take
first steps towards it.

The development of our newly constructed algorithm permits us to determine the evolution of local observables
as well as correlation functions. We can then quantitatively characterize new evolution regimes and identify the
processes governing the dynamics in large interacting open quantum systems. Especially the dynamics as the
system transitions to the self-ordered phase that is predicted for the atoms-cavity coupled systems are of great
interest. Further, this class of systems can exhibit persistent oscillations [104, 146, 147], that we also observe in the
specific model we consider in this thesis.

In this work, we focus on the coupling of spinful fermions to a single mode of a transversely pumped dissipative
cavity. An equivalent system with bosons was described and investigated beyond the mean field level using analyt-
ical and numerical methods in our group [102, 106, 148—151]. We want to provide multiple newly developed and
applied methods that allow us to gain a broad understanding of the intricate steady state phase diagrams as well as
out-of-equilibrium dynamics of such a driven dissipative many-body atomic system coupled to a cavity mode. We
focus on the treatment of a spinful fermionic ensemble of atoms, though we occasionally extend our methods to
bosons for comparative purposes and to provide arguments for the generality of the described phenomena beyond
our specific model.

The outline of the thesis is as follows:

Chapter 2: We begin by providing an introduction to the model that is central to the here presented methods. Here
we derive the system Hamiltonian in second quantization and corresponding Lindbladian differential equation that
determines the dynamics of the full atoms-cavity coupled system towards its steady state.

Chapter 3: This is followed up by our newly developed analytical methods. Going beyond standard mean field
methods our approach considers fluctuations in the coupling to the photonic mode [Sec. 3.1]. The fluctuations
cause the system to thermalize towards steady states with a self-consistently determined effective temperature.
The method is complemented by various limit considerations, notably a weak tunneling perturbation going to the
thermodynamic limit [Sec. 3.2], that proves to be valid in a regime of the steady state phase diagrams that exhibits
intriguing fluctuation-induced bistability at low fillings. Notably the results in this limit can be generalized for
higher dimensions. The stability of the obtained solutions in the mean field approach is evaluated using a thermal
stability condition that will be presented in Sec. 3.3. With this, we have a variety of analytical tools at hand that
allow us to efficiently compute the steady state behavior of the effective driven dissipative atoms-cavity coupled
system.

Chapter 4: We further want to present the newly developed quasi-exact numerical algorithms based on tensor
network methods. They allow to perform an efficient real time evolution of the many-body fermionic system
with global photon-mediated interactions on top of the short-range interactions between the different spin species.
Further the Lindbladian dynamics that are introduced to the system by taking into account the dissipative nature
of the cavity in the numerical simulations. We begin by introducing the basics of Matrix-product state methods,



including tensor-train decomposition, representation and application of operators. Then we go through the full
algorithm, introducing the used methods at each step. These include time evolution with the Trotter-Suzuki-
method or using the Time-Dependent-Variational principle as well as Purification or Monte-Carlo-Wavefunctions
combined with stochastic sampling to evolve dissipative systems. We provide an analysis of the dependence of the
numerical convergence of our results on various parameters for all of the previously presented methods [Sec. 4.3].
The validity of the obtained results is confirmed by comparing the measured observables from the independently
implemented methods in various limits.

Chapter 5: Since our complex effective model takes the form of a ionic Hubbard model with self-consistently
determined staggering in the lattice potential we first provide an overview on the standard ionic Hubbard model
in order to facilitate the interpretation of the obtained result. We examine both the ground state phase diagrams
at quarter and half-filling as well as the excitation spectra that contribute to the finite temperature steady states
[Sec. 5.2], which will serve as a basis for the interpretation of the phases and physical processes observed in the
effective model. Further, we present our work on the level statistics of the one-dimensional ionic Hubbard model
Ref. [3] in Sec. 5.3. We analyze the energy level spacings in detail, demonstrating the breaking of the integrability,
which is a property of the Fermi-Hubbard model, in the presence of a finite potential staggering. Special focus
is put on the importance of considering symmetries of the Hamiltonian in the statistics to obtain reliable results.
The chaotic nature of the ionic Hubbard Hamiltonian extends to our effective model capturing the atoms-cavity
coupled system and supports our assumption of a thermal atomic steady state.

Chapter 6: In the light of all these analytical considerations, we present the obtained steady state results. We
differentiate between the atomic densities of quarter filling [Sec. 6.1] and half (commensurate) filling [Sec. 6.2]
that show fundamentally different behavior both at the self-ordering transition and within the self-ordered phase.
Special focus is put on the discussion of the self-ordering transition [Sec. 6.1.1 & 6.2.1] where the atoms sponta-
neously order and a finite cavity field emerges. We contrast the physical properties of the steady states across the
phase transition taking into account fluctuations in the coupling with the ground states obtained at the bare mean
field level. Additionally analytical approximations for the critical coupling at which the self-ordering takes place
are provided over a wider range of system parameters.

Within the self-ordered phase, we discuss the influence of atomic resonances on the obtained effective temperature
of the steady state and find regimes where cavity cooling resonances allow for an efficient energy transfer from the
atomic ensemble to the dissipative cavity mode. We further identify many-body cooling resonances that involve
the interacting character of the fermionic system. Further a saturation in the cavity field observables deep in the
self-ordered regime is observed. We provide the derivation of a universal scaled photon number in the large tem-
perature limit.

Within the self-ordered regime at quarter filling, we identify a novel mechanism, a region where multiple stable
steady state solutions appear. We call this fluctuation-induced bistability Ref. [1] since it relies on level-crossings
in the excitation spectrum of the effective dissipative quantum model thus can not prevail at zero temperature. We
identify this phenomenon in Sec. 6.3 for interacting spinful fermionic atoms confined to optical lattices and coupled
to the field of a dissipative cavity and provide a detailed analysis concerning the generating processes, dependence
on the system parameters and physical properties of the individual stable solutions. Our specific setup can serve
a paradigmatic example of an open quantum system. In the strong atoms-cavity coupling regime two (multiple)
self-organized steady state solutions are obtained, that are characterized by different effective self-consistently de-
termined temperatures and cavity field order parameters. While the dominant (lowest energy) contribution remains
the same in all solutions, the difference lies in the nature of the admixed excited states. More specifically, in
the second steady solution associated with the stronger cavity field, excited states containing double occupancies
become crucial. A many-body cooling mechanism emerges due to resonant photon-assisted transitions between
states with and without double occupied sites. We are thus able to attribute the origin of the bi (multi)-stability to
the interplay between the cavity-photon mediated global-range coupling and the short-range atomic interactions.
In the weak hopping perturbation, where the fluctuation-induced bistability appears, its existence is independent
of the dimensionality of the atomic gas or fermionic nature of the atoms. We therefore expect that the underlying
mechanism exists in a large class of atoms-cavity models with equivalent competing photonic and atomic energy
scales. The necessity of fluctuations around the mean-field solution is an astonishing property, since it is widely
believed that mean-field methods remain valid for long-range couplings. This is differentiated from the bistable
behavior at the self-ordering transition at commensurate filling in Sec. 6.2.1 that is connected to a level crossing
in the ground state of the effective model. The discussion of the fluctuations induced bistability is complemented
by equivalent results for a bosonic many-body system coupled to a dissipative cavity mode in Sec. 6.3.1. Here



we identify a similar behavior in the steady state within the self-ordered phase with a filling of on average one
atom for every two lattice sites. The bistability repeats for higher numbers of the on-site occupations and therefore
strengthens our arguments for the mechanism that causes the bistability to appear.

Chapter 7: After discussing the steady state results obtained using analytical mean field based methods, we
proceed to show some real time results. As with the analytical methods we make the distinction between systems
at quarter filling and half filling. To complement the numerical results, in Sec. 7.3 we show the time evolution
as the coupling strength is ramped up to a final value within the self-ordered state at various speeds. In Ref. [2]
this was investigated for a variety of experimental and theoretical models to determine a scaling law. Finally, we
connect our analytical insights into the steady state phase diagrams in the framework of adiabatic elimination to
the numerically obtained long-time results to provide a first step towards the interpretation of the steady state of
the full Lindbladian model in Sec. 7.4. We focus here on the regime where the fluctuation-induced bistability was
observed with the analytical ansatz and pinpoint how it manifests in the statistics of the Monte-Carlo trajectories.

The thesis is concluded in Chapter 8, where we summarize the main findings.



Chapter

Fermi gas on an optical lattice coupled to a
dissipative cavity mode

Exploring the dynamics as well as steady states emerging from the coupling of interacting particles to a dissipative
mode has attracted a lot of interest in recent years. One can expect numerous exciting phenomena to emerge in
these systems due to an involved competition of various energy scales such as long- and short range interactions,
external drive and dissipation. Examples of setups for this class of models that have been investigated both the-
oretically and experimentally are ultracold atomic gases interacting with a dissipative optical cavity mode [8—10]
or equivalently gases of electrons coupled to a long-lived phonon mode [11, 12]. A schematic depiction of a gen-
eral one dimensional system of interacting particles globally coupled to a bosonic field that exhibits dissipation is
shown in Fig. 2.1.

Ultracold atoms coupled to the light-mode of optical cavities have proven to be a suitable platform to study various
dissipative phenomena [78, 152], which is experimentally well-founded with systems of bosonic atoms placed in
cavities. For these atomic systems three-dimensional Bose-Einstein condensates [14-20], as well as atoms confined
to an underlying external optical lattice [9,21-23] have been realized. More recently much effort has been made
to realize a coupling between cold fermionic gases and a cavity field, which has thus far been realized by a few
groups [24-28].

Generally, this class of systems undergo a self-ordering phase transition, transitioning from a so-called normal
phase without occupation of the cavity mode to and a self-organized phase characterized by the emergence of
a finite cavity field [78]. In the past years theoretical studies for involving fermionic atomic subsystems have
predominantly focused on either the properties of the self-ordering phase transition [43, 45-50], aspects of the
non-equilibrium dynamics [51, 52], super-fluid pairing [54] or topological effects that can occur in this class of
system [42,55-59]. Further, a point of interest has been the possibility of stabilizing various exotic states of matter
via the attractor dynamics [60—68].

,-/“'I‘:i:sipation
bosonic field

interacting particles

Fig. 2.1: Schematic depiction of a one dimensional system of interacting particles globally coupled to a dissipative
bosonic quantum mode that mediates global all-to-all interactions between the particles.
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Fig. 2.2: Schematic depiction of the Fermi-Hubbard chain globally coupled to a single dissipative cavity mode.
The spin 1/2 atoms exhibit on-site-interactions of strength U and nearest neighbor hopping J. To globally couple
them to the cavity mode the atoms are subjected to a transversal pump beam with amplitude g. Losses from the
cavity field through the end mirrors is dissipative through photon losses through the mirrors with losses accounted
for by the dissipation rate I'.

The particular realization we investigate in this work is an ultracold quantum gas of interacting particles confined
to an underlying external optical lattice that couples globally to a dissipative optical cavity mode [152]. This setup
provides multiple intriguing possibilities to gain better understanding of light-matter interactions as well as out-of
equilibrium processes. While the confinement to the external lattice allows for an externally tunable atom-atom
interaction up to the strongly interacting regime, the global coupling of the single-mode cavity field couples to
all lattice sites homogeneously, introducing an effective global interaction between the atoms. This is depicted
schematically in Fig. 2.2. We choose a realization with fermionic atoms confined to an optical cavity, that in the
normal phase is well described by a Fermi-Hubbard-Model, to see how the Fermi-statistics and correlations in-
fluence the physical behavior. Driving the system with a transverse pump beam introduces the photon-mediated
long-range interaction, that is enhanced by the optical cavity. The small probability of a scattered photon to be
re-scattered is increased by the many passings of the individual cavity-photons through the atomic system. The
re-scattering of the cavity photons from an arbitrary atom within the ensemble mediates the all-to-all atomic in-
teractions within the system. The setup thus opens possibilities to enter into the regime of strong light-matter
interactions [153].

In this chapter, we introduce the theoretical model our further investigations will base on in Sec. 2.1. The equations
capturing the dynamics of the open coupled atom-cavity system are subsequently presented in Sec. 2.2. To see the
analytical methods we develop to allow an efficient treatment of the highly complex quantum many-body system
refer to the next Chapter 3.

2.1 The Hamiltonian model

As stated above, we want to analyze a system of ultracold interacting fermionic atoms confined to a an external
optical lattice. It is transversely pumped by a retro-reflected standing-wave laser field driving a cavity-assisted
two-photon Raman transition during which the atoms can emit photons into the cavity mode. Consequently, a
global photon-mediated atomic interaction is introduced to the atomic ensemble. The coupled system is subjected
to energy losses via dissipation of the cavity mode, which opens the possibility to stabilize out-of equilibrium
steady states. Additionally, since in realistic experiments such cavity systems can never be decoupled from their
environment completely, the assumption of photon losses contributes to a more true-to nature description, while at
the same time providing a quantum non-demolition measurement access via detection of the leakage photons. The
model we consider therefore exhibits the nature of an open system with attractor dynamics, stabilizing complex
modes of the interacting light-matter system. The setup we consider provides a comparably good external access to
tuning the global coupling strength by varying the intensity or detuning of the transversal laser beam. This therefore
allows makes the investigation of the dissipative phase transition possible over a broad range of parameters.



In the derivation of our model we follow analogous to the formulation provided in Ref. [31], adapting it to the here
considered spinful fermionic atoms in the process.

To begin with, we divide the system Hamiltonian into several terms that either act on the atomic system, the cavity
field or describe the coupling of the two subsystems

ﬁ = ﬁatom + ﬁcav + -Hac (21)

Here, the atomic part includes short-range atom-atom interaction as well kinetic terms that capture their movement
within the lattice. We consider an internal 2-level structure for the individual atoms in the ensemble, where they
can reside in either the ground (g) or excited (e) state, split by an energy hws., This can generally be written as
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where the dynamics are described using the atomic field operators zﬁg(e),a(r) that remove an atom in spin state
o and at position r (for now in arbitrary spatial dimension d) from the ground (excited) state respectively. The
corresponding creation field operators are defined by the hermitian conjugates. Note, the field operators for the

state s, 8" € {e, g} obey the fermionic anti-commutation relations
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Further the coupling constant for the two-body contact interaction is introduced as U = 4%5#, where ag is the
s-wave scattering length and m the atomic weight. For now we consider a general spatially varying external
trapping potential imposed on the atoms by the external optical lattice. While we still consider that atoms in
ground- or excited state respectively might experience different effective potentials V. (r), we assume it to be
independent of the atomic spin degree of freedom o and the detuning between the pump beam and the atomic
resonance dq = Wpump — Wee-

The second terms appearing in Eq. (2.1) is Hey. Tt represents the energy stored in the bosonic field and accounts
for energy changes to the overall system occurring when photons are added (via 2-photon Raman processes) or
removed (via re-absorption by the atoms or dissipation) from the cavity mode. Here we perform a rotating wave-
approximation, moving to the rotating frame of the external standing-wave coherent pump beam. In this basis we
introduce ¢ as the detuning between the frequency supported by the single cavity mode and the frequency of the
pump 6 =Weay — Wpump- With this we obtain

H.., = héata (2.4)

where (a') are the photonic (annihilation)(creation) operators.

Probably the most intriguing term in Eq. (2.1) is H, which captures the global coupling of the bosonic field to the
atomic ensemble. For the limiting case of non-interacting atoms one recovers the Jaynes-Cummings Hamiltonian
for the dynamics of the individual two-level systems. This model was first introduced and described in Ref. [154].
This model atom-cavity interaction can now be extended to the case of N two-level atoms coupled to a cavity field
that is characterized by a given mode structure via an coherent external pump. We assume, that the pump field
couples equally to all atomic spin species. Considering these assumptions, the atoms-cavity interaction can be
expressed by the Hamiltonian [152, 155]

H, = hZ/dr ’(/A}ZU(I‘) [h(r) + g(r)a] Ug.0(r) + Hoe. (2.5)

The spatially dependent function g(r) here describes the mode structure of the cavity field and A(r) the mode-
function of the coherent transverse pump with respect to the atoms.



Since we are interested in the observation of quantum effects, the system should be at reasonably low temperatures.
Therefore, heating needs to be limited and the parameters should be chosen in a way that lets the atoms accumulate
in the individual two-level ground state. One can achieve this by ensuring that the atomic excitation energy is
far detuned from the other involved energy scales weg < Weay; Wpoump- In this dispersive regime the atoms are
only virtually excited within the gap and subsequently decay back to the ground state without macroscopically
occupying the excited state. We therefore approximate the system by adiabatically eliminating the excited state of
the two-level atoms. Instead, it takes a steady state form depending on the ground state and the mode structure of
pump and cavity field [31]

Do) = 5 [0(2) + ()] Dy 0) 26)

Atomic spontaneous emission can also be neglected due to the large detuning of the pump beam from the atomic
resonance.

Inserting this expression for the field operators acting on the excited state in the previously derived Hamiltonian
terms and restricting to terms up to O(1/d,) in the perturbation yields for the atomic part

N N h? U - ~ -
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and the atoms-cavity coupling

H, = hZ/dr %1&;!0(1‘) [h(r) + g(r)&T] [h(r) + g(r)d] 1/3970(1') +He..

Expanding the bracket expressions and simplifying the resulting full Hamiltonian H = Hyom+ Heay + Hye one
obtains two coupled differential equations, the Heisenberg equations of motion, that determine the dynamics of the
atomic field operator in the ground state ¢U = wg - and of the cavity field operator a
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Note that since the model no longer depends on V. (r) we identified V,(r) =V (r) for simplicity. From these we
find an effective Hamiltonian that simplifies the individual two-level atoms to effective one level systems, operating
in the dispersive regime
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While the derivation up until here has been kept mostly general concerning the geometry of the atomic system,
pump beam and cavity mode, we want to now specify the model toward our interests. We want to initially restrict to
low dimensions, confining the atomic motion along the cavity axis which we define as x in Cartesian coordinates.
We consider a single cavity mode with an intensity profile along the cavity axis described by the mode function

9(z) = G2 cos? (keay), with maximal coupling to the cavity mode G and cavity wave vector kc,y. For the single
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mode setup we assume the mode profile along the transverse field axis to be seen as homogeneous in the one-
dimensional atomic chain and omit the spatial dependence along the other dimensions y, z

To specify the mode function of the transverse pump laser, we take it to be aligned with the y axis and approximate
it by h(y) = Q3 cos?(kyy) with maximal Rabi-frequency from the coupling to the atoms €2 and the wave vector
of the pump k;,. We assume the field to show a homogeneous profile along the cavity axis throughout the atomic
system located at y =0, leading to a fixed coupling to all atoms. It can be rewritten in terms of a constant energy
offset and can thus be omitted in the further treatment of the model.

We want to subject the atoms to a strong external static trapping potential in direction of the cavity axis V' (z) =
Vo cos? (k) with periodicity characterized by the wave-vector k. Since the atoms are strongly confined along two
of the three spatial dimensions, the scattering length in the contact-interactions needs to be adjusted correspond-
ingly, leading to a coupling strength of g;p for the effective one dimensional system. For sufficiently large Vj,
effects of the pump beam and emerging cavity field above the self-ordering transition do not affect the periodicity
of the static lattice to first order. We aim to design a staggered coupling of the atoms to the cavity field, i.e. the
sign of the coupling term between neighboring lattice sites for square lattices in arbitrary dimension should alter-
nate. This would effectively create a bipartite lattice with neighboring sites belonging to different sublattices A
and B and a coupling of the cavity field to the imbalance between the occupation of the different sublattices A.
This can be achieved by adjusting k; so that the lattice spacing is commensurate with half the wavelength of the
cavity mode in each lattice direction (here 1D). In this special case, the cavity mode function G cos(kc,yx) can be
translated to an effective pump strength +g with its sign depending on the respective sublattice [31]. We note that
we do not consider in H,. the dispersive coupling o< ataA [78], which often leads to bistabilities due to optical
non-linearities.

In the so-called tight binding limit, the fermionic field operators Ve () can be expanded in the basis of the well
known single-particle Wannier functions

=33 Gow(z —x;). (2.9)
7 o

In the process, we introduced fermionic annihilation (¢;,) and creation operators cJf that remove/add a fermion
in spin state o € {1, ]} at a site of the external lattice labeled by j. Note, these operators satisfy the fermionic
anti-commutation relations

[Cw, CJU/] = 61] 50‘0’
[Cioa Cja’] += [é;ra? é}a’] + =0.

The local density operator can be expressed in terms of these operators i, = 6}0@-0. We further restricted the
model to the lowest energy band since the eigenenergies of the model hamiltonian can be assumed to be small
compared to the band gap. In a next step, the Wannier-expansion is inserted for the field operators in the effective
Hamiltonian [first two lines of Eq. (2.8)]. If only dominant terms are retained, one arrives at the Fermi-Hubbard
model, that is a very well known many-body system

Hyom = Hpy = =7 Y (el e+ He) + U njai,. (2.10)
(4,00 J

Here the sum runs over neighboring sites with indices (j,!) within the chain of length L that contains a total
number of N atoms.

The introduced parameters are .J, tunneling amplitude that determines the hopping rate between neighboring lattice
sites, and U > 0 the repulsive on-site interaction between different spin species. They are defined from overlap
integrals of the Wannier functions.

2
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One restricts to contributions from adjacent lattice sites (j, k) since processes at larger distance are suppressed
exponentially in the atomic system. Further, due to the presence of a discrete translation invariance within the
system along the lattice, one assumes the tunneling amplitude and on-site interaction strength to be homogeneous,
identifying J = J;, and U =U;.

With the expansion in Wannier basis and the introduction of the fermionic annihilation and creation operators, the
entire Hamiltonian in second quantization can be written as

ﬁ = I—AIFH + f{cav + ﬁac (21 la)
Hp = —J Yy (el e+ He) + U iypiy, (2.11b)
G).o j
H., = héata (2.11¢c)
~ h ~ ~
He=——L@+ahA, A= nje— Y fus 2.11d)

VA

We will briefly comment on the influence of the individual terms on the physical state of the system to clarify their
role in the overall model description. While the second line is the well know Fermi-Hubbard model containing
next-neighbor tunneling with amplitude J and inter-spin-species on-site interaction U, the cavity term H._,, in the
third line accounts for the energy stored in the cavity field relative to the rotating frame of the pump beam. Here,
0 is the detuning between the pump frequency and the single mode cavity resonance. Note, that in the following
discussions we will sometimes simply refer to this as "pump-detuning” or "detuning". Lastly, the cavity mediated
global range atomic interaction is represented in the last line via coupling of the cavity field operator (a+a') to
the density occupation imbalance between the two sublattices A and B. For a one dimensional atomic system this
would result in a staggered density » o (—1)7,, a checkerboard pattern in two dimensions and correspondingly
for higher dimensional external lattices. We note that Hamiltonian is invariant under simultaneous mapping

a — —a,
A— A
which is a Zy symmetry of the model. Further, the Hamiltonian exhibits a U (1) gauge symmetry and is thus

invariant under a global phase shift x, ¢jo — &, = exp(ix)¢;jo. Another symmetry of the model is a SU(2) spin
symmetry we will comment on in later chapters.

2.2 Open system dynamics

So far, we only considered the part of the model setup as sketched in Fig. 2.2 that is energy-conserving. We now
aim to include a single dissipation channel (due to the single-mode nature of the considered cavity field) in the
description of the system.

The dissipative system is characterized by the coupling to a large external bath, also called the environment. The
system, consisting of system and environment, is thus defined on the full Hilbert space Hs ® Hpg. Assuming
that the coupling to the bath does not have a memory, i.e. the next time step proceeding from a current state
does not depend on the previous time evolution and the trajectory to reach this specific state, one can perform a
Born approximation and describe the dissipative dynamics by a Markovian master-equation. This is a sensible
assumption if the thermalization of the large environment happens at scales much faster than the interactions with
the system that is subject to dissipation. We take this to be true if the coupling of the cavity field to the environment
is weak.

To this end, the full system-environment density matrix, tracing out the environment degrees of freedom, is reduced
to an effective subsystem with a time evolution that is no longer unitary. The dissipative dynamics of the entire
model with the cold atomic gas in an optical cavity, subjected to a coherent transverse pump beam, can then be
described by a Markovian quantum master equation in Lindblad form [4,31,78, 152, 156]

d T, A r

= fﬁ[H, pl+ = (2apa’ —a'ap — pata). (2.12)
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Here the density matrix p contains all atomic and photonic degrees of freedom. The Hamiltonian provides an
equation of motion p as determined by a typical von Neumann-equation %OA = —%[ﬂ , O] This is completed
by the second term appearing in Eq. 2.12, the so-called dissipator. It describes the dissipation via the application
of a "jump operator”, in this specific case the photon annihilation jump operator d, at rate I'/2. These non-linear

differential equations determine the full system dynamics for the density matrix.

We note that in open systems like the one considered here, a symmetry in the Hamiltonian does not necessarily
imply a conserved quantity [104, 157]. For so-called strong symmetries that do correspond to a conserved quantity
the condition that the symmetry generator commutes with all jump operators defined in the dissipator has to ad-
ditionally be fulfilled. For the Z, symmetry, this is not true, since the corresponding generator does not commute
with the photon annihilation operator. It is therefore called a weak symmetry of the Lindbladian model.

Looking at the equations describing the model, above a critical pump strength and, thus, global interaction strength,
the atoms are expected to transition to a density-modulated phase by spontaneously ordering on one of the sublat-
tices of the static optical lattice. The initially empty cavity field becomes macroscopically occupied, introducing
an additional dynamical lattice on top of the static one [71, 158]. Recall, that the cavity field wave vector is chosen
to be commensurate with half the site-spacing of the external optical lattice by choosing the wavelength of the
lattice beam and the cavity length correspondingly.

Before moving on to the development of analytical methods that allow us to solve the presented equations, we want
to comment on the physical process one expects for the self-ordering phase transition at a critical coupling strength.
Without the pump beam and thus without coupling to the cavity mode the atoms are in a many-body steady state as
predicted for the standard Fermi-Hubbard model, characterized by a homogeneous density distribution (neglecting
finite size effects). However, the local densities are typically not static but subject to quantum fluctuations whose
strength depends on various parameters such as the relative strength of the on-site interactions U/.J and the overall
atomic density. Turning on the transversely applied, standing wave laser, these local density fluctuations can lead to
temporary sublattice density imbalances that consequently stimulate a process in which an atom absorbs a photon
from the pump field, gets virtually excited and immediately decays back to the ground state, emitting a photon
into the cavity mode. Once there are a finite number of photons in the cavity field, they can be re-absorbed by
any (other) atom mediating the global range interaction that allows the system to collectively order. This process
self-amplifies the density fluctuations in the atomic ensemble. Once the coupling strength determined by the pump
intensity and detuning from the cavity mode exceeds a critical value, the atoms are able to collectively order and the
system undergoes a self-ordering quantum-phase transition to a steady state where occupations of one sublattice
are favored while they are suppressed for the other one. Here, the cavity setup effectively amplifies light-matter
interaction cross-section via multiple passings of each photon through the atomic ensemble.

Summary

In this chapter we outlined the derivation of the Hamiltonian describing the quantum many body system of fermions
with global coupling to a dissipative cavity field via transverse pumping. We included the open nature of the model
in the framework of Markovian quantum master equations in Lindblad form. Having introduced this model, that
serves as a starting point for our investigations, we want to present the analytical methods we employ in order to
gain a detailed understanding of the processes driving the complex system towards its steady state in the following
Chapter 3. While we focus mostly on the steady state phase diagrams in these analytical derivations, we also
investigate the quasi-exact numerical time evolution of the system using our newly developed tensor-network
methods we will introduce in Chapter 4.
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Chapter

Many body adiabatic elimination technique
for atoms-cavity coupled systems

Our fermionic quantum-many body system globally coupled to a dissipative cavity mode is quite involved and can
only be solved exactly for very small system sizes. Therefore, strategies are needed in order to derive the system
dynamics and steady state behavior. In this chapter we introduce the analytical approximation methods used to
determine the steady state solutions [Sec. 3.1] of the driven dissipative atoms-cavity coupled system. Our approach
takes into account fluctuations in the coupling of the atomic ensemble to the cavity field, going beyond standard
mean field methods. Further we perform a perturbation in the kinetic energy, deriving a system of equations in the
thermodynamic limit [Sec. 3.2] that can be solved numerically. We comment on its validity for atomic systems of
arbitrary dimensions.

For both approaches we provide a stability condition for the steady-state solutions that determines the robustness
against small perturbations in the cavity field. We derive the condition for general mixed atomic states [Sec. 3.3]
and later evaluate it for the case of a thermal atomic state. Finally we briefly show the influence of the total spin
symmetry sector on the solutions [Sec. 3.4].

An introduction to the implemented numerical tensor network methods will be provided in Chapter 4. This allows
us to obtain the quasi exact dynamics of the complex quantum many-body system.

3.1 Derivation of the energy-transfer equation

In this section, we outline the derivation of an energy transfer equation for a many-body atomic subsystem that
includes the dissipative character of the model via an effective coupling of the atoms to a static cavity field. The
final result of the calculations is shown in Eq. (3.14). We apply the framework of many-body adiabatic elimination,
which allows us to consider fluctuations on top of the standard mean-field approximation of the atoms-cavity
coupling term Eq. (2.11d). The adiabatic elimination of the cavity dynamics via mean-field decoupling typically
leads to a static coupling between the atoms and the cavity mode, decoupling photonic and atomic degrees of
freedom completely [78]. In contrast to this, the adiabatic elimination method for many-body quantum systems
we developed captures fluctuations in the atom-cavity dynamics via perturbative coupling of the decoherence
free subspace of the Lindblad master equation to dissipative subspaces [159-163]. Here we follow this mean-
field treatment, including the fluctuations in the atoms-cavity coupling perturbatively by initially starting from
the states resulting from a mean-field decoupling of the photonic and atomic subsystems. This method has been
developed by our group and collaborators in Refs. [150, 164], where additional benchmarks for its validity have
been provided. Importantly, our approach does not involve a mean-field treatment of the atomic part of the system
and still contains the full Fermi-Hubbard dynamics resulting from the interplay of the tunneling amplitude with
the on-site interactions between different spin species.
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We start our derivations from the non-dissipative part of our model which is given by the Hamiltonian Eq. (2.11a)

~ A hg ~
_ ata A At
H = Hpy + hda'a —\/ﬁ(a—l—a)

as introduced in Sec. 2.1.

Here, the last term represents the laser-assisted atoms-cavity coupling H,. that couples to neighboring sites be-
longing to different sublattices A, B in opposite ways. This staggered coupling effectively shifts the lattice
potential the atoms see, creating a bipartite lattice with potential offset %(& + a'). We can interpret this
as a coupling of the cavity mode to the imbalance between the atomic densities on the individual sublattices
A=Y jeAoljo —> e B,oTo [31]. Since in our setup we choose to pump the system transversely, the dispersive

coupling ataA [78] is not present in H,.. Therefore, we do not observe bistabilities due to optical non-linearities
that often result from this direct coupling to the light field intensity. Instead, other interesting phenomena emerge
that have not been widely explored up until now.

As stated above, a standard approach to simplify these complex cavity-atoms systems is to perform an adiabatic
elimination of the cavity mode. In the process the atoms-cavity coupling term H, is replaced by a static mean-field
value depending on the parameter configuration for the system. In the following discussion we will refer to this
method as zero-temperature mean-field method (I' =0 MF)] [78, 152]. Since typically the cavity-field dynamics
occur at rates that are significantly faster than any processes in the atomic system, the photons are assumed to
quickly decay to a coherent state.

While this approach is already able to provide some insights into the system, in various system setups it was
demonstrated that taking into account fluctuations in the coupling fundamentally alters the steady state properties
and we therefore can not assume the phase diagrams determined at 7' = 0 MF level to correctly represent the
physical processes leading to the steady state that is close to the full system solution [102, 106, 149, 164—-167]. One
thus needs to go beyond the standard methods, which we do by applying an approach, that was recently developed
based on a so-called many-body adiabatic elimination technique [159-163, 168], to include perturbatively the
fluctuations in the atoms-cavity coupling on top of the mean-field [106, 164].

Since our method is based on the mean field approximation, we start by providing the corresponding equations for
our specific model. We assume the cavity field to be in a coherent state |a) with o= (a). The steady state condition
for the time evolution of this operator with respect to the Hamiltonian Eq. (2.11a) is given by

9. . 9 A O
am)_zm@) (i + 2)<a>_0. (3.1)
Solving for the steady state results in
o g/VLE o .
(@)= 57 ) 62

Using this result, we define the system parameter A\ which describes the cavity field in the coupling term

_ (a+al) 290 (A)
N8 =t = e (3.3)

Utilizing this result obtains an effective Hamiltonian Hg that contains a coupling term depending on a static
coherent cavity-field

Heg = Hpy — hgA(A)A  with  Hey=—J > (¢l,610 +he) + U jriy, —p Y e (34
Gilho j i

For completeness, here a chemical potential term o< g is included that controls the energy change in the atomic
system when adding or removing a particle from the system. In the following we are only focusing on particle-
number conserving systems and restrict losses to the cavity field. Therefore, this term will generally drop out of
the steady state description. For the purposes of this work it will however become important when going to the
thermodynamic limit. In this approach we don’t explicitly define basis states that satisfy the particle conservation
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(as in small system case that is solved using exact diagonalization of ﬁeff) but rather conserve it on average using
the chemical potential [see Sec. 3.2]. The sublattice density imbalance appearing in the coupling term A(A) is
calculated self-consistently with respect to the corresponding atomic states using Eq. (3.3). We note that the MF
treatment breaks the weak Zo symmetry of the model, (a,A) — (—a,—A), thus, in the following we restrict
ourselves to the solution with (a) >0, resulting in the A-sublattice to have the lower energy. There is a drawback
to the MF approach. The mean-field decoupling steady state equation is solved by any eigenstate of Hey and
therefore, one needs to make a somehow arbitrary choice for the atomic state that is not well-determined. One
common step, which we choose here, is to take the ground state of the effective atomic Hamiltonian [78, 152].

We expand this approach now by taking into account the fluctuations in the atom-cavity coupling § H, via pertur-
bation theory [150, 164], which is defined as the deviation between mean field and full dynamic coupling.

(a+al) )A

§H,e = —hg( S M)A (3.5)

Fig. 3.1: Sketch of the decoherence free (Ag) and lowest decaying (A;) Liouvillian subspaces. Dynamics in Ag
are captured by the unperturbed Liouvillian £y, while the perturbation £,, couples to decaying subspaces.

We apply in the many-body adiabatic elimination framework the perturbation theory for density matrices onto our
Lindbladian model. To this end we determine the decoherence free and lowest lying dissipative subspaces of the
unperturbed Liouvillian £y, as shown in the sketch in Fig. 3.1. For our specific model, the resulting equation is
given by

Lop= —% [He+hoata, pl+ = (2apat —atap—pata) . (3.6)
Note that the eigenvalues of L, have the form Lop = (—A+i\)py, where A® >0 and A’ are real numbers. This
can be seen in Fig. 3.2, where we show the Lindbladian eigenvalues for a system of size L =4, N =2. Already
for this minimal size, the dimension of the matrix one needs to diagonalize is of order ~ 10®, which strengthens
our motivation to find more efficiently computable representations of the system that allow us to investigate larger
system sizes. We see that, since the dissipator defined for our system is determined by the dissipation rate I"/2 the
real part of the eigenvalues A% lie in bands separated by gaps of order O(I") if the dissipation rate is the largest
energy scale in the system I" > g, U/R, J. As the coupling increases other effects "disturb” this ordering starting
from the highest dissipative subspaces. However, since we restrict our description to the low-lying decaying
subspaces in our derivation and neglect the fast decaying higher ones, the most relevant part of the Lindbladian is
that with A% ~0.

(@) 15 7 (C) a0
200
100

fol

Im

=10t

-40 =30 -20 -10 0 -40 =30 -20 -10 0 —-50 -40 =30 -20 -10 0
Re Re Re

Fig. 3.2: We show the Lindbladian eigenvalue spectrum Lopy = (—A¥+i\)py at system size L =4 and quarter
filling. The parameters used are U/J =2, ho/J =2, hil'/J =10 and hg/J={0.5, 1.0, 2.0}.
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A, is defined as the subspace of right eigenvectors that share a real part A’ Note that in this notation, Ag is the
decoherence free subspace that is characterized by A\ = 0. We assume that the eigenstates of £, obtained by
solving L% = \op" are well described by product states between the atomic and cavity-field subspaces

P =P ® Py With Py = [ (V) (n2(N], Pl = |a(A)) (a(B)]. (3.7

The atomic part is here built from eigenstates of Hy which we write in the number basis as states |n()\)) with
energy E,, (). For the cavity state p,, we stay with the coherent state assumption due to the fast atomic time scale
with the field depending on the atomic state via the sublattice density imbalance

apd)_ g 4
VId 6—il'/2 Ld~
As groundwork for the following derivation, we provide some relevant eigenstates of the unperturbed Liouvillian

L, showing the lowest decay rates. To simplify the calculation, we perform a basis shift by the steady mean field
value of the cavity operator & = (@). The photonic states are from here on thus written as

a=a—-a, a =a'—a*, (a+al)/VLi=(a+a")/VLi- ),

(3.8)
0) =la), @l0)=0, [1)=a|0), with (0]1) =0,

using the shifted oscillator basis, the most relevant eigenstates yield

Lo(|n,0) (m,0]) = —i(En—Em)/h|n,0) (m,0]
Lo(|n, 0) (m, 1]) = [=i((En—Em)/h = 0) = I'/2]|n, 0) (m, 1], (3.9)
Lo(|n,1) (m,0]) = [=i((En—Em)/h+ 0) = I'/2]|n, 1) (m,0].

Here, we wrote E,(\) = E,, n(\) = n etc. for simplicity. From these equations it becomes apparent, that the

decoherence free subspace A is spanned by states |n, 0) (m, 0| where the cavity field takes the mean field value
a. Using this result, a state in the decoherence free subspace can generally be written as

PO =la(A) (@A) @ p"(\),  with p =Y e(ni,ng) [ni (V) (2 (V)] (3.10)

ni,n2

In contrast to this, the excited subspaces Ao contain states with a deviation from the coherent state, representing
excitations of the cavity field. For the subspace A; considered here, these would be states containing one photonic
excitation [see Eq. (3.9)]. Since these states decay exponentially at a rate O(I") as they evolve in time, it is possible
to adiabatically eliminate contributions from A;. By doing this we perturbatively include the effect of the decaying
subspace in an effective description of the decoherence free subspace. The elimination is done as follows.

The considered perturbation couples Ag to A; via action of §H,. defined in Eq. (3.5)

£,(p) == 16Huc, . (3.11)

Using this one arrives at an equation capturing the effective dynamics within the decoherence free subspace [162,
163] which allows us to compute the steady state by using projectors Py and P; that project to the respective
subspaces Ay and A;. This yields

9
7po = Lop’ +

> L [He, ()1 Ay [5Hac, f)OH : (3.12)

72
where for simplicity we identify p° = p™o.

We use Eq. (3.9) to obtain an explicit expression for the steady state of Eq. (3.12). Note that a drawback from the
perturbative expansion is that the equations we obtain are no longer restricted to positive semi-definite solutions.
One thus needs to carefully check the physicality of the obtained results. The atomic density matrix obtained from
solving Eq. (3.12) is parameterized by by a coefficient matrix whose dimension scales with the dimension of the
atomic Hilbert space. The number of coefficients thus grows quadratically.
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To overcome these issues we further approximate our system by reducing the number of atomic degrees of freedom
of the resulting system of equations and restricting to solutions with physical density matrices. We assume, that
the atomic system can be described by a thermal state [150, 164], which is justified if the thermalization time of the
atomic system is shorter than the disordering process from coupling to photon fluctuations. We provide arguments
for the validity of the thermal state approximation by showing that the level spacing distribution in each symmetry
block of Heg obey Gaussian orthogonal ensemble (GOE) statistics in the presence of the staggered potential (see
Sec. 5.3, published in Ref. [3]). In general, we would have to consider a generalized Gibbs ensemble state for the
atoms to take into account all symmetries [106, 168]. However, in our case of an underlying staggered potential,
if we consider just a single symmetry sector or a chaotic system we can describe the atomic density matrix by the
thermal state R

pa~ e PHaN) /7. (3.13)

Here, the effective inverse temperature 3 = 1/kpT at which the atomic system thermalizes in the steady state is
determined by the fluctuations in the atoms-cavity coupling. The finite temperature causes the admixture of excited
states of the effective Hamiltonian in the density matrix of the system, in contrast to the pure state obtained from
the T'=0 MF method. The thermal atomic state only depends on a single parameter and can thus be determined
using the equation of motion of a single observable, namely the energy transfer, which in Lehmann-representation
is given by [150, 164]

d h2g?I" E,—F
—(Hegt)r = —— Am’n 26_’8E'” i i . (3.14)
o {Her) LiZ 7;' | (En—Ep + 16)* + (hI/2)?

h2g?I" )

n,m>n

e BEm e~ BEn

(Ep—Ep +h8)? + (h[/2)*  (Ep—En — h0)? + (hI/2)* |

with E,, being the energy of the eigenstate |n) of Heg and A, = (n| A |m).

In the steady state, since all transition rates balance, the left hand side vanishes and we only have to solve for 3 by
additionally fulfilling the self-consistency condition Eq. (3.3).

In some cases, it is favorable to rewrite the spectral energy transfer equations as a function of the retarded suscep-
tibility x(w)

0, ~ 2hg? hw I'/(2m)

—(H, = d I

g el = 77> / Wi I xr (@) (w+08)2+(I/2)2

(3.15)
where [169]

xr() = —1 / dtel O [A(), A0)]),.
0
The subscript 7" here emphasizes the evaluation of the expectation values with respect to the thermal steady states.
The integrand exhibits a main peak at fuv = £2g\ with secondary peaks around fww ==+U. Generally, the secondary
peaks are suppressed by a factor of .J? /hg\ due to their dependence on second order hopping processes. Since the
contribution of specific processes in Eq. (3.15) is proportional to the energy transfer in the atomic system AFE,,,,,

transitions without energy transfer are additionally suppressed.

The effective inverse temperature 3 and the cavity field strength A are simultaneously determined self-consistently
from the mean-field relation and the steady state condition of the energy transfer. We want to note that in the
normal phase below the self-ordering transition, the atoms still couple to the cavity field fluctuations despite the
vanishing average density imbalance, which determines an effective finite temperature. However, care is needed
when using the thermal state ansatz in this regime, since the effective atomic Hamiltonian reduces to the integrable
Fermi-Hubbard model. Therefore, one would need to resort to a generalized Gibbs ensemble state that includes the
conservation laws [106, 168, 170]. As we are mostly interested in the features present in the self-organized phase,
where the effective model is the ionic Hubbard model [see Chapter 5], employing such an ansatz is beyond the
scope of the current work.

In the self-ordered phase we can solve the system of equations Eqgs. (3.3) & (3.14) via exact diagonalization to
find the effective Hamiltonian that satisfies the self-consistency condition. Note that the number of states of the
respective basis set {n} here typically limits the solvable system size. Due to the large Hilbert space we consider
L = 8 for quarter filling and L = 6 for half filling to obtain spin-balanced states with S* = 0. We will comment
briefly on the influence of the total spin in Sec. 3.4.
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Large temperature limit

We can identify regimes, where the effective temperature is almost exclusively determined by the cavity field
and very weakly depends on microscopic details of the atomic subsystem. Important limits of the derived equa-
tions where this is the case are that of large dissipation I', I'>/6 > J/h,U/h, g\ or large pump-cavity detuning
hé > U, J, hgA. These limits are directly linked to a large effective temperature. It proves to be useful for the
understanding of some of the explicit results presented in Chapter 6. Since in the considered limit Im[yr(w)],
which appears as a factor in Eq. (3.15), decays rapidly for hw > J, U, hg\ further approximations can be made. We
obtain for the remaining factor

I'/2n . I'jen wdl/m
(1+w/6)2+(I/2)2 " 824+(I'/2)2  (82+(1'/2)2)2"

5F(OJ—|—5) = 5

Typically, in the large dissipation or large detuning limit the effective temperature is large compared to the other
energy scales in the system. Therefore, we can simultaneously take the high temperature limit 3 — 0, which
permits us to approximate part of the integrand appearing in the energy transfer equation Eq. (3.15) by

(1—e ") ™~ 1/241/ Bhw.

. . . . -1 Lo
In the integral over the resulting approximate integrand ¢ (w-+9) (1,€7ﬁ h‘*’) odd functions in frequency w drop
out when integrating over the symmetric interval. We are therefore left with the even terms, which in leading order
terms are independent of the frequency, as given below

I'/4x or/m
82+ (I/2)2  hB(82+(I/2)2)?

In order to satisfy the steady state condition for the effective Hamiltonian %(ﬁ[e@ = 0, the integrand needs to
vanish. This results in a condition that we can solve for 3

45/h

R

(3.16)
We thus find an approximate analytical equation for the effective temperature in the large temperature, large dissi-
pation limit that does not explicitly depend on the cavity field parameter .

3.2 Thermodynamic limit in the weak tunneling perturbation

We want to obtain analytical equations in the thermodynamic limit that allow us to estimate finite size effects
that still prevail in the maximal system sizes we can solve within the exact-diagonalization approach. Further
this provides us with an analytical base for the identification of physical processes driving the system towards its
steady state in the low hopping limit (part of this section has been published in Ref. [1] and its Supplemental).
Additionally, treating the kinetic term in the Hamiltonian as a perturbation permits to generalize our findings to
higher dimensional systems. This approach is generally valid for slightly altered models in parameter regimes
where the dominating terms in the respective Hamiltonian commutes with the atomic operator the cavity field
couples to, i.e. here the sublattice imbalance A.

Starting from Eq. (3.14) we describe our analytical steps taken to finally reach Eq. (3.25a) based on a perturbation
theory in the kinetic energy, assuming that the hopping amplitude J is the smallest energy scale in the system.
Ultimately, interpreting the resulting energy transfer equations allows us to gain a better understanding of the
physical processes which cause the fluctuation-induced bistability, as described in Sec. 6.3.

We split the effective Hamiltonian into an "unperturbed’ part H, and the perturbative kinetic part Hin

Hy = Hy+ Hyn with  Ho=U_ fjrivyy — hghA — > i, (3.17)
- ‘-

J
o =—J Y (eh 00 +he).
(4.0
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Note that we added a chemical potential term in Hy in order to adjust the correct atomic filling that was previously
implemented directly in the generation of the basis states. The susceptibility xr(w) appearing in Eq. (3.15) can
be rewritten in terms of the perturbation Hyy as shown in the following. We will provide here an outline of the
calculation. First, the equation of motion for the operator A is computed. Since A is diagonal in the basis of local
densities all terms of .Heff except for the kinetic part commute with it and we obtain

%A(t) — %eiﬁcfft/ﬁAef’iﬁcfft/ﬁ — _%’eiﬁcfft/h I:ﬁeff’ A] e*iﬁcfft/h (318)

= — 2ot Alemot/h = 2 [, A] (1),
h h
Inserting this result into our expression for the susceptibility yields

xr(w) = —% / h dte’ @I ([A(t), A0)]),. = _ L dtﬁ(e“w%)’f)qA(t), A0)]),

i mo )y “ot
o [ A0 BON g [ e 30,800,

— _%/0 dte’ @ [[Hign, A] (1), A0)] ),

[e%e) a ) o . N R
g |, ey (€T [[an, B0, A0)),

o /0 dte' i ([ Hyn, A) (1), [Hian, A] (0], (5-19)

In this calculation we used the time-translational symmetry [A(t), A(O)] = [A(O), A(—t)} and performed partial
integration (P.I.). One can then perform the perturbation theory starting from the susceptibility written with the
double commutator expression. The evaluation of the thermal expectation values defined by (...)r = Tr [e‘ﬁ Ho ]
is done with respect to the unperturbed Hamiltonian Hy, resulting in an expression that is perturbative in the kinetic
terms to second order O(.J?). Explicitly calculating the commutators and expectation values yields

[Bin, A (£) = €70/ [ Ay, AJ ()= 0t/ = 27 0t/ ( N7 6l 0 = 37 ey e UM (3.20)

(43,0),x (.0,
jeA jeB

As we already established, the dominating unperturbed part of the Hamiltonian Hy is only dependent on local den-
sities, causing all contributions from processes that ultimately leave the initial density distribution in the evaluation
of the expectation values ( [[I?[kim Al (t), [ﬁkin, A](0)]), to vanish. Therefore, we can discard most of the terms
in the trace. For (hyper-)cubic lattices arbitrary dimensions, as we consider only terms up to O(.J?), we can do the
following decomposition

([[Hin, A (1), [Hiin, AJ(0)]) =D ([[Hns Al (), [H, A](0)]).- (3.21)

S

Here, we separate the terms in each direction s of the hopping Hi, and rewrite them with the sum over s.

Before explicitly calculating the expectation value we rewrite the time dependent operators in order to avoid calcu-
lations with the operators in the time-evolution operator exponent. The fermionic annihilation operators evolving
with the unperturbed Hamiltonian H, can be rewritten exactly by considering their action on the set of local basis

states {10) , 1), 1), [14)}. We obtain

éja(t) — eit(g)\(—l)j+u/h)éja(1 _ ﬁja + eiUt/hﬁj&).
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Inserting this in Eq. (3.21) results the expectation value

N . N 1.J2 )
([[Hxin A] (t), [Hiin, A} (0)]) = ,2ZJ Z sin (29 (—=1)7) (1 — Rja — ua + 20 aua) (Rja — fia));
(G),
i<l
+ sin((2gA(—=1)? — U/R)t) (fja(l — ua) (Rje — ﬁla)>T
+sin((2gA(=1)7 + U/W)t) (fua(l = Aja) (Rja — fia)) g (3.22)

where Z,; is the partition function defined on the basis set of the d-dimensional unit cell, containing 2¢ lattice sites.

In the following section we focus on the special case of a one-dimensional atomic system, as we treat it in our
full effective model via exact diagonalization (ED), and explicitly compute the susceptibility and resulting energy
transfer equation. We further derive the self-consistency equation and a condition for the particle number conser-
vation at the same approximation level. We generalize the result by providing arguments for its validity also for
two-dimensions and make predictions for higher dimensional cases in Sec. 3.2.2.

3.2.1 Results for a one-dimensional atomic system

In the thermodynamic limit, considering the kinetic terms to the order of O(J?), the one-dimensional system is
effectively reduced to a two-site unit cell. Since only processes that ultimately restore the initial density distribution
have a finite contribution in the equations, the maximal distance process covered by a second order hopping process
is 1. Since from here, all expectation values are calculated with respect to the thermal state we will drop the index
T. Evaluating Eq. (3.22) in the one dimensional lattice, which is oriented in the direction of the cavity axis, the
expectation values are given by

_16iJ?
1D

<[[ﬁkim A] (), [f{kina A] 0)]) [2 sin(2gt) (e®# + eﬁ(s,kU)) sinh(Bhg)) (3.23)
—sin((2g\ — U/R)t)e (1 — e[i(2hg>\7U))

+ sin((2gA + U/h)t)ew”(l _ e—ﬁ(Zﬁg/\+U))]
We now insert this result into the expression for the susceptibility Eq. (3.19)

16.J2

X1 = a7 /0 dte'= 7! [2 sin(2gAt) (€7 + P (31=0)) sinh(Bhg\) (3.24)
—sin((2g\ — U/R)t)e* (1 — eﬁ(?hg)\—U))

+sin((2gA + U/h)t)e* (1 — 6_5(259/\+U))}

16J2 2gA s U .
~ W Zp {(w +i€)2 — (2g))2 (¥ + e7CH=) sinh(BhgA)
_ (2g\ — U/h) (260 (1 — (P(2hoA-U))
(w+i€)2 — (29X — U/h)2
(2g\ + U/h) - ohas )
(w+ie)2—(29)\_|_(]/h)26 (1-e )|

The energy transfer equation for the effective Hamiltonian, Eq. (3.15) is calculated in this perturbative approach

where we used m = %(w_‘_ilE_A — w+i1€+A) and lim,_, o+ {Im [TLGH = —nd(x) in order to simplify

the expression. We finally arrive at
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0 - 9 —exp(Bhg\) exp(—pBhgA) ePr 4 ePBu=U)
g \Her) o< J [ ((zth o)+ ()22 T (2hgh— ho)2 4 (hr/2)2) Shg (3:252)
n —exp[B(2hg\ — U)] n 1 e2Bn
(2hgh —U + 16)% + (A[/2)2 | (2hgh —U —18)% + (A[/2)2 ) 2hgh — U
—exp|B(2hg\ + U)] 1 e2Bn
+ <(2th TU2+ (/22 T (2hgh+ U —1h8)? + (hf/2)2> Mgr+ U |’

We also calculate the mean-field self consistency condition and the total particle-number per unit cell in the same
local basis, which allows to determine the chemical potential p required to fix the particle density to the desired
filling as well as A.

(n)y= Zi (cosh(Bhg\) (e + PBr=U)) 4 e281 (2 4 e=FUcosh(28hg)) + e 41 =20)) (3.25b)
ID

296 (A 1 496 , _ _uy .
_52+(9F/2)2<Ld> _ %W(smh(ﬁhgx)(eﬁueﬁ@ V) 4 PCr=U) sinh(26hgN)  (3.25¢)

The partition function defined on the one dimensional two-site unit cell is given by
Zip =1 + 4 cosh(Bhg\) (e + PB1=U)) 1 2e201 (2 4 =PV cosh(2Bhg))) + e’ —20), (3.25d)

The steady state solutions in this thermodynamic low-hopping limit presented in Chapter 6, are obtained by si-
multaneously solving the coupled self-consistent equations Egs. (3.25) for (4, 5, A). Note that at the special case
of commensurate filling (N/L = 1) with fixed on-site interactions the chemical potential takes a constant value of
uw=U/2, consequently reducing the system of equations to self-consistency and energy transfer equations.

3.2.2 The case of higher dimensional atomic lattices

Since we constrict to kinetic processes up to order O(J?) it is reasonable to expect one can retrieve results that
are qualitatively similar to the previously presented case of a one-dimensional atomic system for configurations
with a higher dimensional underlying lattice. Note that in an experimental setup one would need to ensure a lattice
and pump geometry that ensures the staggered coupling to the field with respect to neighboring sites in opposite
fashion. In two dimensions, this could be achieved by a relative angle of the lattice axes relative to the cavity axis
and a corresponding adjustment of the cavity resonance and lattice spacing. If one goes to higher dimensions or
slightly altered lattice geometries one might need to resort to a configuration involving multiple pump beams. We
sketch the layout for one and two dimensions involving a single pump beam below, where circles represent lattice
sites. Neighboring sites are located on either an intensity maximum or minimum of the nodes of the standing-wave

cavity field.
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In Eq. (3.21) the commutators entering the calculation of the susceptibility x7(w) can be decomposed into inde-
pendent contributions stemming from each direction of the external lattice the atoms are confined to. Any hopping
processes involving a tunneling of the atoms along more than one lattice direction and still fulfilling the condition
that they need to return to the initial density distribution are of higher order of the hopping, at least O(J*). We
therefore expect dimensionality to enter via a multiplicative factor in the susceptibility, leaving the overall shape of
the equations unchanged. The factor entering dependent on the dimension in which the atoms are confined could
be interpreted as a rescaled tunneling amplitude J'.
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As we are mainly interested in the steady state solution of the energy transfer Eq. (3.25a), the steady state solution
remains unaffected by the specific lattice dimension. However, the dynamics of these systems could very well
differ even at the same level of approximation since the rates of the processes driving the system towards the
steady state very much depend on both the dimensionality and lattice coordination number Z. Generally, one
would expect a higher dimensional system to thermalize more quickly since it suffers less from Pauli-blocking
than the one dimensional chain.

The agreement of the steady state results is explicitly confirmed by us for the case of a two-dimensional square
lattice as sketched above. Here, one reduces the system description to local 2 x 2-site unit cells in Eq. (3.22) and,
by noting that the partition function is Zp = ZZ,, the obtained equations are proportional to those presented for
the one-dimensional case Eqgs. (3.25). Details of the calculation are provided in Appendix A.2.

3.2.3 Role of individual terms in the energy transfer equation

In this section we want to provide some details on how we solve the system of equations Eqs. (3.25) and look at
the analytical properties of the individual terms appearing in the energy transfer equation.

We did confirm that for the parameter range shown in the following Chapter 6 the results obtained using the
system of equations Egs. (3.25) agree with those obtained going to higher order in the perturbation theory [see
Appendix A.3 for details] within the limits of the numerical accuracy reached. Therefore, since the calculation
without corrections is faster and more stable, we will use the system of equations Egs. (3.25) if not stated otherwise.
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Fig. 3.3: Graphical solution of the self-consistency condition for several values of the atom-cavity coupling fg/J
across the bistability region. (a) Self-consistency condition Eq. (3.25c¢), (b) effective temperature 5 and (c) chem-
ical potential 1 solving Eq. (3.25a) & (3.25b). The system of infinite size is at quarter-filling with U/.J = 40,
hé/J =8, hI'/J = 1. The values of hg/J are colored as follows: 6.0 (purple), 11.2 (blue), 12.0 (cyan), 14.4
(green). Vertical lines in (b),(c) denote solutions of the self-consistency condition at the respective hig/.J. Note all

curves are plotted up to the maximal value ), = % %

The system of equations is solved numerically by simultaneously determining the parameter set (u, 5, \) that
satisfies all three equations. To determine the solution points, several zero-point methods have been tested of
which the "ConjugateGradient"-algorithm showed to be the most stable one. We typically generate random initial
values (110, 80, Ao) within a given interval and check to see if the system of equations is solved to the requested
accuracy, which we set to e = 10712, If it fails to converge, the step is repeated with altered initial values. We
monitor the algorithms by explicitly solving the particle conservation equation and energy transfer equation at
varying given values of A" and graphically solving the resulting curve for the self-consistency condition that is
fulfilled at its zero crossings where X = A [see Fig. 3.3]. Increasing hg/J one typically moves from one zero-
crossing at A = 0, which is the trivial solution, to two crossings (purple line) at a value we will refer to as g, in
the following Chapter 6. There we present our results and provide insight into the physical processes. Depending
on the relative system parameters, one either remains with the two solutions, or enters an interval [gbi’l, gbig]
where multiple zero-crossings occur. For the parameters shown in the figure, at Aigyi1/J ~ 11.2 (blue curve)
the second local maximum developing in the self-consistency curve touches 0 around A = 1.37. Increasing the
coupling further the maximum moves across the 0-axis, entering the regime with 4 solutions (cyan curve) until the
intermediate minimum moves up and becomes positive around figyi 1 /J ~14.4 (green curve).

As derived in Sec. 3.2.1, the energy transfer in this perturbative approach is given by Eq. (3.25a). Here, comparing
to the spectral representation of the full energy transfer equation Eq. (3.14), one can interpret the contributions in
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Fig. 3.4: Sign of the terms o« 1/(2gA—U/h) in Eq. (3.25a) line 2, showing whether the processes heat (red) or
cool (blue) the atomic subsystem and the numerical solution to the full system of equations Egs. (3.25a)-(3.25c¢)
(black).

the upper line as originating from eigenstates of Hg, which are singly occupied on the lower potential or upper
potential sub-lattice, i.e. E, —E,, ~2hg), and the lower lines stemming from states with double occupancies, or
two singly occupied sites where the interaction energy is important, i.e. E,, — ', = 2hg\ F U.

The sign of the terms in Eq. (3.25a) implies either a cooling or a heating nature of the processes in the self-
consistent dynamics towards the steady state. In the exemplary parameter region we show here, multiple stable
solutions A1 5 exist at one pump strength hg/J [see black curve in Fig. 3.4]. For the first solution (low A1) the terms
o 1/(2g]) are sufficient to reproduce the full solution. The temperature to balance the cooling (first term upper
line) and heating (second term upper line) is relatively high k577 > 8.J. In contrast, for the second, higher photon
density solution, the effective temperature is much lower and also the states with double occupancies captured
by the second line o< 1/(2gA—U/R) in Eq. (3.25a) become important. In particular, the efficient transfer of heat
from the atoms to the photonic degrees of freedom, due to the resonances between excited states and the photonic
energy, leads to a cooling mechanism which drives the atoms to a steady state with a much lower temperature in the
bistable region. We will comment on this in more detail and also provide a clear picture of the resulting physical
processes in Chapter 6. Since 2g\s > U/h the process reducing sublattice imbalance A while creating a double
occupancy on the low potential sublattice while simultaneously adding a photon to the cavity field heats the system
while the same process simultaneously removing a photon cools it.

We further look at the weight of the individual basis state configurations of the 2-site unit cell in our perturbative
approach [see Fig. 3.5]. This is done by evaluating <exp[—ﬁﬁeff]>2j72j+1 /Zip with respect to every two-site con-
figuration on |27, 25 + 1) where Z1D is the partition function defined on the unit cell [see Eq. (3.25d)]. Note that,
without loss of generality, we only show two-site configurations where the first site belongs to the low potential
sublattice. However, since at the here considered level of perturbation in the hopping, the states |n1, nsa), i2j+1
and |ng, n1)y j—1,2; would yield the same contribution we omit from explicitly showing them. The most relevant
density-matrix elements are shown as a function of both the externally given coupling strength fg/J [Fig. 3.5 (a)]
as well as the resulting self-consistently determined atom-cavity coupling figA/J [Fig. 3.5 (b)]. We note that for
the parameters in the large interaction limit U/J =40 at quarter filling, the basis states that carry the largest proba-
bility weights remain those with either the empty unit cell |0, 0), ;241 OF singly occupied low potential sublattice
site [1,0)9; 05415 s 0)g; 0,41 Most interestingly, extreme points seem to be directly connected to special points
like 2g\ =0 (cyan dashed vertical line in Fig. 3.5 (b)) or 2gA\=U =+ § (orange dashed vertical lines). The signifi-
cance of these cavity and many-body resonances and their influence on the physical properties of the steady state
will be one of the main focus points of the results presented in Chapter 6.

3.3 Stability condition for in many-body adiabatic elimination

In order to determine which of the self-consistent solutions from our self-consistent equations of motion are stable,
we check the stability against small perturbations in the cavity field for both the full effective model at finite size
[Sec. 3.3.1] and in the thermodynamic low hopping limit [Sec. 3.3.2]. For atomic systems in a pure state a stability
condition has previously been derived, see e.g. in Refs. [78,171,172]. Here, we again want to go beyond the T'=0
MEF approach by extending the derivation for systems where the atomic state is described by a density matrix, more
specifically, by a thermal state.
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Fig. 3.5: Most relevant elements of the density matrix (exp[— Bﬁeff]>2j)2j+1 /Z as a function of (a) the coupling
strength 7ig/.J and (b) the effective lattice imbalance hig\/J in logarithmic scale for L = 8 at quarter filling.
The color legend shows the term in the energy transfer equation Eq. (3.25a) in the thermodynamic limit and the
corresponding occupations of the two-site unit cell where the first site is the low-potential site |25,25 + 1). The
parameters used are U/J =40, hid/J =5, hl'/J =3. Vertical lines in (b) denote the resonances, 2g\; =0 (cyan),
2gA=U/h (black, dashed), 2g\2 =U/h+4 (orange, short/long-dashed), 4g o =U/h—0 (green, dashed).

3.3.1 Derivation of the stability condition

To determine the stability, we consider the behavior of the inverse temperature 3()\), the eigenenergies of the
corresponding atomic effective Hamiltonian F,, (5, A) and the matrix elements A,,,,, () of the imbalance operator
under linear deviations of the cavity field X. In this section, all expectation values are evaluated using the self-
consistently determined thermal steady states. As in the previous section to simplify the notation we drop the
sub-index (...)7 =(...). The equations of motion for the quadratures of the cavity field are defined as

A= (af+a)y/vVLd,  p=iat-a)/ VL (3.26)
Using the known dynamics of the jump operator a, given by

@y = —isfa) — @) v

Ay
dt < > )

one easily obtains the equations for the quadratures
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where the expectation value (...)(*) is computed in the steady state thermal density matrix.
The stationary solutions of the equations can be calculated as

~ (s) (s)

“eraprn 0 P T errRr (3:27)

To study the stability linear fluctuations around the stationary solutions marked by (s) are taken into account

d(A)®)

OB (3.28)

A=A X p=p+p (A= (A +

The derivative of the expectation value of the atomic imbalance, obtained in the self-consistent thermal state
(AY) = ﬁm 3, e PNERN AL with respect to the stationary solution yields

0
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The dynamics resulting from the inclusion of linear fluctuations is given by

dX . dp I 2gd(A)® .

— =—=X4+ —776)\7—

a - 2T P T~ ne
We aim do derive a condition that determines whether the fluctuations are suppressed in the dynamics, leading to
a stable steady state, as opposed to the case where slight deviations from the steady state value diverge. This can

be achieved by putting a constraint on the Jacobian eigenvalues for the system of equations Egs. (3.30) given by

Ay ()
by — _g N \/_52 L 290 d(A)) 3.31)

(3.30)

Ld dX()

For a stable solution, the eigenvalues must satisfy Re{k+} < 0. Since here we consider the pump laser to be red
detuned from the cavity resonance we can assume 6 > 0. With Eq. (3.31) this results in the condition

(/2?1 s, [0Ann op
269 LiZ, ;e [ o Dan (8/\ )] (3:32)
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This condition distinguishes between stable and unstable thermal steady states under fluctuations of the cavity field.
Since it depends on multiple derivatives the numerical convergence when calculating the right hand side needs to
be carefully monitored. Especially around the special points where the number of solutions to the self-consistency
condition changes and therefore the slope of the function around the solution-points becomes really flat, some
convergence issues might arise.

For completeness we state here the stability condition at the T'=0 MF level

24 (0/2)? _ d(A)©
159 N

(3.33)

This will mostly be applied in the discussion of our results at half filling Sec. 6.2.

3.3.2 Stability condition in the thermodynamic limit in the weak tunneling perturbation

By evaluating the obtained stability condition in the local unit cell basis as introduced in Sec. 3.2, we obtain an
analytical equation determining the stability in the thermodynamic low-hopping limit. It results in solving

52 +2(61‘;/2)2 N d((ﬁ();)ﬁ B (aTr[;;:IOA] Zip — gf(u)) Tr[efﬁﬁoA])/(leD) (3.34)
with
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3.3.3 Computation

In practice, due to their complexity, we numerically evaluate the condition in Eq. (3.32) for the solutions of
Egs. (3.25) for both the small system exact-diagonalization and in perturbative approach in the thermodynamic
limit. In order to obtain more robust numerical results we evaluate the derivatives using a five-point finite differ-
ences scheme with a small step size €

—f(A+2€) +8f(AN+¢€) —8f(A—¢)+ f(A—2¢)

)= o . (3.35)

We evaluate the condition for various step sizes to ensure the convergence of the derivation scheme. Note however,
that in some parameter configurations the vanishing slope of one of the curves, especially around the bistability
edges can make it difficult to obtain reliable results. This mostly is the case around parameters where the number
of solutions to the self-consistency changes. In the results presented, whenever the stability can not be clearly
determined we present the points as unstable or ambiguous.

3.4 Symmetry sectors

We note that in our exact-diagonalization calculations we generally investigate the case of equal number of spin
up and down but do not consider explicitly the total spin quantum number symmetry. Numerically, we checked
the temperature in each symmetry sector separately and obtain agreeing results for s < spax, While the sector with
S = Smax reproduces the U — oo results, since no on-site interaction is possible. This is shown for exemplary
parameters in Fig. 3.6 for the pair of parameters (3, A) that determine the steady state of our effective model. We
constrict to S% = 0 and show the solutions to Eq. (3.3) & (3.14) within the individual S? symmetry sectors with
quantum numbers s(s+1).
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Fig. 3.6: (a) cavity field order parameter A= (a +a)/v/L, (b) effective inverse temperature /3 as a function of the
atom-cavity coupling strength hg/J for S, =0 in individual S? symmetry sectors with quantum number s(s+1).
Parameters used are U/J =40, hl'/J =3, hd/J =10.

Summary

In this chapter we presented the derivation of our analytical method, the many-body adiabatic elimination, that
allows us to go beyond standard mean field approaches by taking into account fluctuations in the atom-cavity
coupling. With a thermal state assumption for the atomic subsystem, we arrived at a coupled system of equations
that determines the steady state of the effective model by two parameters, namely the cavity field order parameter
A and the effective inverse temperature of the atoms . It can be solved via exact diagonalization of the effective
Hamiltonian for finite system sizes.

We further derived a thermodynamic limit in the weak tunneling perturbation that results in numerically solvable
equations that show to be valid in arbitrary dimensions. Additionally, a condition for stability of the thermal steady
state solutions under variations in the cavity field were established for both the full effective model and in the
perturbation. These prove to be valuable to determine whether an obtained solution is physical.

Finally, we briefly commented on the influence of the total spin quantum number on the found steady states.
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Chapter

Numerical tensor network methods

We present our implementation of the many-body atoms-cavity coupled model introduced in Chapter 2 in the
framework of tensor network states. This chapter introduces the techniques and limits of using tensor networks to
simulate the dynamics of large globally interacting many-body systems in contact with a Markovian environment.
The numerically exact time evolution is a powerful tool that can be applied to a broad class of complex quantum
systems to gain information about the dynamics on short time scales as well as in the long time limit. It is therefore
generally interesting to develop new methods in this framework and find algorithms that allow to efficiently evolve
systems that feature an intricate interplay of energy scales. In our specific case the comparison to the steady
state analytic results is further motivation to develop these methods, since they take all correlations of the system
into account. Therefore, it allows us to gain insight into the out-of equilibrium dynamics across the self-ordering
transition, the influence of correlations in the long time limit and much more.

We introduce our new algorithm for the spinful fermionic systems. While it is based on a combination of several
already established methods [119, 120], we brought it over to the fermionic coupled system and merged them in
an efficient code using the iTensor library [173] that tackles the most challenging points of the time evolution of
globally interacting dissipative systems.

Following the steps of our algorithm, we introduce the most important methods used. To begin with, the repre-
sentation of quantum states with matrix product states (MPS) is shown in Sec. 4.1. This allows to perform a quasi
exact simulation of the time evolution dynamics of complex, interacting quantum many-body systems. We further
introduce some of the standard algorithms, like a variational ground state search for closed systems [Sec. 4.2.2]
that we use to initialize our simulation. The time evolution is based on either Trotterization combined with swap
gates [Sec. 4.2.3] or the time dependent variational principle (TDVP) [Sec. 4.2.4].

Completing the algorithm, we show how to account for the Lindbladian dynamics with non-unitary time evolution
by implementing and comparing two main methods [Sec. 4.2]. To begin with, an algorithm using purification of
the density matrix is outlined in Sec. 4.2.6. To our knowledge, this is the first implementation of the purification
ansatz for the atom-cavity coupled system. Due to the drastic enlargement of the explored Hilbert space with
this method, we are however restricted to very small system sizes. To reach larger systems, an algorithm using
Monte-Carlo-Wavefunctions (MCWF) is introduced in Sec. 4.2.5.

4.1 Matrix product states (MPS) representation of quantum states

Matrix product states (MPS) are an efficient way to approximately represent the quantum many body wavefunction
of a one-dimensional system. Its large set of degrees of freedom that grows exponentially with the system size,
is reduced to the most important contributions. The goal of matrix products states is to expand the state vector
coefficient into a product of local tensors using singular value decomposition (SVD) which is one of the most
important, well-known tools in linear algebra. The decomposition of a general matrix M = M; ; of dimension
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nxm is performed as
Mij=> UiaSaVJ ;. (4.1)

Where U and V' are matrices of dimensions n x n and m x m respectively and T denotes the conjugate transpose.
The nxm singular value matrix is S with non-negative singular values s,, on the diagonal. One can see the singular
values in a way as the "weights" of the columns of U and V. In the context of quantum states one often calls it
"Schmidt-decomposition” and the singular values "Schmidt coefficients".

For physical states, the weight of the individual states in the wavefunctions is typically given by a high-dimensional
coefficient matrix. For a system on a chain of length L this is typically expanded into a product of L local tensors
representing the individual system sites via successive application of the singular value decomposition.

W= oo 1@ = DY M, M2, M |G) (4.2)

01..0L 01..01, Q1..G1,—1

with the local tensors MJ? . and |G) = |01,...01). Here o; is a physical index of dimension d that depends
on the atomic degrees of freedom like site-occupation, spin degree of freedom etc. For the here presented case of
spin — 1/2 we have d=4 and 0; € {0, 1, ], 1} }. The a; are so-called bond indices with dimension determined by
the number of singular values obtained in the decomposition. The singular value matrices are contracted to either
the left- or right side by multiplying them to the respective matrix, yielding the MPS in left- or right-canonical
form. We alternatively call the resulting states left- or right-normalized. The dimension of the matrix product is
given by (1xd), (dxd?), ..(d%/?=1xd"/?), (d¥/?xd"/?=1), .., (dx1), i.e. the dimension of the center bond grows

exponentially.

The entanglement between the subsystems left and right of a bond index a; that connects two site tensors, can
be accessed in form of the singular values, and poses a criterion for truncation of the local Hilbert spaces. The
bond dimension M’ needed to meet the set truncation error strongly depends on the von-Neumann bond entropy
M’ «x exp(Syn). In this context Syn measures the computational entanglement present in the MPS [174, 175].
The lower the entropy, the faster the weight of contributing states decays. The number of relevant Eigenvalues is
restricted by the so-called Lieb-Robinson bound. For local Hamiltonians it is restricted to a sub-linear growth as
the system evolves in time.

While the decomposition is exact, one typically aims to reduce the dimensionality of the system to increase the
computational efficiency. This is achieved by truncating matrix dimensions by only keeping the largest singular
values in the decomposition. One can control the truncation error € by setting a limit on either the combined weight
of the discarded values or restricting to a maximal number of values to keep.

(M) = > sz 4.3)

a;>M’

All values that do not fulfill these conditions are set to zero. This reduces the maximal matrix dimensions to
rank M’ < M. In an analogous way to the MPS one can define a tensor representation of operators O like the
Hamiltonian or Lindbladian operators which can in general act on different sites of the wavefunction in tensor
network representation. The matrix product operators (MPO) is represented by the product of local rank-4 tensors

A .. Lok ) =2\ = 01,07 09,0} 0L,0) o\ /o

O= Y ool gy Gl= " > WTWAR Wy R |6 (5. (4.4)
0'},..0’/[1 G‘},..G‘/L b17”bL71
01,0, 01,0,

Here, in correspondence to their "bra" or "ket" counterparts, one calls the indices o; acting on the "ket" state
physical indices and the indices a;- acting on the "bra" state auxiliary indices.

4.1.1 Graphical tensor notation

In order to visually represent complicated tensor-algorithms, we use an intuitive graphical notation proposed by
Roger Penrose [176].

As shown below, tensors are represented by squares, while the order of the tensor is given by the number of lines
going out. A scalar is thus drawn as a simple square, a vector has one index-line and a matrix two.
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This scheme can be continued for arbitrary dimensions. The direction of the lines can be defined to represent
indices in the normal and dual vector space. Here, for the physical indices lines coming out the top are indices of
the normal space while lines coming out the bottom side are in the dual space. Vertical lines are bond indices as
will be introduced in the next section.

. i j

scalar S ‘ matrix M;
i o gk
vector v, ._ rank 3 tensor Mij ! J

Connecting two lines represents a contraction of the respective indices. Alluding to the graphical notation, indices
that are not contracted are also called open indices.

In this framework, the MPS decomposition of a wavefunction Eq. (4.2) for a system with L sites can be written as

Oy Oy 051 04| 9. SVD o, 0, 05 Oal 9L
) 2 B 00-00

and correspondingly for a matrix product operator Eq. (4.4), i.e. an operator that acts on the whole system

o 0, 9] 0. 9]
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4.1.2 Measuring observables with MPS

A general local operator can be written as flj = Zaj o A% 95 loj) <O’§» } Putting the orthogonality center of the
7

MPS [1) to site 7, all sites to its left are left-normalized and to its right right-normalized. Calculating (1| A; [¢))
one can efficiently contract all left- and right-normalized tensors respectively.

contract .
—

With these basics we now proceed to introduce our newly developed algorithm to perform the time evolution of
our interacting fermionic system globally coupled to a dissipative cavity field.

4.2 Time dependent Matrix product state (tMPS) methods for dissipative
atoms-cavity coupled systems

The dynamics of an open quantum system are typically characterized by the interplay between the intrinsic unitary
dynamics, determined by the Hamiltonian H, and the coupling to the environment. The environment causes the
non-unitary part of the time evolution and quantum jumps, which are captured by the Lindblad operators. In this
section we describe state-of-the-art numerically exact methods based on matrix product states (MPS) we developed
in order to perform the Lindbladian quantum time evolution of the combined atoms-cavity system presented in
Chapter 2. We address the challenges one needs to overcome to efficiently treat the complex system and introduce
the utilized methods along the way. All algorithms are implemented using the ITensor library [173].

The fermionic nature of the atomic system requires a careful consideration of the anti-commutation relations and
basis order, especially when applying long-range operators or measuring distant correlations [see Sec. 4.2.1]. The
choice of the initial state [Sec. 4.2.2], that can be prepared restricting to subspaces of the full Hilbert space using
quantum numbers or adapted using ground state searching algorithms on parts of the system also greatly influences
the efficiency and convergence of the real time evolution. Also, the global coupling of the optical cavity mode to
the interacting atoms makes typical algorithms using matrix product operators vastly inefficient. We present in
Sec. 4.2.3 how we develop an algorithm that combines a time evolution algorithm based on Trotterization with
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the application of swap gates to alter the lattice geometry and effectively create a long-rage interaction. This time
evolution method is compared to an alternative approach, the "Time Dependent Variational Principle" (TDVP)
[Sec. 4.2.4] that uses variational methods to perform a time step and does not require the insertion of swap gates.
Further, the dissipative aspect of the combined system due to the photon losses requires extra care when including
it in the numerical method. The time evolution of the density matrix describing the quantum many-body-systems
following Lindblad dynamics needs to be determined. Lastly, the Hilbert space of the bosonic cavity field is
generally arbitrarily large. We introduce the algorithm to determine the most efficient reducing of the local Hilbert
space dimension in Sec. 4.2.7 analogous to the one developed in Ref. [102].

We represent the one dimensional atomic many-body system as a matrix product state as introduced in Eq. (4.2).
The cavity mode is introduced to the system in the form of an additional site in front of the first local atomic tensor,
which we will in the following call "cavity-site".

S g, a, g, g,
Xy

It has been shown for bosonic systems [102] that the specific position of this cavity site does not seem to influence
the efficiency or entanglement build up in the system. The physical indices of the j" atomic sites are denoted
as o; while the cavity index is named s. While the quantum number conserving atomic sites have local physical
dimension d = 4, the photonic site is non-conserving to respect the dissipative nature of the cavity field, and can
generally be of infinite dimension.

4.2.1 Fermionic tensor networks with Jordan-Wigner-Transformation

When implementing matrix product state methods for fermions, one can encounter difficulties since a lot of stan-
dard methods are implemented for lattice sites associated with bosonic degrees of freedom. Fermions obey the
Pauli exclusion principle as well as anti-commutation relations due to their totally anti-symmetric wavefunction.

To capture the behavior of physical fermionic systems correctly, we introduce the non-local Jordan-Wigner trans-
formation [177], which maps spinful fermionic operators bosonic ones combined with non-local Jordan-Wigner
string operators F;. The mapping of the fermionic annihilation operators é;, acting on site j are defined as

CJT = F1F2 ] 1b i1 (45)
c]i = F1F2 (ﬁ l; )
with £ = (1 — 27;4)(1 — 27y,) = (—1)Za 37 [note: sz = 1] and ng the corresponding bosonic operators.

The additional operator Fj in the mapping of spin-down operator ¢;| as compared to the mapping of ¢;4 comes
from the fixed ordering of the basis states.

For some relevant terms in the considered Hubbard model introduced in Sec. 2.1, this mapping results in

> el eiie +He = c¢lej i + el ¢y + He. (4.6)
= (0L By B (Fy By Eybyay) + (0 By By ) (Fy iy b)) + Hee
= (bETFjbﬁ-lT) ( J+1bJ+1¢) (bJTF b +1T) (bjiﬁj+15;'+1¢)

for the kinetic terms. We used Fjg]‘ = _B‘jﬁj. For the local atomic densities 7, one finds é}déjg = E;Jl;jg

Replacing all fermionic operators in a system’s Hamiltonian with these expressions allows to use the methods
predefined for matrix product operators in the ITensor library. The correct implementation of these non-local
strings, especially in the context of long-range correlations, is one of the main feats of our new method. We now
turn to an example of the specific protocol we follow in the numerical runs.

4.2.2 Preparation of the initial state

We begin by introducing the preparation of the initial state that will be the starting point for the real time evolution.
Since we typically aim to quickly converge towards a steady state, a state with symmetric homogeneous density
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distribution and sufficiently large bond dimension is favorable. A standard protocol for our algorithm is thus to
initialize the wavefunction as a MPS in a simple product state that resides within the desired S* spin sector. In the
tensor network architecture it is very beneficial to include quantum number conservation to reduce computational
costs.

Quantum number conservation

If a Hamiltonian is invariant under a symmetry transformation, the corresponding matrix representation can be
divided into several symmetry blocks. If it is a strong symmetry, meaning the symmetry generator also commutes
with the jump operator defined in the Lindblad equation, it can be associated with a conserved quantity. In that case,
the symmetry blocks are labeled by the value the observable associated with the symmetry takes when projected
onto the block, defining a quantum number (QN).

We consider good quantum numbers of the atomic many-body system into account to reduce computational costs
by block-diagonalizing with respect to the corresponding symmetry sectors. These are the conservation of the
number of particles in the individual spin species as well as the total S*-quantum number defined as

L

5 I T A

S% = 3 g c}aaaﬂcjﬁ. 4.7
i=1

Note that we do not explicitly take the total spin quantum number originating from 52 into account, since imple-
menting SU (2)-symmetries in the code is highly nontrivial.

In order for numerical simulations using MPS methods to efficiently capture physical processes, it is important
to include these quantum numbers [123]. Quantum number conservation imposes a block-sparse-structure on the
tensors of the state representation and only subspaces of the Hilbert-space corresponding to the symmetry sectors
the initial state vector resides in are considered in the time evolution.

In ITensor, the quantum number information is added to the respective indices with a flux direction and tracked
during all operations. In this framework, operators A that commute with all symmetry generators have a total flux
of 0. An initial MPS therefore always remains in its original sector of the block-sparse matrix product state
manifold under operations with A. Tt can only change its sector when applying an operator with finite flux.
Respecting this quantum number flux attribute in matrix product operations for large systems naturally restricts
the MPS manifold to the initial symmetry sector without needing to explore the entire exponentially large Hilbert
space in order to select states characterized by a certain set of quantum numbers. Note that only indices with
opposite flux direction can be contracted.

Ground state search with DMRG

We usually initialize the cavity mode to be empty at the beginning and set the atoms-cavity coupling to 0. To
this initial state, that has low mixing, we apply a standard ground state search algorithm for closed systems called
"Density-Matrix-Renormalization-Group" (DMRG) that is based on variational principles. It returns, if converged,
the ground state of the Fermi-Hubbard Model. This is the usual starting point for experiments that cool their
atomic system as much as possible before starting switching on the pump beam that couples the atomic system
to the cavity mode. Since one of the later introduced time evolution algorithms also hinges on an analogous
variational algorithm we want to provide some more detail on the DMRG method. Reformulating the variational
method in the matrix-product state formalism allows to find efficient algorithms to study correlated systems in one
dimension [121-124].

The ground state of a system is defined by |¢) that minimizes the energy

| LA )
FEgs = min | ————| . (4.8)
l (01)
This can be cast to an optimization problem with Lagrange multiplier A
(Wl H ) = A (4.9)
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Solving the equation with variational methods |¢)) is the approximate ground state of the system with ground state
energy A.

In the matrix-product state reprefse'ntation V) =2 o on 2oanap s Mo, M32 a0, MgLL ,.110), the local tensors
Mg | ,, correspond to the variational parameters of the problem. The Hamiltonian is represented as a matrix-
product operator (MPO)

A=Y Y wWhmwrs Wik |6) ().
01,01..000% bi..br—1
Since the minimization is highly non-linear, one typically iteratively minimizes the expression. One sweep consists
of fixing all but one or two of the variational matrices, optimize and shift the variable M7 = through the full
system. Repeating these sweeps to right and left are until convergence is reached one obtains a minimum in the
energy up to a specified accuracy.

Going through the algorithm in more detail, one starts by bringing the MPS to mixed canonical form with orthog-
onality center at site 7. In this representation, the derivation of 0 (¢)[¢) /JOMJ:*, . is given by M7 .. This
transforms the optimization problem to

OW[Hy) | 0(Ply)
8Mgiijlaai aMg-iijhai
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’
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=0 (4.10)

where M7i | . is the variable tensor and L and R are the contracted block states of the left (right) normalized part
of the state.
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Eq. (4.11) is solved for the respective vector M7’ . with iterative eigensolvers like Lanczos or Jacobi-Davidson

algorithm [178] since the tensors are usually t00 large to diagonalize them exactly. The local vector within the
MPS |4)) is then updated with the optimized M ai_.a; atlower energy-eigenvalue, yielding the new state |1/)> with
E. Next, the position of the variable element is shlfted one site to the left or right, depending on the direction of
the sweep and the procedure is repeated with the new variable tensor. Note that one needs to be careful as the
procedure might get stuck in a local minimum. To prevent this it is possible to test various initial states, add a noise
term and include good quantum numbers.

Additionally, using two-site optimization is also expected to converge faster and is less likely to get stuck in local
minima. One of the main advantages of keeping two neighbouring site tensors variable instead of a single one is the
adjustable maximal bond dimension D of the system. As the entanglement of the state might grow as it approaches
the ground state, the fixed bond dimension in the single-site optimization algorithm might lead to severe truncation
errors. Optimizing the two-site tensor however allows to truncate at an arbitrary, potentially higher bond dimension
in the singular value decomposition of the varied two-site tensor after the optimization step to restore the original
MPS form. The algorithm is now presented in some more detail. In order to optimize two sites simultaneously one
introduces the two-site MPS tensor IV and respective MPO tensor P

’
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Eq. (4.11) can the be extended to
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The optimization can then be performed using the same algorithms as for the single-site case. A graphical repre-
sentation for the algorithm is given in Fig. 4.1.

EE+++ I+l =

S-S0 I O BN R [

Fig. 4.1: Graphical representation of the two-site optimization DMRG algorithm. The MPS is brought to a mixed
canonical form with left (blue) and right (orange) normalized tensors. The two variable MPS tensors that are to be
optimized are contracted (yellow bar) to a two-site tensor. Contracting the left and right edge tensors (grey bars)
efficiently allows to rewrite the optimization to an effective eigenvalue problem with an effective Hamiltonian and
eigenmatrix (red).

Finally, after variational optimization the resulting two-site tensor Ng, ’,7,,, needs to be transformed back into
single site tensors M i 1.q; and M;’*;; +1- This is done by performing a truncated singular value decomposition,
restoring the initial MPS form. In this step, the bond dimension of the index connecting sites [ and [ 4+ 1, which
during the optimization step is potentially increased to dD as compared to D in the original MPS, can be reduced
back to D, taking only the most influential contributions into account.

For a sweep to the right (left), the diagonal singular-value tensor is contracted with the right(left)-hand factor

T

This operation is then, similarly to the single-site case, iteratively shifted to the right and left through the MPS
in subsequent sweeps until the convergence criteria put on the algorithm are fulfilled. Because of the beneficial
properties formerly mentioned, this two site-optimization is the algorithm of choice for any DMRG calculations
performed in this work. Note that this method is most efficient for open boundary conditions (OBC), which
are also used in the quasi-exact numerical tMPS code developed in this work, because the computational costs
for the algorithm scale linearly with the system size. Open boundary conditions introduce stronger edge effects
than periodic boundary conditions (PBC), but are often more natural in physical systems. Using PBC drastically
increases the computational costs of the DMRG algorithm, requiring to keep D? instead of D states at each singular
value decomposition to reach the same accuracy.

Time evolution algorithm

Now that the initial state is prepared, we describe the various time evolution methods used to progress the MPS
representation of a wave function in time.

4.2.3 Trotter-Suzuki time evolution and application of swap gates

We begin by introducing the well known Trotter-Suzuki decomposition of the time evolution operator to perform
a unitary time evolution on the closed part of our quantum state [125, 126]. It is combined with a sequence of
swap-gate applications, newly developed in our group [102], that allow us to decompose the global range photon-
mediated interaction into repeated applications of short-range operators. This will be part of the full time evolution
algorithm for open Markovian quantum systems in Sec. 4.2.5 and Sec. 4.2.6. Suppose we have a closed quantum
system with a time-independent Hamiltonian H. Starting from an initial state at =0, the time evolution is defined
by the Schroedinger equation

[(t)) = e~ F 1 [t = 0)) = U(t) [ (t = 0)). (4.14)
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Fig. 4.2: Scheme of the gate application to an MPS in the Trotter-Suzuki algorithm. The gates are represented by
yellow boxes. The gates are applied by a sweep from left to right and subsequently from right to left.

Numerically, we cannot continuously solve the time evolution but rather need to discretize it into /NV; small finite
time steps 7 until reaching the desired final time t.,q. The full operator is factorized to U(t) = U (7)"*. Assuming
the system Hamiltonian only includes short range interactions, which is the case for many popular models for
one-dimensional quantum systems, it can be split into local terms. If it i.e. only couples neighboring sites the
decomposition is done as

L—-1
H=>"hjja=> hjzn+Y hjm (4.15)
j=1 jodd jeven
——
Hod(l I—AIeven

with [ﬁ' odd) ﬁeven} =0, but all terms within the two sums commute with each other. Using this property for small
7 the time step operator can be approximated by the Trotter-Suzuki decomposition. This results in

. A L_l . ~ 1 . ~
UT)=e 71 = H e~ 3R H e~ zRhim (4.16)
=1 j=L-1

A finite time step 7 leads to a systematic error of order O(L7?), also called "Trotter error", where L is the number
of sites of the MPS. This error accumulates, leading to an overall error of order O(L7%tenq) at the defined final
time. The exponentiation of the operators on the small subspace of the Hilbert-space can be done efficiently. In the
matrix product state representation, individual factors can be represented by gate tensors acting on the neighboring
MPS sites 7, j+1.

d d d d
d d
9| 9 O] % —» 1] %4
D D D D D D

Here, the dimension of the bond index connecting sites (j,j + 1) grows at every gate application. To limit the
computational costs one subsequently performs a SVD compression that introduces a second error in the time
evolution step. After contracting the adjacent MPS site tensors with a gate tensor, the bond dimension is truncated
to a maximal dimension m in the decomposition. By keeping only m contributing states with the largest singular
values, one introduces a truncation error € which is the combined weight of all discarded states. An in-depth
discussion of the different error sources will we provided in Sec. 4.3.1. Repeatedly contracting the two-site tensors
with the MPS in the right order time evolves the initial state until the final time ?.,q is reached. This right- and left
sweeping algorithm in diagram representation is shown in Fig. 4.2.

The global range coupling between the cavity mode and all the atomic sites makes the use of the tMPS implemen-
tation based on the Trotter-Suzuki decomposition, which is based on short-range Hamiltonians, impossible. Thus,
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in order to take both the global coupling between photons and atoms and the short range interaction of the atoms
into account, we develop a variant of the tMPS based on the dynamical deformation of the MPS structure. The
dynamical deformation allows one to alter the order of the sites as needed using swap gates [140, 174, 175]. This
implementation can efficiently deal with interacting spinful fermionic models globally coupled to the dissipative
photonic field.

In detail looking at the dynamics of the individual quantum trajectories, a time step is done as follows. The
trajectory is represented as a matrix product state. Here, the first site is initially representing the single-mode
cavity field. One needs to be careful in all operator application since we have both a bosonic site for the field as
well as fermionic sites for the atomic chain. The in principal arbitrary large dimension of the Hilbert space of the
photonic mode is dealt with by dynamically truncating it during the time evolution, as introduced in Sec. 4.2.7.
Then, the time step operation is based on the second order Trotter-Suzuki decomposition of the time evolution
propagator, combined with swap gates. The Hamiltonian is split in an atomic part Hey, which only contains
atomic operators, and the remaining terms involving the cavity field.

i
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While evolving with Hpy is possible using the standard Trotter-Suzuki-algorithm, one needs to consider how to
implement the global coupling to the cavity field more carefully. For e~ # (HutHa—%5-13'a) one can decompose
the coupling H,. into terms that each only act on two sites [150]

L71 . R . N
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Note that these are not only adjacent but connect each site with all of the others individually.

Since most of the resulting two-site operators do not act on two neighboring sites in the initial MPS structure of
the quantum state, we resolve to modifying the structure of the MPS. Before applying the two site operators, the
site information is virtually swapped such that the indices targeted by the coupling operator are neighboring each
other in the MPS structure. This is realized via application of swap gates S ,,; that exchange the order of physical
indices (s, o) of a state |01, 02, ...05, 0j, ...o ) in MPS representation.

o1 S (9] or ) — ( o1 ( )57‘7j or )
Sy (M2 M3, o M -MEE ) = Sy (MZH(MM)7 - MEE (4.19)
_ o1 35,8 or
= ML (MM)7" MR
— g1 O’j S gy,
MZ M ME M

The swap basically consists of a combination of two Kronecker-deltas (s, s’) and d(o, 0’) with exchanged site
information. The swapping procedure is done as follows:

S>-<U‘I UL S>-<U’I U’Ll UI |S U‘Ll Ull IS O‘LI
—— — e — — —

- ... — P — o —] -
One starts with the two MPS sites that correspond to the cavity site, with physical index s, the adjacent atomic
site with index o and the swap gate with matching indices (s; o) as well as the new indices with exchanged site
information (¢’; s’). In order to apply the gate, the sites with indices s, o are contracted through the connecting
bond index. Then the resulting 2-site tensor can be contracted with the swap-gate tensor, which results in a 2-site
tensor with physical indices (¢”; s’). It is split into two one-site tensors via SVD, renaming the physical indices
(¢0'; 8"y — (0; s). Note that besides the SVD truncation error this procedure is exact.

The full time step is concluded by applying all two-site tensors and swap gates following an specific order shown
in Fig. 4.3.
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Fig. 4.3: Scheme of a single time step of the individual trajectories in the Monte-Carlo-Wavefunction algorithm.
Yellow boxes represent the two-site Trotter gates, the blue bar the global coupling of the fermionic system to the
cavity mode (blue MPS site). The gray box on the right shows the decomposition of the global coupling into two
site gates combined with swap gates.

4.2.4 Time Dependent Variational Principle (TDVP) with optional local basis extension

In this section we will introduce an alternative time evolution algorithm, the time-dependent variational principle
(TDVP) [179, 180] that has many similarities to time dependent Density Matrix Renormalization Group methods
(tDMRG) [115,131]. We implement the method in order to confirm our algorithm works and eventually bench-
mark against the Lie-Trotter decomposition introduced in the previous section. Since it does not rely on the lattice
deformation with swap gates, an agreement between the methods can serve as a justification for this approach. Ad-
ditionally, depending on the specific parameter regime, one or the other time evolution method might be favorable
from a point of computational costs.

The TDVP algorithm is based on the DMRG algorithm introduced in Sec. 4.2.2, that applies the variational prin-
ciple to matrix product states. The method was adapted for MPS applications [127-130] to obtain flexible and
efficient variational algorithms that allow us to study one dimensional correlated quantum systems with excellent
precision. As in DMRG methods the integration scheme is typically based on the single-site variant or the two-site
variant.

Due to the symplectic structure, as in classical approaches, probabilities, energy as well as other integrals of motion
are conserved if the state does not leave the manifold under the corresponding symmetry transformation. Contrarily
most other time-dependent MPS methods do not automatically conserve energy and probabilities because they
include a truncation step necessary to allow for an efficient MPS representation of the time evolved state. Note,
that TDVP methods, similar to DMRG, can fail uncontrollably by getting stuck in local minima. Generally, one
needs to be careful since time evolution with TDVP optimizes the systems total energy. This can be at the cost of
convergence in arbitrary observables that are not explicitly contained in the Hamiltonian. For integrable models
even global observables included in the Hamiltonian might suffer from numerical convergence issues because the
TDVP algorithm does not explicitly conserve non-local conserved quantities that result from the integrability [181].

We will begin by discussing the single-site method. This variant does not violate unitarity or energy conservation
at the drawback of the fixed MPS bond dimension that is unable to adapt to an increasing entanglement. A product
state, independent of the Hamiltonian, will always stay in a product state. The unitary part of the time evolution
of a quantum state is determined by the Schroedinger equation. The TDVP algorithm relies on the derivation of
a series of local time-dependent Schroedinger-equations (TDSE). For the single-site variant, in a time step, the
action of the Hamiltonian is projected into the tangent space to the specific manifold of matrix-product states
corresponding to the initial bond dimension. The resulting TDSE are then solved within this manifold, which
defines a simultaneous update for all tensors of the MPS. Independent of the system Hamiltonian, this ensures the
evolution to never leave the manifold of the initial MPS. For real time evolution, the constraint of the fixed bond
dimension can be interpreted analogous to a classical motion under a constraint.
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Fig. 4.4: Sketch of the MPS manifold Myps at fixed bond dimension and single-site tangent space Typs

We define the single-site tangent space 7vps Which is spanned by varying a single MPS tensor, as sketched in
Fig. 4.4. The representation of the projection operator onto the tangent space PTMPS in MPS representation is
derived for an arbitrary state by minimizing the norm squared of its deviation from an arbitrary tangent state. This
results in the definition [182]

pTMPS — ijL;\fw 9i® pﬁlw ZPL ) & R \w>, (4.20)
J
where the projectors P LOR:IY) yse the gauge-fixed left-(right-)normalized MPS tensors
PEY = Z YT @ (4.21a)
HR,|Y) . “R;5,...01, Rio;,...0L
P nasor = Z P T @ i oL (4.21b)
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The individual tangent vectors are constructed by replacing any orthogonality center tensor M; of the MPS by
another tensor M ]’ which satisfies M - M ]’ =0. Using Eq. (4.20) the projected TDSE can be written as

0 N N
'La Wj(t» = PTMPSH |1/)> ) (4.22)

which is approximately solvable by considering a set of L forward- and L —1 backward-evolving equations and
solving them individually.

) = PEY o4 © PR A ) (4-233)
Z% (1)) = PL ) ® PR ) )i 1) (4.23b)

with the single-site map 1/) L ® 1/)j % 1 or the center-bond map 1/) ® wj % 1, one retrieves local time-dependent
Schroedinger-equations for each effective center matrix or single-site tensor

0 - 0 N
5 M = —iH"M;, 50 = —iH$"C;. (4.24)

The straight-forward integration of these equations often suffers from numerical instability. Thus, an alternative
integration scheme based on a Lie-Trotter decomposition of the tangent space projector was proposed and imple-
mented [183] and is used as the standard. The computational costs are typically of the order O(D?), as described in
Sec. 4.2.2. Starting from a right orthogonal MPS at site j =1 one iterates through all sites repeating the following
steps:

* Evolve the variational parameters M as defined in Eq. (4.24) for a time step 7.
* Factorize the new parameter matrix at time ¢+7 to M; ! A’ Cj.
* Evolve the center bond matrix C; backwards in time ¢+7 — ¢ and absorb it into site j+1, creating M, =

€}
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This algorithm differs from one-site DMRG described in Sec. 4.2.2 by replacing the optimization step for M; with
the evolution step. Additionally, the backwards time evolution step for C; is performed before absorbing it at the
next site. A full left-to-right sweep captures the action of a first-order integrator, producing an updated state at
time t+7/2, [1(t+7/2)) introducing a local integration error (O(72)). Subsequently sweeping from right-to-left
composes this integrator with its adjoint. The full sweeps result in a second-order symmetric method we define as
a single integration step. The new evolved state at time ¢+7 is obtained with a time step error of order O(73). Note
that the finite time step error is calculated with respect to the exact solution of the TDVP differential equation.
Additionally, an error with respect to the original Schroedinger-equation stems from the discrepancy between the
TDVP evolution and the Schroedinger evolution and contributes to the overall error. It is determined by

| = Pra) H o(A®))]| (4.25)

We now comment on the two-site scheme, that will be predominantly used for our purposes due to the flexibility
to increase the tensor dimensions that is able to accommodate the build up of entanglement we typically see in our
system. Additionally it is less likely to get stuck in local minima. Changing the bond dimension of the MPS sites,
corresponds to leaving the manifold. Thus, a smooth evolution captured by a differential equation is not possible.
However, since the one-site algorithm is implemented for a finite time step, one can construct an analogous two-
site algorithm. In this algorithm variant two neighboring sites (j, j + 1) are optimized and updated simultaneously,
again similar to the two-site DMRG method Eq. (4.13). In the process they are treated as a block M; ;. that
is later factorized back to individual tensors using SVD. Here one defines a cutoff error € [see Eq. (4.3)] and/or
maximal bond dimension m to which the state is truncated to in the decomposition step.

The convergence of the algorithm depends on the initial MPS (starting from a state with sufficiently large bond
dimension). There have been proposals to quickly enlarge the bond dimension of the manifold during the first
few time steps by performing a local basis extension [129] or to introduce a controlled bond expansion [130]
to the single-site TDVP. We typically avoid these steps by running a DMRG algorithm on our initial state and
consequently start the time evolution with an MPS that usually already has some entanglement. Further parameters
that influence the time step 7, number of sweeps in the optimization and, if the two-site method is used, the
truncation error e and/or maximal bond dimension M to be kept in the SVD step. Typically, the TDVP allows for
larger time steps than the Trotter-Suzuki time evolution algorithm.

Lindblad dynamics

So far we only considered unitary dynamics, of the quantum many-body system with global coupling to the cavity
mode, neglecting the dissipation the light field is subjected to. To be able to capture the dissipative nature of a
system following the Lindblad dynamics it is necessary to evolve the full density matrix of a mixed state rather
than single pure states. We now aim to tackle this by using two vastly different methods. We begin by implementing
the Monte-Carlo-Wavefunctions algorithm in the following Sec. 4.2.5, which relies on stochastic sampling. This is
contrasted with the approach using purification of the density matrix and subsequently time evolving the resulting
super-vector in time [see Sec. 4.2.6]. Since this method was introduced in detail in Ref. [184], we will restrict to a
brief overview here.

4.2.5 Monte-Carlo-Wavefunctions (MCWF)

To imitate Lindbladian dynamics, one can use the stochastic unraveling of the Lindblad master equation using
quantum trajectories. The evolution of the systems density matrix is modeled by means of Monte-Carlo aver-
ages over the time-evolution of many different trajectories in phase space, which has been used to simulate non-
equilibrium dynamics repeatedly [135, 136, 142]. This method has the advantage of simulating the time evolution
of individual wavefunctions instead of density matrices, which typically cuts the computational cost of evolving
individual trajectories drastically. However, it requires stochastic sampling, introducing an additional stochastic er-
ror to the results that needs to be tracked carefully. Efficiently combining the stochastic nature of the time evolution
with matrix product state methods taking quantum number conservation into account has relatively recently been
implemented by a few groups, e.g. [137-141, 143—-145]. As stated above, we conserve atomic quantum numbers
in this approach as well. To simulate the stochastic unraveling of the master equation, many pure trajectories are
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evolved in time, with random initial states drawn corresponding to their probability weights in the initial density
matrix. Results are then obtained by averaging over them [102, 149].

We describe the stochastic time-evolution performed for the individual trajectory in the following steps.
* We draw a random number r from the interval [0; 1).

¢ Each trajectory is evolved by a time step 7 via appllcatlon of the non- umtary time evolution operator exp (

;.Heﬂ»T) where the effective Hamiltonian is Heﬁ =H- F a'éa. Here, H is the Hamiltonian describing the
full closed atoms-cavity coupled system.

* Due to the non-hermitian Hamiltonian, the norm of the state decays in time. These deterministic time steps
are repeated until the norm falls below r, which serves as a threshold.

* Once the threshold is reached, the jump operator & is applied to the wavefunction to simulate a quantum
jump. The state is subsequently normalized.

These steps are repeated until reaching the final time. It was shown [185,186] that averaging over the stochastically
sampled quantum trajectories, the average time evolution reproduces the Lindblad dynamics correctly up to O(7)
in the chosen time step. Note that is is crucial to choose the time step, such that the probability of more than one
jump in the cavity field is low, since the stochastic application of the jump operator can only occur once per time
step.

4.2.6 Purification

Alternatively we implemented the time evolution using a purification ansatz [132—134, 175] to capture the Lind-
bladian dynamics. This method was mainly developed during my master thesis [184]. The idea is to vectorize
the system’s density-matrix by enlarging the physical Hilbert space with an auxiliary Hilbert space. Once the
Liouvillian £ is projected onto the enlarged Hilbert space, the vectorized density matrix can be evolved with the
super-Liouvillian L analogously to the unitary time evolution with the Schroedinger-equation on a closed system.

A mixed state described by the density matrix 5 on the physical Hilbert space Hpnys is mapped to a pure state |p))
on an enlarged Hilbert space Hpnys ® Haux. It is common practice to choose a copy of Hppys as auxiliary Hilbert
space Haux. Note, that this mapping drastically increases the scaling of the Hilbert space, from d” in the pure state
representation to d>” for the purified density matrix. Here, d is the local dimension of the atomic Hilbert spaces
and L the size of the physical system. From now, elements defined on the enlarged space are written with doubled
angular parentheses |)) and described with the prefix "super-".

p - Zp phys |phys _> |ﬁ>> = Zp&‘,&” |6:>phys ® |O_:/>aux

—

o,0

The ordering of the new basis can be chosen freely. For our purposes the auxiliary site-tensors are ordered to
alternate with the physical ones representing the same position. For our specific system this would result in an
MPS geometry where the system density matrix MPO (left) with two physical indices, i.e. {0,041} is mapped
to an MPS with one physical indices per site and doubled length.

s s s
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Note that in the purified form, the cavity mode is represented by two bosonic cavity sites. The time evolution
defined in Eq. (2.12), taking the initial density matrix as a starting point is performed by mapping the Lindbladian
to a superoperator on the same enlarged Hilbert space.

dow_[_%p o AT 2 Lot o (T _fii. 247 R
) =[-zAe1+ 100 +5(2LJ®(Lj) iije1 ]l®(LL))]\p>) (4.26)

This now unitary time evolution operator can be decomposed in an analogous way to the Trotter-Suzuki algorithm
introduced in Sec. 4.2.3. Due to the doubling of the sites, in order to reach the same accuracy in the decomposition
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one needs to apply "4-site-gates" in both the atomic time evolution step and the swap gate application that act on
neighboring physical and auxiliary sites.

D @D d&D dD D

In principal the physical density matrix can be restored by tracing over the auxiliary degrees of freedom

P = Trawx [PVPN) = D 0 215 pnys (7 s - (4.27)

However, one typically resorts to measure observables. The expectation value is obtained with the help of the
purified un-normalized infinite temperature state |I)) [145]

(A) = Te(pA) = (W Al) with |1 =) D" 01y © 101} (428)

Jj=1 oj

Since |I)) spans over all symmetry blocks of the Lindbladian our restriction to a certain quantum number sector
in the time evolution would require a manual selection of basis states fulfilling the condition. However, since the
auxiliary space states are traced out when measuring physical observables, the measurement results are invariant
to a gauge transformation with respect to the auxiliary the constituents of the density-vector. We choose the

L
transformation =@ (1 ® U) such that
j=1

L L
u |]I> :® Z ‘Ul>phys QU |Ul>aux E® Z |Jl>phys ® |5l>aux ’

j=1 oj Jj=1 oy

where the specific choice of U ensures that the respective quantum number of the full initial state is equally dis-
tributed to the local pairs of physical and auxiliary states and thus restricts the trace-generating infinite temperature
state to the initial symmetry sector. The initial state and Lindbladian are transformed correspondingly £ — UTLU.

For local operator acting on site j this is graphically depicted by:

(le.50) (10,50)  (19,6) )

The purification method has the advantage that the full system information (up to numerical losses) is retained and
it does not introduce a statistic error. However, the enlarged Hilbert space leads to huge computational costs of a
single simulation run. A detailed analysis of the numerical convergence of the algorithm is presented in Sec. 4.3.1.

4.2.7 Dynamic truncation of the photonic Hilbert space

The Hilbert space of the photonic cavity mode in principle has infinite dimension. In order to efficiently calculate
the time evolution numerically, it is necessary to truncate it at a maximal dimension M, restricting the cavity mode
to a maximal photon number occupation of Nppo max. In the time evolution the photon number often varies a lot.
In our system, turning on the atoms-cavity coupling, we often observe an initial steep increase in the measured
photon number until it eventually evolves towards a much lower steady state value. Therefore, at short times a
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Fig. 4.5: Photon number distribution P,,, =Tr [(m| 5 |m)] in Fock-states |m) (a) at the phase transition (fig/J =2)
and (b) above the phase transition (fig/.J =4) at different points during the time evolution towards the steady state
that is already reached at tJ/h=100. The inset in a) is the number distribution in log-scale. Parameters used are
L =8, quarter filling, hI'/J =3, hd/J =2, U/J =2 and a fixed cutoff dimension of the local photonic Hilbert
space M =40(60).

much higher local dimension is needed in order to capture the system dynamics correctly, while for later times one
could drastically reduce the maximally allowed photon number and still obtain converged results. Similar scenarios
are thinkable where the photon number slowly grows or is subjected to long-time periodic strong oscillations. To
optimize the algorithm, we introduce a dynamical adaptation of the cutoff dimension depending on the photon
number distribution of the current state in the time evolution. This procedure was developed by Catalin-Mihai
Halati in Ref. [149] and is here adapted to the fermionic many-body system as well as for applications on the
purified states that features an auxiliary cavity site.

To determine the optimal procedure, the photon number distribution over the different Fock-states |m) is measured
by tracing over the atomic sector and projecting out the respective photon number state

P, =Tr[{(m]|p|m)]. (4.29)

The distribution over the number states helps to determine where to truncate the site dimension.

Dimension adaptation algorithm

We show the evolution of the photon number distribution in Fig. 4.5. Coherent state distributions at a few values
of « are plotted as gray lines for comparison. Below or very close to the self-ordering phase transition P,, decays
approximately exponentially with m similar to a Poisson-distribution with small o, which hints towards a coherent
state of the photonic field. In contrast to this above the transition the number distribution shows multiple maxima
at larger m. At short times, where the system dynamics are fast and far from equilibrium, the occupation shows
two peaks. A large contribution comes from the states with small m while a second maximum builds up at photon
number states that are significantly higher than the eventual mean photon number of the steady state for the given
parameter settings. Towards the steady state, the occupation of the small m states increases again. This contribution
stems from the admixture of states without perfect population imbalance in the steady state. The second maximum
moves to lower m at long times.

This adaptation is especially sensible in the purification approach to the time evolution [see Sec. 4.2.6] since here
instead of a single photonic site we have the additional auxiliary cavity site. Therefore, if the local dimension of
the bosonic Hilbert space is chosen too large it can be a bottleneck for the time evolution of the system.

Every few time steps, the photon number distribution P, is measured up to the current dimension cutoff M’ and
compared to set threshold values p; ;. We distinguish three cases:

1. The contributions of partial states with higher dimensions M’ > M are below a set threshold value Pysy1 <
P, the contribution from these states in negligible and the cutoff dimension can be set to M + 1. The local
dimension of the cavity site are compressed to the new maximal dimension. The gate dimension is adjusted
as well and all relevant indices are updated.
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Fig. 4.6: Time evolution of a spin balanced initial state at quarter filling with L. = 8, comparing observables
truncating the local bosonic Hilbert space of the cavity mode at fixed M =40(60) and using the dynamical photon
number adaptation. pg (p;) set the truncation error thresholds triggering the adaptation of M. (a) Mean photon
number (Nyp,) and (b) the deviation from the run with fixed local dimension M = 80 of the local cavity Hilbert
space. (c) Atomic density (fiy, /2,¢> in the middle of the chain and (d) the deviation from the run with fixed local
dimension M =80 of the local cavity Hilbert space. The parameters used are hig/J =2, hl'/J =3, hd /J =10 and
U/J=40.

2. The occupation of states at the maximal dimension exceeds a second threshold value Pp;s > p;. Then the
local dimension of the MPS and gate-tensors representing the cavity mode is raised to M =M’ +1.

3. Else, the dimension stays the same.

For short times, where the photon number is expected to increase very quickly for our typical choice of the initially
empty cavity mode, we start with a fixed cutoff dimension. Then, from a chosen time ty,, the dynamical adjust-
ment starts. Some trajectory averages for a fixed maximal dimension as compared to the run with dynamical cutoff
and two different threshold settings for the new convergence parameters py and p; is depicted in Fig. 4.6. For the
same parameters the photon number distribution was shown and discussed in the left panel of Fig. 4.5. While the
evolution for these setting does not seem fully converged in the initial peak of the mean photon number, they all
evolve towards the same steady state. Some theoretical background on the observed photonic states of the cavity
field is provided in Appendix A.l. While the benefits of this method might not be decisive for some parameter
settings, especially in the highly-dissipative regime where the photon number is mostly flat and does not exhibit
any spikes, it is very efficient to apply as the check of the photon number distribution is a local measurement. So
while it might not speed up the evolution in these cases, its additional computational costs are negligible compared
to the overall costs of a single time step.

Now that we introduced the algorithm that captures the dynamics of our atom-cavity coupled system, we show the
validity and numerical convergence of the methods.

4.3 Method Comparisons and Convergence

Since the open system tMPS algorithm to simulate the many-body atomic system coupled globally to the dissi-
pative cavity field is highly complex and uses non-standard methods, we compare simulations using independent
numerical algorithms (MCWF with Trotter-Suzuki algorithm, TDVP, Purification) and compare the respective re-
sults. These kind of method comparisons and bench-marking of the computational efficiency and convergence are
a field of interest by itself that has attracted a lot of research interest for many years and has been performed for
different models and methods [114, 145, 187].

Each of the methods we present is suitable to tackle the problem of the time evolution by itself, which allows
us to gain knowledge about how the individual methods work for the complicated dissipative many-body system
with global interactions at hand. Further the behavior and interplay with the multiple evolution and convergence
parameters provide further insight and help us to push the implementations to higher efficiencies and ultimately
develop new algorithms. Besides providing insights on the complex tensor-network algorithms themselves, these
checks validate the numerical results that will be presented in Chapter 7 by ruling out formal and systematic errors
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Fig. 4.7: Photon number relative to the average over all trajectories (Npho) (R2)—(Npho) (R =500) as a function of the
number of trajectories in the Monte-Carlo average, where the blue area is the stochastic error o (Npno (fit/J =100)
[Eq. (4.30)] . Starting with the ground state of the Fermi-Hubbard model at quarter filling with L =8, S, =0 and
U/J =2, the parameters used in the time evolution are hg/J =2(4), hI'/J =1, hd/J =2 and Nphomax =40(60).

in the implementation.

4.3.1 Convergence of the individual methods

Multiple parameters control the convergence and accuracy of the computed time evolution for both the Purification-
and MCWF-method. We provide here a convergence analysis and method comparisons for exemplary parameters
in the typical regime we investigate. For all of the presented methods, the von-Neumann entropy S,n,j is a measure
of the computational entanglement present between the subsystems left and right of a specific bond j in either each
trajectory (MCWF methods) or the vectorized density matrix (purification). Since the possible compression in the
SVD steps of the MPS methods is typically limited by the presence of entanglement, we require Sy to be finite
and saturating in time to assume we correctly capture the dynamics of the system.

Monte-Carlo-Wavefunction-method

For the stochastic unraveling of the master equation, the number of trajectories needs to be sufficiently high to
sample the density matrix evolution to a sufficient accuracy. The stochastic error from the finite number of quantum
trajectories is estimated by computing the standard deviation from the Monte-Carlo average for the measured
expectation value of an operator A

R
2(A(t) = ﬁ S (W] A (1) — At))? (4.30)

=1

where R is the total number of samples, |¢;(t)) the time evolved wavefunction of the trajectory labeled by I,
and A(t) the statistical average over all quantum trajectories. We want the measured physical observables to
have a relative error below 3%, which typically requires about 500 trajectories. This is confirmed by looking at
the dependence of the trajectory average of the photon number on the number of trajectories in the Monte-Carlo
average relative to the average over all trajectories (Npho) (R) — (Npho) (R =500) [Fig. 4.7]. Typically close to the
phase transition or in the large dissipation limit, where fluctuation effects in the atom-cavity coupling are observed
to be particularly strong, more trajectories are needed in order to converge the average.

Trotter-Suzuki time evolution algorithm

As described in Sec. 4.2.3, the discrete time step 7.J/7 in the time evolution introduces the systematic Trotter-
Suzuki-error of order O(L73). An additional truncation error € stems from the SVD compression after each
application of the time-evolution operator gates.

Another issue might arise, because the bond dimension of the MPS typically increases during the application of
a Trotter gate. The representation of the state consequently leaves the variational manifold defined by a set bond
dimension. Therefore, one needs to approximate the new time-evolved state by a representative from the manifold
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of the initial state. To control the computational costs, after contracting the adjacent MPS site tensors with a gate
tensor, the bond dimension is truncated to a maximal dimension m in the decomposition. By keeping only m
contributing states with lowest Eigenvalues, one introduces a truncation error € which is the combined weight of
all discarded states in the singular value decomposition performed in the time evolution gates and swap gates [see
Eq. (4.3)].

Varying the truncation error at fixed maximal bond dimension and assuming we are converged in the time step
Trotter error [188], one can observe that the obtained cavity field occupations agree up to € ~ 10~ for final times
around tJ/h. For lower truncation errors, the deviations between the trajectory averages are of the same order as
the statistical error introduced by the stochastic sampling. We therefore find that a truncation error of € ~ 10~7
captures the nature of the considered states in the matrix product form sufficiently well.

Starting from an initial state with low entanglement and bond dimension significantly lower than the set maximal
bond dimension, the bond entropy and correspondingly the bond dimension typically increases as time evolves until
it reaches the dimension cutoff m at a certain threshold time. From this point on, the maximal bond dimension no
longer suffices to represent the full state as an MPS to the requested truncation accuracy e. At this point in time
one would observe that two time evolution calculations for different values of m but otherwise identical parameter
sets begin to deviate.

The time step error [see Fig. 4.8] typically accumulates as the system evolves. While larger time steps might yield
acceptable results at short times the observables diverge from the measurement obtained from a simulation with
smaller time step as time progresses. Note, that one needs to consider that by decreasing the time step the number
of truncation steps needed to reach a fixed final time increases and so does the influence of the SVD compression
truncation error. The two errors introduced in the time step lead to a balance that needs to be considered carefully.
Decreasing the time step reduces the Trotter-Suzuki error at the cost of more gate applications, which increases the
truncation error [Fig. 4.8(c)]. Therefore, an intermediate time step size is expected to yield the optimal results.

However, in the complex open system we simulate here, the dependence of the numerical convergence on the time
step is more involved. Not only the Trotter error, but also the convergence of the stochastic sampling process
depends on 7.J/%. The way the jump operator application is implemented in the time step only allows for a single
jump within the discrete time steps. Therefore, if the time step is chosen too large, the cavity field occupation will
stay below the time step converged photon number at a given time. This can be seen in Fig. 4.8 since here the
simulation run at the larger time step fails to capture the initial steep rise of the cavity photon number.

We want to now move on to the alternative time evolution scheme that is based on variational methods.
Time Dependent Variational Principle Algorithm

For the Time Dependent Variational Principle Algorithm, as described in Sec. 4.2.4, the convergence of the indi-
vidual trajectories depends on the number of sweeps in the optimization and, if the two-site method is used, the
truncation error € and/or maximal bond dimension m to be kept in the SVD compression. Here, instead of the
Trotter-Suzuki time step error, a local integration error that amounts to a total time step error of order O(73) in
sweeping right and left through the chain occurs. The dependence of the convergence on this time step error looks
similar to what was discussed in the previous section. As shown in Fig. 4.9 (b), while increasing the time step
initially yields good results, the deviations due to the larger time step error quickly grows as the error accumulates
with each time step.

Typically, the TDVP allows for larger time steps than the Trotter-Suzuki time evolution algorithm for closed sys-
tem. However, in the large dissipation regime the application of the jump operator is limiting the time step size,
such that in this regime choosing the Trotter-Suzuki algorithm for the unitary part of the time evolution tends to be
favorable. In the two-site algorithm containing the SVD compression the truncation error and time step error do
not influence the convergence independently. Rather, as for the Trotter algorithm, there typical exists a sweet spot
where the numerical errors are minimal while restraining to reasonable computational costs.

Purification

In the purification algorithm, since the time evolution method is based on the Trotter-Suzuki algorithm, the conver-
gence behavior in many ways is similar to what was described for the MCWF method [see Ref. [184] for details].
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Fig. 4.8: Real time evolution using the Trotter-Suzuki algorithm of the (a) rescaled photon number (Npho) /L, (b)
atomic density-density correlation at even distance (f2f4), (c) truncation error €, (d) maximal bond dimension
m and (e) von-Neumann bond entropy Syn at the bond connecting the cavity site to the first atomic site and at
the center of the atomic chain ;comparing time step sizes 7J/h = 0.01, 0.015. Starting with the ground state of
the Fermi-Hubbard model at quarter filling with L =12, S, =0 and U/J = 40, the parameters used in the time
evolution are hg/J =6, hI'/J=3, hd/J =5 and Nphomax =40, maximal bond dimension m = 600.
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Fig. 4.9: Real time evolution using the TDVP algorithm of the (a) rescaled photon number (Npho)/ L and (b)
atomic density-density correlation at even distance (fia74) and (c) von-Neumann bond entropy Syn at the bond
connecting the cavity site to the first atomic site and at the center of the atomic chain comparing time step sizes
7J/h = 0.005, 0.01, 0.02. Starting with the ground state of the Fermi-Hubbard model at quarter filling with
L=38,5,=0and U/J = 2, the parameters used in the time evolution are hg/J =4, il'/J =1, hd/J = 2 and
Npho,max = 30, maximal bond dimension 1m =300, with 3 iterations in the TDVP sweeps.
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Fig. 4.10: Real time evolution using the TDVP algorithm of the (a) rescaled photon number (Nyp,)/L and (b)
atomic density-density correlation at even distance (fia74) and (c) von-Neumann bond entropy Sy at the bond
connecting the cavity site to the first atomic site and at the center of the atomic chain comparing maximal bond
dimension m = 300, 400. Starting with the ground state of the Fermi-Hubbard model at quarter filling with
L=8,S,=0and U/J =40, the parameters used in the time evolution are iig/J =5, hil'/J =3, hd/J =5 and
Npho,max = 10, time step size 7.J, /h=0.01, with 3 iterations in the TDVP sweeps.
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Fig. 4.11: Real time evolution using the purification algorithm of the (a) rescaled photon number (Npho)
and (b) atomic density-density correlation at even distance (fipfi4) comparing time step size 7J/h =
0.06, 0.04, 0.01, 0.0075. Starting with the Néel state of the Fermi-Hubbard model at quarter filling with L =4,
S.=0and U/.J =2, the parameters used in the time evolution are hg/J =3, hI'/J=1, h§/J =2 and Npho,max =20,

maximal bond dimension m = 400.
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Fig. 4.12: Real time evolution using the purification algorithm of the (a) relative photon number (Npho), (b) atomic
density-density correlation at even distance (fi27i4)and (c) truncation error € comparing maximal bond dimension
m =100, 300, 400. Starting with the Néel state of the Fermi-Hubbard model at quarter filling with L=4, S, =0
and U/J = 40, the parameters used in the time evolution are hg/J =5, RI'/J =3, id/J =5 and Nppomax = 20,
time step size 7.J/h=0.01.

A Trotter-error from the finite discrete time steps is introduced as well as a SVD compression error. Variants of
the two methods have been compared for other models not including global range interactions in Refs. [139, 145]

However, since here the Lindbladian dynamics is contained in the unitary time evolution operator on the enlarged
Hilbert space, the time step convergence is not constrained by the application of the jump operator. However, it
might still be limited the dissipation rate in the large-dissipation regime. One could expect a reduced sensitivity on
the time step in the limit of large dissipation rates as long as it is not the dominating energy scale in the system. The
time step convergence for exemplary values is shown in Fig. 4.11. The system convergence is not limited by the
truncation error [Fig. 4.11 (c)] or maximal matrix dimension, but by the time step size and we see the deviations
increasing at longer times.

Since the evolution explores an essentially squared Hilbert space and needs to accommodate two high dimensional
bosonic sites, the maximal bond dimension needed to represent the time evolved density matrix is approximately
squared compared to the individual trajectories in the MCWF algorithm, though this scaling also depends on the
entropy of the state representation [Fig. 4.12]. This puts a strong constraint on the realizable system sizes, since
the calculation can not easily be parallelized and the run time quickly exceeds reasonable timescales. The global
interaction mediated by the cavity field and resulting correlations seems to prevent strong compression in the SVD
step.

Bosonic Hilbert Space truncation

Lastly, the cutoff dimension of the bosonic Hilbert space of the cavity mode introduces an error that we control by
dynamically adjusting the cutoff to stay below a set weight of the discarded photon number states. This procedure
is described in detail in Sec. 4.2.7. Choosing the maximal photon number too low in the low dissipation limit, the
time evolution of observables can deviate from the converged run at short times because the cavity field occupation
typically shoots up to values far above the eventual expected steady state value. However, even if initially not
converged the average might still evolve towards the same steady state [see Figs. 4.13 & 4.14].
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Fig. 4.13: Real time evolution using the Trotter-Suzuki algorithm of the (a) rescaled photon number (Nppo) /L, (b)
atomic density-density correlation at even distance (fi274) and (c) truncation error €; comparing maximal photonic
Hilbert space dimensions Nphomax = 60, and Npho max = 80. Starting with the ground state of the Fermi-Hubbard
model at half filling with L =8, S, =0 and U/.J = 2, the parameters used in the time evolution are ig/J = 5.65,
hI'/J=1, h§/J =2 and time step size 7.J/h=0.01, maximal bond dimension m = 500.
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Fig. 4.14: Real time evolution using the purification algorithm of the (a) rescaled photon number (Npno)/L, (b)
atomic density-density correlation at even distance (f2274) and (c) truncation error €; comparing Nppomax = 15
and Nphomax = 20. Starting with the Néel state of the Fermi-Hubbard model at quarter filling with L =4, S, =0
and U/J = 2, the parameters used in the time evolution are fig/J =3, hl'/J =1, hd/J = 2 and time step size
7J/h=0.01, maximal bond dimension m =>500.

4.3.2 Method comparisons

In this section we want to provide a comparison of the individual tMPS methods and confirm their results agree
within the numerical accuracy of the simulation. Note however, that the complex dependence of run time and
convergence on multiple parameters makes a quantitative comparison very complex. It should therefore be noted,
that the here provided results so far serve as examples and the behavior of the methods is expected to change for
different parameter regimes. Our research to benchmark both time evolution algorithms and their performance in
different system parameter regions is currently still ongoing.

MCWF methods: Trotter-Suzuki vs TDVP time step

We begin by comparing the algorithms based on Monte-Carlo-Wavefunctions [see Fig. 4.15]. Exemplarily, the
quantities chosen to compare the real time evolution are the cavity field occupation (Npp,) as well as various atomic
properties such as a density-density-correlation later used to characterize the density wave state and average kinetic
and interaction energy of the system.

The results using the Trotter-Suzuki time step decomposition are in nice agreement with the TDVP evolution with
and without an additional basis-extension step for all shown quantities. Slight deviations appear only at later times.
This is a strong support for the credibility of our numerical results. The error of the interaction energy is calculated
by binning 25 trajectories at a time and propagating the errors from their deviations from the full average.

In the large dissipation limits, convergence issues arise in the TDVP algorithm and the individual trajectories tend
to fail in the optimization step. This observation is to be further investigated.
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Fig. 4.15: Real time evolution of various observables using different MCWF time evolution methods (a) rescaled
photon number (Npho) and (b) atomic density-density correlation at even distance (fi2724) (c) absolute value of the
kinetic energy Fiin/(L —1) and the interaction energy Ei,,/ L. Starting with the ground state of the Fermi-Hubbard
model at quarter filling with L =38, S, =0 and U/J = 2, the parameters used in the time evolution are hg/J =4,
hI'/J=1, hd/J =2 and time step size 7.J/h=0.01, maximal bond dimension 300, Npho,max = 30.

MCWF methods vs purification algorithm

Spin-balanced fermions

We compare the time evolution of spin-balanced (.5, =0) fermions obtained with our purification algorithm to the
one using the MCWF method with Trotter-Suzuki time evolution for a very small system size of L =4. Starting
from a pure state with occupations |1, 0, J, 0), the dynamics of the photon number and density-density correlation
(figfiy) are shown in Fig. 4.16 (a),(b). Stochastic errors in the MCWF results are included as a colored area
around the mean value. We see, that the results from both methods agree in cavity- as well as atomic observables,
which serves as further validation for our methods. We show here the time evolution choosing the maximal bond
dimension such that the full Hilbert space can be represented. As expected in this case, the matrix-dimension of
the un-truncated systems is squared in the purification when compared to the individual trajectories in the MCWF
evolution [see Fig. 4.16 (c)].
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Fig. 4.16: Comparing the dynamics of a system of spinful fermions using purification and using a MCWF algorithm
with Trotter-Suzuki time evolution (a) rescaled photon number (Npho) (b) atomic density-density correlation at
even distance (fo74) and (c) maximal bond dimension m. The systems are at quarter filling (N = L/2) with L =4,
S,=0,U/J=2.0,hg/J=3.0, il'/J =1 and hd/J = 2. The numerical parameters are for the purification: time
step size 7J/h=0.01, maximal bond dimension m = 260, Npho,max =20 and MCWF: time step size 7.J /h=0.01,
maximal bond dimension m =16 (exact), Npnomax = 20, averaging over 500 trajectories.

Spin-polarized fermions vs hard-core bosons

Another powerful method check is provided by comparing the time evolution of a system of spin-polarized
fermions to that of hard-core bosons (restricting the maximal on-site occupation of the bosons to 1). Since the
considered fermionic model conserves the total spin upon initializing a fully spin-polarized state the dynamics are
restricted to the symmetry sector containing a single spin species which immensely reduces the dimensionality of
the system. The local dimension of the physical index restricted to 2 since the Pauli blocking prevents the fermions
from occupying the same site.

The tMPS code for bosons using MCWF was independently implemented by Catalin-Mihai Halati [149]. A de-
tailed comparison to the Purification method for fermions was already provided in Ref. [184]. Therefore we restrict
ourselves to a brief summary here. The comparison of both algorithms in this limiting case is very compelling be-
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Fig. 4.17: Comparing a system of spin-polarized fermions time evolved using purification and hard-core bosons
using a MCWF algorithm (a) rescaled photon number (/N;p,) (b) atomic density-density correlation at even distance
(fip714) and (c) maximal bond dimension m. The systems are at quarter filling N = L /2 with L=8, hg/.J =1.5v/L,
RI'/J =5 and hd/J =2. The numerical parameters are for the purification: time step size 7.J/f=0.01, maximal
bond dimension 2000, Nphomax = 30 and MCWEF: time step size 7.J/h = 0.01, maximal bond dimension 300,
Npho,max = 30, averaging over 500 trajectories. Plots taken from my master thesis [184]

cause it allows for checks including dissipation as well as the global range interaction of the cavity mode with the
atomic chain. The use of MCWF and purification and the differing Hilbert spaces of hard-core bosons compared to
spin polarized fermions assures that the agreement of the data is not a result of a shared error in the implementation
of the time evolution. Note, that still in both implementations the sequence of gate applications and swap gates
is the same, the results still need to be handled with care. However, the specific lattice architecture (i.e. placing
the local tensor representing the cavity field in the center of the chain) was shown not to alter the time evolu-
tion [149]. In the special case of spin-polarized fermions and hard-core bosons, agreeing results are expected in
the density observables. Note, that this equivalency is not generally expected for arbitrary operators.The fermionic
anti-commutation relations require inserting non-local Jordan-Wigner strings [see Sec. 4.2.1] when representing
them in terms of bosonic operators. For densities, since the non-local strings in the fermion operators contract to
unity, the operators of hard-core bosons and spin-polarized fermions become equal. This is not true e.g. for single
particle correlations. Very good agreement is observed [see Fig. 4.17] in both cavity field and atomic observables.

Summary

In the first part of this chapter we introduced our newly developed and implemented algorithm that allows us to
time evolve the many-body fermionic system globally coupled to the dissipative cavity field. We showed how we
prepare the initial state in the ground state of the Fermi-Hubbard model. The time evolution is based either the
Trotter-Suzuki algorithm, where the global range interaction is decomposed into a sequence of two-site operators
and swap gates, or the TDVP algorithm. The Lindblad-dynamics are included via the purification of the system,
which we first implemented for the many-body atom-cavity system. Alternatively we brought the Monte-Carlo-
Wavefunction method over to spinful fermions, that stochastically reproduces the effect of dissipation averaging
over many trajectories. Also, we presented an algorithm that dynamically adapts the dimension of the tensor
representing the cavity mode in order to save computational costs.

The second part showed the dependence of the convergence of the time evolution on the numerical parameters
for the individual methods. We further checked their validity by providing comparisons between the various
independently implemented algorithms that show very good agreement within the numerical accuracy.
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Chapter

Properties of the 1onic Hubbard model

In Chapter 3 we have seen that both for the 7'=0 MF limit as well as the many-body adiabatic elimination method
[Sec. 3.1] the resulting effective Hamiltonian H for the treated atoms-cavity coupled system is an ionic Hubbard
model with self-consistently determined potential imbalance. Thus, we want to introduce the ionic Hubbard model
in Sec. 5.1 and comment on its ground state phase diagram and dominant excitations to lay a groundwork for
further explanations in Sec. 5.2. Further, to support the thermal assumption in our derivation of the adiabatic
elimination model [see Sec. 3.1], we analyze the energy level statistics of the ionic Hubbard model to confirm the
Gaussian orthonormal ensemble (GOE) statistics and associated breaking of the integrability at finite staggering of
the potential in Sec. 5.3. This work was previously published in Ref. [3].

We want to note, that besides the applications in our specific setup, the ionic Hubbard model itself has attracted a lot
of interest and has been realized in cold atomic gases using a super-lattice potential [189, 190]. It has been devised
in order to study the physics occurring at neutral-ionic phase transitions as they occur in solids for example, ionic to
neutral transitions in organic charge-transfer solids [191,192] and at ferro-electric transitions in perovskites [193].
An alternating local potential is also at the heart of the staggered fermion formulation of massive fermions in
quantum field theories on a lattice [194].

5.1 Ionic Hubbard Hamiltonian

The ionic Hubbard Hamiltonian is defined on a bipartite lattice

Huy=-J Z (é;[aélg—ﬁ- H.c.) + Uzﬁﬂﬁji

(J:l),o J
(Y o= Y ug) (5.1)
JEA,0 lEB,o

where neighboring lattice sites (4, ) belong to different sublattices A, B. The ground state of the ionic Hubbard
model is governed by the competition between the kinetic energy, the on-site interaction U and the energy offset
between lattice sites of the sublattices 27. This leads to a very involved phase diagram that has been the subject
of many theoretical works in both one dimension [195-200], higher dimension [201-204] or at finite temperature
[205-207]. Some works have focused on the predicted exotic bond-order wave phase at commensurate filling
[208-210], that we will briefly comment on later.

We begin by investigating the influence of the potential staggering on the phases of the non-interacting model
(U = 0) with periodic boundary conditions (PBC) in one dimension. However, this could be adapted to higher
dimension in a straight forward way. The model can be diagonalized in momentum space on the reduced Brillouin
zone with k € (—m/2, 7 /2] by performing a standard Bogoliubov-transformation defined by

ck,a = uk7,7k70 +U}f’y+,k,o” Cﬂ"Jrk,G‘ = _Uk’yf,k.,a +uk’7+,k,a
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with |ug|* +|vg|> = 1 and the dispersion relation e(k) = —2.J cos(k). Assuming u} = uy and v} = vy, the
transformation parameters are given by

1 k 1 k
= 7(1+L), ve= f(l—L) (5.2)
2 e(k)?+1? 2 e(k)?+n?
We use E(k) = /e(k)?+n? to obtain the Hamiltonian in momentum space
Hiu=3 " BR) L o7 o= 0T o) (5:3)
k,o

At finite staggering a band gap o 27 opens at the edges of the reduced Brillouin zone. The band is consequently
split into a low- and high-energy band labeled by (., , ). Calculating the average filling in the transformed basis
yields

() => (k=) (A g oA o) F ko Ts o)) (5.4)
k,o

The density imbalance between the occupations of the two sublattices is given by

(A)=> urvi (A 4 oA ko) + G koY ko)) (5.5)
k,o

(a) (b)

Ek)
Ed

Fig. 5.1: Sketch of the occupied momenta in the low and high energy bands at (a) quarter filling and (b) half filling
in the continuous limit L — co.

Note, the expectation values (...) are calculated with respect to the respective states of interest, e.g. the ground

state at specific filling or a thermal state. In the non-interacting system in the ground-state the N particles on the

chain occupy the IV lowest momentum values in the lower band [see Fig. 5.1]. Only once it is filled, the high
. . . ~F < .

energy band starts to be occupied. The expectation values thus yield (5" , _4_, ) =1 for the lowest N momenta

and else <’Ayi k.0 — ko) =0. In the thermal case at inverse temperature (3, all momentum states can be occupied at
varying probability. The thermal occupation in the non-interacting limit is captured by the Fermi-distribution

. 1 1

_ &1 2 _
<fy*;k?,0ry*ak7;<7>T - eﬁ(-}—E(k,k)—u) +1 <7+,k,07+,k,o>T - e,@(_E(k,)\)_M) +1 (56)

where p is the chemical potential.

5.2 Ground state phase diagram and excitations in one dimension
We want to discuss the phase diagram and low lying excitations of the one dimensional ionic Hubbard model at

quarter filling (n=N/L=1/2) and half filling (n =1), since the nature of the ground state phases and excitations
fundamentally changes depending on the specific filling.
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5.2.1 Quarter filling

At quarter filling (n =1/2) [211-214] we begin by describing the ground state in the non-interacting limit as well
as the dominant excitations. Then we continue to discuss the phases at finite interaction, along with describing the
dominant excitations in each of the limits.

The non-interacting model at U = 0 is given by Eq. (5.3). In the ground state the lower band is half-filled up to
momenta |k| = 7/4 [see Fig. 5.1 (a)] since due to the independent spin species each momentum state is doubly
occupied. Low-lying excitations within the lower band are gapless and the state thus behaves as a liquid.

(a) (b) (c)

U/

y
-
R

: S
B annIVY
homogeneous _ _

[ 2%, 0 ] 10 15 20

21/ 2m/J u/J

5

Fig. 5.2: (a) Sketch of the ground state phase diagram for the Ionic Hubbard model at quarter filling, (b),(c) Energy
spectra of the Tonic Hubbard model at quarter filling. The parameters used are L =38, (b) U/J =20, (c) 2n/J = 20.
We sketch the nature of ground states and excited states crossing around 27 ~ U. Vertical black, solid line at
2n=U.

As the sublattice potential imbalance 27 grows, we move along the low edge of the phase diagram sketched in
Fig. 5.2 (a). The band-gap opens in the excited spectrum and clear bands appear in the excitation spectrum, that
are separated by ~2n/J.

The phase diagram [Fig. 5.1 (a)] becomes much more involved considering interacting atoms due to the many-body
character which has been investigated in numerous works, e.g. [211-214]. Here we want to restrict our explanations
to processes that we identified as relevant in the self-ordering transitions and for the fluctuation-induced bistability
we observe in our self-consistent model in Sec. 6.1.

The ground state of the quarter-filled one-dimensional Hubbard model is a liquid at finite on-site interactions.
Charge excitations are gapped with A., while spin-excitations remain gapless. At a fixed, finite on-site interac-
tion, increasing the potential imbalance 27/.J the sublattice density imbalance rises. The gap in the bands at the
edges of the reduced Brillouin-zone opens, as can be seen in e.g. the green dashed line of Fig. 5.2 (b). Around
2n/J ~U/J, marked by the black vertical lines, the nature of the lowest excitation band above the ground state
changes from states with a single particle on a high potential sublattice site [light green box] to a state with perfect
density imbalance but a doubly occupied low-potential site [magenta box]. This change in the nature of the lowest
excitations will be an important for the appearance of the fluctuation-induced bistability we present in Sec. 6.3.

For large n/J > U/J, 1 the gap at the band edges is ~ 2n/J [cyan and green dashed lines at right edge in
Fig. 5.2 (b)]. In this limit, one can approximately restrict to the effectively half-filled lower band. A 4kp-periodic
potential can be observed, leading to a Mott-insulator with antiferromagnetic alignment of the spins on sites be-
longing to the low potential sublattice.

Contrarily, in the limit of large interaction strength U/.J > 2n/J [lower right in Fig. 5.2 (a)] the charge gap can
be approximated as A.~ U since in a simplified picture a charge excitation would correspond to the creation of a
single doubly occupied site [see left edge of Fig. 5.2 (b) or right edge in Fig. 5.2 (c) between the cyan and magenta
lines]. In the extreme case of U — oo, the system can approximately be mapped to effectively spinless fermions
described by Eq. (5.3), where each momentum state can only be singly occupied. The low band is thus completely
filled and behaves like a band-insulator.

The phase diagram has fundamentally different properties at commensurate filling.

5.2.2 Half filling
At half filling (n=1) [197,215-218] the model has an additional particle-hole symmetry.
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(a)

WY

20/

Fig. 5.3: (a) Sketch of the ground state phase diagram for the Ionic Hubbard model at half filling (b),(c) Energy
spectra of the Ionic Hubbard model at half filling. The parameters used are L =6, (b) U/J =20, (c) 2n/J =20. We
sketch the nature of ground states and excited states crossing around 2n~ U. Vertical black, solid line at 2n=U.

For 2n—U > J the system behaves as it is a band insulator (BI) or charge-density wave (CDW) [Fig. 5.3 (a)] due
to the band splitting connected to the doubling of the unit cell. Neglecting the on-site interactions in the ground
state the lower band in Eq. (5.3) is completely filled [(’717k,0'7_7k7a> =1and <§/Lk70’y+,k70) =0] and separated by
a gap from the high band [see Fig. 5.1 (b)]. Spin and charge gaps A, ; are equal and correspond to the transfer of
one particle to a high energy site at an energy cost ~ 27.

Thus for J = 0 a single critical point U, () = 2n with vanishing excitation gap can be found. One expects
similar critical behavior with at least one critical point to persist for finite J. This is supported by the vanishing
density imbalance between sublattices A and B (A)=>" jeAo Mo > jeB.o v, and average number of double
occupancies [Fig. 5.4 (a),(b)]. Note, that at finite temperature, instead of the ground state the system will be in a
steady state where typically larger temperatures will increase the probability weight of the admixed higher energy
eigenstates. The occupation follows Eq. (5.6). This leads to a broadening of the region where the phase might be
ambiguous.

For U—2n > J at T'=0, the steady state is a critical Mott insulator (MI) or spin-density wave (SDW) [Fig. 5.3 (a)].
One can typically derive an effective Heisenberg model in this limit [195, 200], with nearest-neighbor exchange
constant Jo =4.J2U/(U?—4n?) to leading order. Each site is singly-occupied with gapless spin excitations Ay =0
and finite charge gap A, ~ U — 27 corresponding to the creation of one doubly occupied site while changing the
sublattice density imbalance by 1 [magenta to green states in Fig. 5.3]. As shown in Fig. 5.4 (a),(b), the atoms
almost exclusively doubly occupy the low-potential sublattice sites as the density imbalance and average double
occupancy approach their respective maximum values (A)/L~1 and (747, ) ~0.5.

B 5 ‘ ‘ ‘ - 1.2
(@ 100 kyT/J =0 — (b) U5 - (© )
08 " 0.4 ¢ Lo
] kgTfi=1 - « By
206 & ) 203 S [(]2
4 keT/T =33 [ / & A
e (_H £ 0.2 0.4
0.2 i 0.1 0.2 .
00— 0.0 : : 0.0 = :
0 10 20 30 40 0 10 20 30 40 0 10 20 30
2n/J /T /g

Fig. 5.4: Observables at half filling varying the potential imbalance 7 across the Mott-insulator (MI) to Band
insulator (BI) transition. The colors denote different effective temperatures. (a) Sublattice density imbalance
(A)/L, (b) average site-double-occupancy (72,47 ) and (c) Bond-order wave (BOW) phase order parameter Sgow
[Eq. (5.7)]. L=6,U/J=20.

In the regime U ~ 27, where the energy scales cross over and the single particle band insulator gap is comparable
to the Mott-insulating gap, a bond-order wave phase, is predicted [219-221]. It is characterized by a spontaneous
dimerization of the kinetic energy and is bounded by two continuous transitions: a Kosterlitz-Thouless transition
at U2, characterized by the closing of a spin gap, and a charge transition with vanishing charge gap at Ug; < Ug».
The dimerized phase is expected to vanish at a multi-critical point in the regime where both U, 21 are very large.

However, it is doubtful that this phase will prevail at finite temperature, as supported by Fig. 5.4 (c). The peaked

54

40



feature of the order parameter for the bond-order wave phase

Spow = I Z(—l)]_l<kjkl> — (k)% with k; = Z(C}Ha% +H.c.) (5.7
gl

o

is very sensitive to finite temperature and is quickly damped and near unidentifiable for kg7 /J ~ 3. The steady
states are strongly mixed and no dominant bond-order can be established.

5.3 Integrability of the ionic Hubbard model

In this section we want to present the results of our analysis of the level statistics of the ionic Hubbard model
published in Ref. [222].This provides a strong argument justifying the assumption of a thermal atomic state for
our effective atomic many-body system that we obtained in our approximation of the full driven-dissipative atoms-
cavity coupled system [see Sec. 3.1]. Similar work has been done in the group since, considering a dimerized
model [see Ref. [223]].

In the past years a significant effort has been devoted to the understanding of the dynamics of quantum systems. In
contrast to the equilibrium physics at low temperature which is typically dominated by the low energy properties
of a quantum system, the non-equilibrium physics relies often on properties of an arbitrary part of the spectrum.
A central question is the determination of the conditions under which an isolated quantum many-body system
thermalizes or fails to thermalize [224-228]. In this context it is generally believed that a generic chaotic system
is best suited to exhibit thermalization towards a suitable statistical mechanics ensemble [229].

Recent studies have put forward several examples of non-equilibrium phenomena, which provide examples of
systems failing to thermalize, such as many-body localization [227,228,230-232], and Hilbert space fragmenta-
tion [233,234]. These systems feature a large number of (almost) conserved quantities and are thus not chaotic.
The phenomenon of quantum many-body scarring [235-238] highlights that even in overall chaotic systems tiny
subspaces can be found, which fail to thermalize. This scenario is especially relevant if the initial conditions lie in
this subspace [239].

A powerful probe of the properties of a many-body quantum system in the context of quantum chaos are the
universal properties of the level statistics. There exist two cornerstone limits: the Poisson statistics and the statistics
stemming from random matrix theory [240]. The random matrix theory statistics is conjectured to hold for generic
chaotic systems [241,242], where the energy levels repel each other.In contrast, the Poisson statistics is found for
quantum integrable systems.

In this section, we investigate the spectral properties of the one-dimensional ionic Hubbard model introduced
in Sec. 5.1. It is typically assumed that the alternating potential of the ionic model breaks the integrability of
the standard one dimensional Hubbard model. Clashing with this belief, a few years ago numerical results that
allegedly point to a Poisson statistics of the levels [243] were presented. This controversial statement served
as motivation to thoroughly investigate the level statistics of this model, as the integrability of the model would
require us to reconsider the thermal ansatz taken in our adiabatic elimination method. Indeed we confirm that
after all symmetries of the Hamiltonian [see Sec. 5.3.2] are taken into account, the model exhibits the statistics of
Gaussian orthogonal ensemble (GOE) in a wide range of parameters considered.

In Sec. 5.3.1 we provide an introduction to the analysis of the level statistics and its interpretation concerning inte-
grable or chaotic character of the respective model. Due to the importance of the consideration of all symmetries
of the model to be analyzed to ensure a correct analysis, we then identify and present the symmetries present in the
specific case of the ionic Hubbard model Sec. 5.3.2. We determine the eigenenergies of the model via full numeri-
cal exact diagonalization after block diagonalizing the Hamiltonian with respect to the identified symmetries. The
resulting spectral properties for generic as well as the special case of half filling are finally presented in Sec. 5.3.3.

5.3.1 Introduction to level statistics

In this section we present some properties of the spectra of general quantum many-body models that comprise the
ionic Hubbard model. The spectral statistics of quantum integrable systems follow Poisson statistics. In contrast
chaotic quantum many-body systems exhibit universal features described by random matrix theory (RMT) for
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chaotic quantum systems if all known symmetries are considered [241,242,244,245]. Numerous existing examples
show the usefulness of the information obtained from spectral analysis as means to categorize many-body quantum
models following their integrable or chaotic nature [232, 246-253]. The level statistics of different many-body
quantum systems have been classified as for the Hubbard model [246], which can exhibit Poissonian statistics or
statistics of Gaussian orthogonal ensemble (GOE) [254] depending on dimensionality and filling. Variants of the
Hubbard model [243], or its bosonic counterpart [250], a kicked-parameter model of spinless fermions [252], or
more recently a family of Sachdev-Ye-Kitaev models [253] have also been analyzed.

The distance 6,, = E,,+1 — E,, between adjacent many-body eigenvalues { E,, } is helpful in order to quantify the
spectral properties of a model. One distinguishes the two cases. For integrable models that entail an extensive
number of conserved quantities, the distribution of the level spacings typically follow a Poisson distribution

P(5/A) = exp (—i) , (5.8)

where A is the average of all level spacings.

For a chaotic model the random matrix ensemble describing the universal features is determined by the underlying
symmetries. In the case of the here considered ionic Hubbard Hamiltonian [Eq. (5.1)], since exhibits a time-
reversal symmetry as well as a rotational symmetry, the correct ensemble is the Gaussian orthogonal ensemble
(GOE) in random matrix theory [245]. Therefore we will concentrate on this from here on. The level spacing
distribution for a GOE has the Wigner-Dyson form

_ 76
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P(5/A) = 5% exp <—ZA2> . (5.9)

Note that to evaluate the level-statistics with the method presented up to here one needs to compute the density
of states, which depending on the individual model is often highly non-trivial. Numerically it would require a
procedure for the unfolding of the spectrum, which bears the risk of inaccurate results [255]. Thus one often
employs an alternative way in order to characterize the spectral properties by considering the behavior of the gap
ratio between consecutive energy levels [249]

min (0, 6pnt1)
= —"—=. 5.10
" max (0, 0pt1) (5.10)

The corresponding probability distribution for Poisson and the GOE statistics [256] is then defined as

2 27 r+r?
—_ Poog(r) = ———. 5.11)
(1+7)? 4 (1474 1r2)%?

PPoisson(r) =
In the individually considered models one can use either the mean value 7 or the value P(r = 0) as a means to
quantify the proximity of the distribution of gap ratios to Poisson or GOE. The expected values for the Poisson and
GOE distributions are given in Table 5.1.

statistics \ T | P(r=0) |
Poisson 0.386 2
GOE (m=1) 0.536 0
GOE (m=2) 0.423 1.408
GOE (m=3) 0.403 1.715

Table 5.1: Values of averages 7 and the probability at =0, for statistics following the Poisson distribution and the
GOE distribution for m different equally sized symmetry sectors. Values taken from Refs. [256,257].

Typically the spectral properties of a Hamiltonian are analyzed by block-diagonalizing it with respect to all known
symmetries present and consider every symmetry sector individually when comparing their level spacing statistics
to the Poissonian or Random Mastrix Theory (RMT) ensembles. However, if the block diagonalization procedure
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is computationally challenging or even impossible, or if some symmetries are unknown one can instead adapt
the statistics one compares to correspondingly, accounting for situations where additional symmetries are present
[257-260].

We want to highlight the work of Giraud and coworkers [257] in this context. They provide analytical results for
the case where several independent symmetry blocks with respect to a discrete symmetry remain un-separated and
the distributions of random matrices are consequently altered. One can observe that by having multiple symmetry
sectors the value P(r =0) becomes finite and increases for larger m (see Table 5.1). By taking a very large number
of symmetry sectors, m — oo, one will recover the Poisson distribution [257]. But already for m =2 or 3 blocks
of same size that remain un-separated the mean value 7 is already closer to the value one would expect for the
Poisson distribution, than the one for the GOE distribution Egs. (5.11). One thus needs to be careful not to miss
symmetries in the numerical analysis of the spectral properties of many body quantum model since this could lead
to falsely attributing integrability to a chaotic model .

We demonstrate this explicitly for the half-filled ionic Hubbard model in Sec. 6.2 where we compare the results
with an additional particle-hole symmetry to the GOE distribution for m =2 or 3 blocks of equal size. The explicit
values for P(r = 0) and the mean value 7 for various m are given in Table 5.1. Further detail on the derivation
as well as the analytical expression of the distributions is provided in Supplementary Material of Ref. [257]. Note
that for the results presented in this section we mainly focus on results with m symmetry blocks of equal size for
the GOE distributions, due to the nature of the symmetries in our model. In general, one can perform the analysis
analogously for blocks containing an unequal number of eigenvalues [257], as we will use for Fig. 5.11 (b) with
m=10. One can understand the influence of the block sizes by considering the case of m =2. Increasing the ratio
of the two block sizes from 0 to 1, both P(r=0) and 7 take values on a smooth curve between the expected values
form=1and m=2.

5.3.2 Symmetries

It is crucial to identify all discrete symmetries existing in the considered model, here the ionic Hubbard model, in
order to correctly analyze the energy level statistics. Here we present a list of the symmetries of the ionic Hubbard
model beside the time-reversal symmetry that was already introduced in the previous section. For the analysis
we focus on even number of particles N, and consequently integer total spin and periodic boundary conditions in

Eq. (5.1), defined by the mapping at the edges 6(21170 zég;

Symmetries of the Ionic Hubbard Model

We identify the corresponding generators that allow to block-diagonalize the full Hamiltonian with respect to the
individual symmetries.

Gauge symmetry: The conservation of the particle number N, in each spin sector o and consequently the total
particle number N = N; 4+ N is a consequence of the global U (1) gauge symmetry generated by

Uéj Ut =e¢;,,  ¢€R (5.12)

Restricting to the respective set of basis states in the computation one can implement the symmetry directly in the
numerical exact diagonalization method.

Spin rotation symmetry: A well known symmetry from the Hubbard model is the SU (2) spin rotation symme-
try, which remains present when including an alternating potential in the model. The spin operators that generate
the rotations in spin space are defined using the Pauli matrices 6¢:

L 2
4 1
o AT A A
§* =530 > Aa@Muptis ac o) (5.13)

Since the Hamiltonian of the ionic Hubbard model in Eq. (5.1) commutes with all spin operators, [ﬁ , S“] =0
it is rotationally invariant in spin space. Therefore the total spin S is conserved and the corresponding sym-
metry sectors can be labeled by a set of quantum numbers |s,m.). Here S?|s,m.) = s(s + 1)|s,m.) and
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§= |s,m.) =m,|s,m.), using h = 1. While the m, quantum number is directly implemented in the numerical
exact diagonalization method, the absolute spin S symmetry sectors are reconstructed after the diagonalization
from the numerical results. We provide a detailed description of the procedure in the following paragraph "Imple-
mentation for exact diagonalization".

Translational symmetry: The ionic Hubbard model is invariant under translation by a multiple of the two-site
unit cell
TujoT) = Ej12.0. (5.14)

Consequently the eigenvalues exp(ik) of the generator T, determine the possible values of the conserved (dimen-
sionless) momentum k = 5—72 gwithj =0,1,..., % — 1, for a chain with an even number L of sites. From here
we label the translational symmetry sectors by the dimensionless momentum k.

Parity (reflection) symmetry: Additionally the ionic Hubbard Hamiltonian is invariant under reflection on any
site of the chain (not at bonds as in Ref. [223]). The symmetry transformation choosing the first site of the chain
as the reflection center is defined as

Pé; Pt =2y ;. (5.15)

The corresponding eigenvalues are p = £1.

Remarkably besides (Tz, ]5) all the here presented symmetry generators commute. Since the direction of the
momentum is inverted by the reflection symmetry, it generally does not commute with the translational symmetry.
This is only the case at specific momentum values, namely £ = 0 or K = 7. Note, that the momentum k = 7
is only a quantum number for mod (L/4) = 0. Therefore, we choose to restrict to these special cases in our
computation, using the translation symmetry first and block diagonalizing with respect to the reflection symmetry
only for £k = 0, 7. The individual symmetry blocks are thus characterized by the combination of all quantum
numbers (N, s, m,, k, p), where the p quantum number is only present for k = 0, 7. If not stated otherwise, the
distributions are calculated individually for all computable sectors. Since the level statistics are independent of
the respective quantum numbers of the symmetry sectors we decrease the statistical error of the distributions by
combining the results from the individual sectors afterwards by averaging over them.

Particle-hole like symmetry: At half filling, the ionic Hubbard model is invariant under an additional symme-
try transformation resembling a particle hole symmetry. Here it is defined on the bipartite lattice, i.e. with the
transformation . A _

Cej,Ct = (—1)el,, . (5.16)

We will comment in detail on the influence of this symmetry on the properties of the obtained level statistics in the
result section.

Implementation for exact diagonalization

We want to briefly sketch how we take care of the individual symmetries of the model in the exact diagonalization
code. The total particle number conservation 5.3.2 (a), conservation of the spin component 5.3.2 (b), translational
symmetry 5.3.2 (c) and reflection symmetry 5.3.2 (d) can be implemented in a straight forward way by constructing
the sub-sectors with the corresponding quantum numbers N, m., k and p.

However, combining the particle hole-like symmetry with the other symmetries in the existing code involves a great
deal of effort. Therefore we decided not implement it. Instead we carefully detect the presence of this symmetry in
the level statistics distributions and consider the changes resulting from the not fully separated symmetry sectors
in our analysis. Further we explicitly break the particle hole-like symmetry retaining all other symmetries by
introducing an alternating Hubbard on-site interaction. This allows us to make the influence of the particle-hole
symmetry visible by contrasting it to the explicitly broken setup. For the results presented in the next section
Sec. 5.3.3 we are able to diagonalize individual symmetry blocks of sizes up to ~ 1.27 x 10*. Taking all calculated
blocks into account this amounts to up to ~3.84 x 10° eigenvalues that can be taken into account for the averages.

Note, that of the spin-rotation quantum numbers |s, m.) only the quantum number of S%, m, is directly imple-
mented in our computation but one can make use of the degeneracy of the eigenvalues for different m,’s if the
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total spin s is fixed. The individual eigenvectors in the spin-space |s,m.) and |s,m.) sharing the same s quan-
tum number are connected by ladder operators S+ and S, changing m, by +1. The eigenvectors |s,m.) and
|s,m.,) are degenerate since the Hamiltonian commutes with the ladder operators. Therefore, it suffices to know
the eigenvalues for different m_’s in order to choose the correct ones in the desired sector belonging to a total
spin s. Starting with the symmetry block labeled by the maximum value of m., i.e. m, = N/2 for N spin-half
particles. Since in this block a unique value s=m, resides one obtains the solution right away. Moving to the next
symmetry sector reducing the quantum number m_, =s — 1 one obtains the eigenvalues for both, s and s — 1, but
because the ones with total spin s agree with the previous sector one can assign all remaining eigenvalues to the
new symmetry sector with total spin s — 1. Subsequently decreasing the quantum number m, until one reaches
m, = 0 and repeating the described procedure at every step allows to label all eigenvalues with both quantum
numbers s and m.. Note, that the eigenvalue spectrum with positive m/, > 0 quantum number at fixed total spin s
can be labeled in parallel to the negative ones since for —m/, =|m.| the spectra are degenerate.

5.3.3 Results

In this section we show our results on the spectral properties of the ionic Hubbard model and an extension using
alternating interactions. We start discussing the results at quarter filling N/L =1/2 and at filling N/L =2/3 as
typical fillings in Sec. 5.3.3. Only the standard symmetries (Sec. 5.3.2 (a)-(d)) are present for this case. We are
able to recover the GOE like behavior pointing towards the expected chaotic character of the ionic Hubbard model.
Additionally, in Sec. 5.3.3 the case of half filling is discussed. This is a special case due to the presence of an extra
particle hole like symmetry [Sec. 5.3.2 (e)]. We proceed to demonstrate that the obtained level distributions are in
nice agreement with a GOE like behavior taking into account the non-separated symmetry sectors.

Away from half filling

We start considering the ionic Hubbard model, Eq. (5.1), at quarter filling, i.e. N/L = 1/2. We compute the
energy levels of the Hamiltonian in each block of the symmetries discussed in Sec. 5.3.2 and consider the level
distribution separately within these blocks. The data obtained from different symmetry sectors at quarter filling is
then assembled in a single histogram. In the representation of the histograms the chosen size of the bins plays a
role. We choose the bin size in order to minimize the statistical fluctuations and still obtain a good representation
of the distribution. Since the distributions vary depending on the Hamiltonian parameters, we adapted the bin size
correspondingly.

(a) 2.0 - GOE = Poisson (@) (b) 2.0 - GOE = Poisson b) |
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Fig. 5.5: Distribution of the ratios of consecutive level-spacings for (a) the standard Hubbard model (n/J = 0)
and (b) the ionic Hubbard model at 7/J =1 in a chain with N =6, L =12 at U/.J = 2 combining all s and k, p
symmetry sectors for m, =0. We use 30 bins to represent the distribution. Adapted from Ref. [3].

In Fig. 5.5 (a) we present the distribution of the ratios of consecutive level-spacings averaged over all symmetry
blocks for the standard Hubbard model, i.e. 1/J = 0, as a benchmark of our procedure. For the standard Hub-
bard model, the ratios of consecutive level-spacings are known to follow Poisson statistics [246]. For the chosen
intermediate value of the interaction, U/J =2, we find a distribution which nicely follows the Poisson prediction,
as can be seen from the good overall agreement between the numerical histogram and the Poisson prediction for
P(r), including the correct limiting behavior as 7 — 0. Furthermore the mean value 7=0.386 of the numerical
data, which does not depend on the number of bins, agrees with the Poisson distribution value in the first three
digits.

59



(a) a L=16, N=8 o L=12, N=6 mm GOE mmPoisson () | (D) 4 L=16, N=8 o L=12, N=6 = GOF. mm Poisson  (b)
0.55 0.55}
TTA 5 8 b 6 8 & . A A A TT7TT TTTa s 6 6 8 8 A AL T T T
4 6 6 LN g : : A 4 4 a N 6 6 6 2 . : 3 A A A ,
0.50f 4 © o o o 050 e o o
A €]
I~ ° [
A (<]
0.45} 5 1 ousfa
]
0.40[8 | ooy
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
n/J n/J

Fig. 5.6: Evolution of the mean value 7 of the ratios of consecutive level-spacings with the strength of the alter-
nating potential /.J for a) U/J =2 and b) U/J = 4. The expected mean value for the Poisson-distribution and
the GOE are marked with the horizontal dashed lines. For system size L =12 combining all s and k, p symmetry
sectors, for =16 combining s=3, 4 and all k, p for m, =0. Adapted from Ref. [3].
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Fig. 5.7: Distribution of the ratios of consecutive level-spacings for L = 12, N = 6 for the symmetry sector
m, = 0 combining s = 0,1 and all k,p symmetry sectors. The parameters of the system are U/J = 2 and
n/J=0.001,0.01,0.05,0.1 and 100 bins. The mean values are given by 7 =0.391, 0.405, 0.450, 0.482. Adapted
from Ref. [3].

Once we switch on the alternating potential of the ionic Hubbard model, the behavior is changed drastically. In
Fig. 5.5 (b) the distribution P(r) from the numerical data is shown for a value of the alternating potential of ny/J =1
following closely the distribution expected for the GOE random matrix theory ensemble. The behavior for small r,
where P(r) clearly starts at O and rises linearly for small values of , is in stark contrast with the Poisson behavior
and is a consequence of the level repulsion of chaotic systems. The mean value 7=0.515 is also rather close to the
GOE prediction 0.536.
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Fig. 5.8: Distribution of the ratios of consecutive level-spacings for L = 12, N =6 and L = 16, N = 8. The
parameters of the system are U/J =2 and n/J =0.1, 30 bins. The mean value is given by 7= 0.474, 0.502. For
system size N =6 combining all s and &, p symmetry sectors, for N =8 combining s=3,4 and all k, p for m_, =0.
Adapted from Ref. [3].
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Fig. 5.9: Evolution of the mean value 7 of the ratios of consecutive level-spacings with the interaction strength
U/J fora)yn/J =1 and b) n/J =2. The value of the Poisson distribution and the GOE are marked by horizontal
dashed lines. For system size L =12, N =6 combining all s and &, p symmetry sectors for m, =0 and for L =16,
N =8 combining s =3, 4 and all k, p for m, =0. The statistical standard error of the weighted mean of 7 over all
computed symmetry sectors was found to be of order 3 x 10~% or lower for all shown system sizes. This is below
the symbol sizes. Adapted from Ref. [3].

In order to investigate in more detail the behavior as a function of the amplitude of the alternating potential 7/J
and the dependence on U/J, we use the average value of the ratio of the consecutive level-spacings 7. For the
Poissonian distribution the mean value of this ratio is given by 7p = 0.386 and for the GOE the mean value is
TGor = 0.536 (see Table 5.1). The dependence on 7/.J for fixed U/.J is shown in Fig. 5.6 (a)-(c) for different
interaction strength U/J = 2,4. As discussed above, at = 0 the value of 7 is very close to 7p of the Poisson
distribution. We observe that for the smallest non-zero values of n we consider and for all considered interactions,
the average value of r increases very rapidly to almost the value expected for a GOE ensemble. A very good
agreement with the expected value of the GOE is found in particular for 0.5 <n/J < 2.

Since, in principle one expects an infinitesimal value of 7 in the thermodynamic limit to follow the GOE like
distributions, we investigate the transition from the Poisson distribution at 7 =0 to the GOE distribution for 7 >0
more carefully and study the numerical distributions at very small values of n. Fig. 5.7 shows the distribution
of level spacing for four different values of 7 for a finite system of size L = 12, at quarter filling for U/J = 2.
The main difference between the Poisson distribution and the GOE like distribution is the finite value arising in
the Poisson distribution at » = 0 and its suppression due to the level repulsion in the GOE like ensemble. This
shows that focusing on the manifestation of level repulsion at small values of 7 is much more sensitive than merely
tracking the mean value of r. In order to resolve the steep distributions at low values or r we choose a small bin
size to represent the distributions. Already at very small values of n/J = 0.001,0.01 a clear suppression of the
value in the first bins is visible for the considered chain length. Whereas for /.J = 0.001 this is only the case for
the first bin, at /J = 0.01 already about a handful of bins contributes to the decrease of the distribution at low
values of r due to the level repulsion. For larger values of n/.J =0.05 and n/.J =0.1, the vanishing distribution at
r=0 is clearly visible and the distribution approaches the GOE distribution.

The GOE distribution is expected for any finite value of the alternating potential (r/J # 0) for sufficiently large
system sizes. We see in Fig. 5.8 that the suppression of the distribution at low values of r is very sensible to system
size. Whereas for L =12 still the distribution for low r lies considerably above the GOE distribution, this deviation
is already reduced for L =16 and the distribution lies much closer to the GOE distribution. This hints that already
at small values of the alternating potential the level distribution follows the predictions from the GOE if sufficiently
large system sizes are considered.

Also for large values of approximately n/J = 2 the numerically found average value of r drops below the value of
the GOE ensemble (cf. Fig. 5.6). We attribute the deviations from the expected GOE ensemble to finite size effects
as discussed for small values of 7/J. This is supported by the results obtained for larger system sizes in Fig. 5.6
moving towards the GOE predictions with increasing system size both at small and large n/J. The deviations
between the different system lengths are in particular large for low and large values of the alternating potential,
where the GOE expectation is not yet met.
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The dependence of the average value of 7 on the interaction strength is shown in Fig. 5.9 for two different values of
7. A drastic rise is clearly seen from the non-interacting integrable case at U =0 which lies close to the predictions
for the Poisson distribution to a finite interaction strength. Already at interaction strength of about U/J a2 1 an
almost steady value is reached for n/J = 1, which agrees well with the predictions for a GOE ensemble even for
a smaller system size considered [see Fig. 5.9 (a)]. At larger value of the alternating potential, /J = 2 similar
behavior is observed but a larger system size of L = 16 is needed to reach the expected GOE value due to finite
size effects as discussed above [see Fig. 5.9 (b)]. At large values of the interaction we would expect again that
deviations from the GOE ensemble arise due to the large separations occurring in the energy scales.

In order to show that the discussed behavior is generic for different fillings, we show in Fig. 5.10 the dependence
of the average value of 7 on both the alternating potential 7 and the interaction strength U for N/L=2/3. We find
that the shown behavior resembles very much the behavior of the quarter filling. The only difference is that the
deviations from the GOE value at a larger values of the alternating potential are smaller than for quarter filling.
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Fig. 5.10: Evolution of the mean value 7 of the ratios of consecutive level-spacings (a) with the alternating potential
n/J at U/J =2, and (b) with the interaction strength U/.J at /J = 1. The value for the Poissonian distribution
and the GOE are marked by horizontal dashed lines. For system size L =12, N =8 combining s =2, 3,4 and all
k,p for m, =0. Adapted from Ref. [3].

We therefore conclude this section, that the energy spectra of the ionic Hubbard model at a generic filling (here
N/L=1/2 and N/L=2/3) nicely follow the expected behavior of a GOE ensemble and therefore point towards
a chaotic nature of the model.

Half filling

At half filling N/L =1, the distribution of the level-spacing ratios change drastically compared to the previously
described quarter filling [see Fig. 5.11 (a)]. As introduced in Sec. 5.3.2, in the case of half filling the ionic Hubbard
model exhibits an additional particle-hole like symmetry, Eq. (5.16). This drastically changes the behavior seen in
the spectra as shown in Ref. [257], if the different symmetry blocks are not considered separately when performing
the level statistics. Depending on the number of symmetries blocks that remain unseparated in the analysis, the
distribution of the consecutive level spacing changes in nature. Starting from the case where every symmetry
sector is separated and the distribution follows the GOE, to a more Poisson like distribution when many sectors
are treated together [257]. In Fig. 5.11 (a) the distribution of the consecutive level spacings is shown for the
case of half filling, where we have separated the spectrum into the blocks of the symmetries, Sec. 5.3.2 (a)-(d),
but not into the additional particle hole symmetry, Sec. 5.3.2 (e). Note that resulting distribution neither follows
a GOE like distribution nor a Poisson like distribution, but lies somewhere in between. These distributions are
genuinely in between GOE and Poissonian, and do not converge to either of them with larger system sizes, unlike
the crossover behavior discussed in the previous section. Using the predictions from Ref. [257] we compare the
obtained distribution to the ones which correspond to the presence of two (m = 2) or three (m = 3) equally sized
symmetry blocks (see Sec. 5.3.1). The numerical results lie very close to the results for a GOE RMT with two
symmetry blocks present, as expected from our symmetry analysis.

In this section, we emphasize how neglecting the separation into the different symmetry sectors the in principle
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Fig. 5.11: Distribution of the ratios of consecutive level-spacings for L = 10, N = 10 for the symmetry sector
m, =0 (a) performing the statistics in each symmetry sector (except particle hole) separately and combining all s
and k, p symmetry sectors afterwards. The mean value is given by 7 =0.426. (b) Not separating for the s quantum
number and combining data from all &, p sectors, resulting in 7 =0.392. The parameters of the system are U/J =1
and n/J=1. Adapted from Ref. [3].
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Fig. 5.12: Evolution of the mean value 7 of the ratios of consecutive level-spacings with (a) the alternating potential
at U/J =1 and (b) the interaction strength U/.J at /J =1 for various system sizes. The value for the Poissonian
distribution and the GOE for different m are marked by horizontal dashed lines (see Table 5.1). Adapted from
Ref. [3].

GOE like distribution of the consecutive level spacings approaches the Poisson-like distribution. In particular, we
focus on half filling, for parameters close to the ones considered in Hosseinzadeh et al. [243] where the Poisson
statistics was identified.

To emphasize the effects of the separation into the different symmetry sectors, we present in Fig. 5.11 (b) the
distribution of the consecutive level spacings at half filling, but only taking a fixed .S, sector, and not a fixed sector
of the total spin S. In this case the expected distribution for a chaotic system would be a GOE with m = 10
symmetry blocks [257]. The number of blocks results from the five symmetry sectors due to the total spin, which
are of unequal size, which should furthermore be split in half due to the particle-hole symmetry present at half
filling (see Sec. 6.2). The sizes of the symmetry sectors are: s =0, 3880 states; s = 1, 5940 states; s = 2, 2475
states; s = 3, 385 states; s =4, 20 states. We can notice in Fig. 5.11 (b) that this GOE distribution with m = 10
is very close to a Poisson distribution due to the large number of symmetry blocks. Our numerical data is in
agreement with this distribution and thus, also lies very close to the Poisson distribution. This again underlines the
importance of the separation of the spectra into the different symmetry sectors.

This is further supported considering the mean value of r and its dependence on the value of the alternating
potential shown in Fig. 5.12 (a). As for the case of quarter filling, at L = 12 intermediate value of 0.5 <n/J < 2
lead to an excellent agreement with the predicted value of the one predicted for the distribution GOE m =2. Larger
deviations occur at larger values of 7. We attribute these again to finite size effects, as we can show that the longer
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system sizes considered strongly approach the expected mean value compared to the smaller system sizes. The
average value of r for the system size L = 12 already agrees nicely up to n/J ~ 2 to the expected value fo the
distribution of the GOE with m =2.

In Fig. 5.12 (b) the average value and its dependence on different values of U/J is shown. For U/J > 0.5, the
obtained main value fluctuates very closely around the one predicted for the distribution GOE m =2 and is distinct
from the one predicted for the distribution with m =3 equal symmetry blocks.

Thus, our entire results indicate that the ionic Hubbard model shows similar properties as the GOE like ensemble,
if all known symmetries are considered.

Half filling - breaking the particle-hole symmetry
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Fig. 5.13: (a) Distribution of the ratios of consecutive level-spacings. The parameters of the system are Uy /J =1
Ui/J =2 and n/J =1, and 30 bins. The mean value is given by 7 = 0.527. (b) Evolution of the mean value 7
of the ratios of consecutive level-spacings with the difference of the interaction strengths (Uy —Up)/J atn/J =1,
Uy/J=1. The horizontal dashed lines mark the expected values for the Poisson distribution and for the GOE with
different m (see Table 5.1). System size L =10, N =10 considered symmetry sector m, =0 combining all s and
k, p symmetry sectors. Adapted from Ref. [3].

We want to further substantiate our finding of the importance of considering all symmetries of the considered
model, by explicitly breaking it and compare the resulting statistics. We achieve this by introducing an additional
term in the ionic Hubbard Hamiltonian, explicitly breaking the particle-hole symmetry present at half filling. In
this concrete case the homogeneous on-site interaction is substituted with an alternating interaction

L/2 L2
Hin = Uy Y frgjyiinjy + Ut Y fajgpfizjgn (5.17)
i=1 i=1

It is suitable for our analysis since this term only breaks the particle-hole like symmetry,leaving all other identified
symmetries (a)-(d) unaffected. As shown in Fig. 5.13 (a) the symmetry-breaking term restores a distribution very
clearly following the GOE distribution expected for a single symmetry block m=1.

To investigate these findings more thoroughly we show 7 with the symmetry breaking term in Fig. 5.13 (b). The
average value of r steeply rises at small amplitudes of the symmetry breaking term, approaching and stabilizing
around the expected value of the GOE m = 1 ensemble for (U; —Up)/J = 0.2. As discussed in the previous
sections, we expect that the finite slope of 7 as (U; —Up)/J — 0 can be associated with finite size effects. In the
thermodynamic limit we would expect an abrupt switch of the behavior from the m = 2 ensemble in the presence
of the particle-hole like symmetry to the m =1 GOE distribution when the symmetry is explicitly broken.

Summary

In this chapter, we have given a brief overview of the properties of the ionic Hubbard model in one dimension. We
considered the ground state phase diagram at quarter and half filling and commented on the dominant excitations.
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This description will serve as a basis for our discussion of the adiabatic elimination results for the cavity-atoms
coupled many-body system Chapter 6.

Further we investigated the energy level statistics of the ionic Hubbard model. We find that in general the ionic
Hubbard model and its generalization show, when all known symmetries are considered, the spectral features of a
GOE ensemble. This finding of a chaotic behavior of the level statistics of the ionic Hubbard model is in agreement
with the general belief that the ionic Hubbard model is non-integrable for generic parameters with finite potential
staggering. This provides support for the validity of our assumption made in Sec. 3.1 that the steady state of atomic
many-body system in our full driven-dissipative is well approximated by a thermal state.
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Chapter

Cooling effects and fluctuation-induced
bistability in the steady state phase diagrams

In this chapter we analyze the nature of the steady state for spinful fermionic atoms confined to optical lattices and
coupled to the dissipative field of an optical cavity via transverse pumping. These type of systems usually exhibit
a phase transition between a normal phase with an empty cavity and a self-organized phase [152]. Here we will
provide a detailed analysis of the steady states across the self-ordering transition for the cases of quarter filling
[see Sec. 6.1] or half filling [see Sec. 6.2]. We present our main findings regarding the effect of resonances in
the complex quantum system, leading to both cavity cooling [see Sec. 6.1.2] and many-body-cooling effects [see
Sec. 6.1.3]. The observations from explicitly solving the systems of equations for finite size [Egs. (3.3) & (3.14)]
and in the thermodynamic low-hopping limit [Eqgs. (3.25)] are complemented by several analytical approximations,
shining light on the physical processes happening around the self-ordering transition as well as deep in the self-
ordered regime.

We will also put special focus on a novel mechanism appearing at quarter filling, which we refer to as fluctuation-
induced bistability in Sec. 6.3, in which bistability occurs in a dissipative quantum system, only if quantum fluctua-
tions around a mean-field solution are taken into account. Part of the results presented in this section was published
in Ref. [1]. We provide a detailed analysis of the bistability and distinguish it from the case at half-filling where a
bistability of fundamentally different nature is present at the self-ordering transition [Sec. 6.2.1].

We include the fluctuations in the atoms-cavity coupling on top of the mean-field solution resulting from the
adiabatic elimination of the cavity field as introduced in Sec. 3.1. The thermalization process induced by the fluc-
tuations results in steady states that are characterized by a self-consistently determined temperature. In the strong
atoms-cavity coupling regime two (several) different self-organized states exist, which differ in their effective self-
consistently determined temperatures. Whereas the dominant contribution is the same in both bistable solutions,
the nature of the admixed excited states change. In particular, in the second steady solution, excited states with
double occupied sites become crucial, with a cooling mechanism emerging due to resonant photon-assisted tran-
sitions between states with double occupancies and other atomic excitations. Thus, we pinpoint the origin of the
multi-stability in the interplay between the short-range atomic interactions and the global-range coupling via the
cavity-induced self-consistent potential. It is remarkable, that the presence of fluctuations around the mean-field
solution it crucial for the presence of this bistability, since typically mean-field methods show to be valid for for
long-range couplings and in many cases fluctuations would lead to the destruction of bistabilities.

As a reminder, as derived in Sec. 3.1 we obtain results by simultaneously fulfilling the self-consistency condition
Eq. (3.3) and the steady state condition of the energy transfer equation Eq. (3.14). In parameter regions where
the hopping is small compared to the other system parameters we complete our discussion with results from the
thermodynamic limit in the weak tunneling perturbation [Sec. 3.2]. In the following, we investigate the case of
balanced spin configurations S* = 0. We do not explicitly consider the total spin symmetry sectors, however, we
confirmed that we obtain agreeing effective temperatures in all typical spin sectors [see Sec. 3.4].
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6.1 Phase diagram at quarter filling

In this section we present our observations and results for the steady state phase diagram at quarter filling (n =
N/L=1/2). We identify the dominant processes driving the self-ordering transition, cavity cooling mechanisms as
well as many-body-cooling transitions over a wide range of system parameters. Further the appearing fluctuation-
induced bistability is characterized. Details on this surprising finding are provided in Sec. 6.3.

6.1.1 Self-ordering phase transition
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Fig. 6.1: Simplified phase diagrams over a range of atom-cavity coupling fig/.J and (a) the on-site interaction U/.J
at hd/J =8, hI'/J =1; (b) the pump-cavity detuning %6/J at U/J =8, hl'/J =1; (c) the dissipation rate il"/.J
at hd/J =6, U/J = 8 of a finite size system L = 8 at quarter filling. We mark the transition between normal
[purple region] and self-organized phase [blue region] determined by solving Eqgs. (3.3) & (3.14) with ED [green
line]. Analytical approximations are calculated from Eq. (6.1) using the self-consistently determined /3 in the limit
U/J — oo [red dashed line in (b),(c)] and replacing each occurrence of 3 is by the large temperature limit Eq. (6.8)
before solving [purple dashed line]. The critical coupling hgM! in the T'= 0 MF approach solving Eq. (3.3) via
ED [black solid line] is compared to the approximate analytical result for gMF in Eq. (6.2) for U =0 [black dashed
line] and U — oo [gray dashed line].

The driven-dissipative coupled atoms-cavity system exhibits a self-ordering transition [78, 152]. In the context of
dissipative phase transitions, phase transitions occurring in systems away from thermal equilibrium are character-
ized [40]. Systems that interact with an environment via dissipation while being driven by an external coherent
source are typically driven to a steady state which depends on both the system and environment parameters. The
self-ordering transition is marked by a sudden change in the system properties at a specific parameter configura-
tion. By increasing the strength of the transversal pump laser while keeping the other system parameters fixed the
effective coupling between the atoms and the photons is growing. The system transitions from a normal phase (pur-
ple region in Fig. 6.1), which is characterized by a vanishing occupation of the cavity field and vanishing atomic
sublattice density imbalance, to a self-ordered phase (blue region in Fig. 6.1), exhibiting a finite occupation of the
cavity field and emerging density imbalance. For the here considered system of spin-1,/2 fermions confined to an
external optical lattice such a self-organization transition occurs. We begin by presenting and discussing our find-
ings in the parameter regime around the self-ordering transition at g ~ g.;. The observables we typically present are
the sublattice density imbalance (A} /L% as well as the inverse temperature 3. The temperature kT = 1/13 takes
values that are typically large compared to the energy gaps between the lowest eigenstates of the effective mode
for the parameter regimes explored in this work. The excited states in the Hamiltonian spectrum thus contribute
significantly and can be expected to result in a nature of the steady state which is very different from the results at
the T'=0 mean-field level where the atoms are in the ground state of the effective Hamiltonian Eq. (3.4).

We want to note that in the normal phase below the self-ordering transition, the atoms still couple to the cavity
field fluctuations despite the vanishing average density imbalance, which determines an effective finite temperature.
However, one should be careful in using the thermal state ansatz in this regime.

Starting from the normal phases expected for the Fermi-Hubbard model, the system enters into the self-ordered
phase as we increase the atoms-cavity coupling above fig.,/J. The transition is signaled by a simultaneous increase
of the cavity field occupation and the sublattice imbalance, e.g. see the behavior of (A)/L¢ around hge/.J ~5 in
Fig. 6.2 (a),(d). The blue points are obtained via exact diagonalization of the ﬁeff when solving Eqgs. (3.3) & (3.14)
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Fig. 6.2: Cuts of the (a),(d) sublattice imbalance A /L, (b),(e) scaled photon number Npho/ L4 and (c),(f) inverse
temperature ( as a function of atom-cavity-coupling hg/.J at (a)-(c) U/J = 8 and (d)-(f) U/J = 20; at quarter
filling. Results using ED solving Eqgs. (3.3) & (3.14) for a finite system size L = 8 (blue points), and taking the
thermodynamic limit in the weak tunneling perturbation, solving Eq. (3.25) numerically (green points). The other
parameters used are 0/J = 8, Al'/J = 1. Lines denote resonances in the atomic limit. The red solid line is
underneath the green solid line in (d)-(f).

for a finite system size while the green points are from taking the thermodynamic limit in the weak tunneling
perturbation, solving Eq. (3.25) numerically. For both of the methods, the critical coupling shown in the results is
the value where the self-consistently determined cavity-field order parameter \ surpasses the set accuracy of 1075,
As expected, the thermodynamic limit in the weak tunneling perturbation fits better for the higher value of the
on-site interaction U/J = 20 in Fig. 6.2 (d)-(f). For U =8, while it fits reasonably well at intermediate couplings
the weak tunneling limit fails at larger couplings.

In our adiabatic elimination method and the perturbative approximation, the atomic state is given by a thermal state
Eq. (3.13), the self-consistently obtained inverse temperature 3 [see for example Fig. 6.2 (b),(d)] determines the
weights of the excited states contributing in the steady state. In the self-ordered regime close to the transition, the
inverse temperature [see Fig. 6.2 (b),(e)] rapidly increases until it reaches a maximum and subsequently starts to
decrease around the coupling marked by the solid black vertical line. This line represents the resonance condition
2gA =4 in the atomic limit and coincides for the here shown parameters with the maximum in the density imbalance
[see Fig. 6.2 (a),(d)]. We will comment on the physical nature of dominant processes around the resonances in
Sec. 6.1.2.

In Fig. 6.3 we show how the behavior of the (A)/ L4, the inverse temperature 3.J and the average number of
double occupancies > (47, ) /L depends on the on-site interaction U/J. The normal phase at low atoms-cavity
couplings, corresponding to (A) =0, is shown as a deep blue region in Fig. 6.3 (a). The transition is clearly seen
around the green solid line, when the blue color changes to a lighter white/yellow color. We find that the critical
coupling fig.,/J is slightly decreased for small values of the interaction strength U/J. However in the limit of
large atomic interactions, starting from U/J 2 6 /J = 10, the critical coupling only very weakly depends on U/J
[see Fig. 6.1 (a) and Fig. 6.3 (a)]. We attribute this to the low filling. The ground state and the lowest excited states
of He that dominantly contribute to the steady state have mostly singly occupied sites [see sketch Fig. 5.2 (b) for
U/J >20]. Excited states which include double occupancies are present only at large energies and does have low
weight close to the phase transition, which results in the overall really low average number of double occupancies
at finite interaction strength [see Fig. 6.3 (¢)].

Since already at the 7'= (0 mean-field level a self-ordering transition can be observed [78, 152], we want to show
a comparison to the results from the many-body adiabatic elimination method (AE) we developed [Sec. 3.1] to

68



(@) (b) (©)
(Ayypt 01 02 03 04 : : 4 : ! 0.02 0.04 0.06 0.08 0.1

(nitnay) —

16

— gl
14+ v OhgA=U

12 —_— 0=

hg/J

= = 2hgA=U-ho
== 20gA=U+hs

hg/J

10

— 2igA=kpT
m-mw U:ﬁ6

Fig. 6.3: (a) Sublattice imbalance A /L, (b) inverse temperature 3 and (c) average number of double occupancies
as a function of atom-cavity coupling fig/J and on-site interaction U/J of a finite size system L = 8 at quarter
filling. The other parameters used are id/J =8, hI'/J=1. The hatched triangular region on the center right marks
the fluctuation-induced bistability region within the self-organized phase. Lines denote parameter resonances in
the atomic limit. The red solid line is underneath the green solid line.

emphasize the role of the fluctuations in the atoms-cavity coupling. We want to emphasize the fundamentally
different nature of the transition between both methods. At 7' = 0 MF, the atoms are described by a pure state,
namely the ground state of the effective model, while in the AE approach the atomic state is a mixed state with a
self-consistently determined effective finite temperature determined by the fluctuations.

In all considered parameter regimes, the presence of fluctuations shifts the critical coupling strength fig.,/J to
higher values compared to the 7'=0 MF result [see green solid curve vs black solid curve in Fig. 6.1]. Including
the fluctuations in the atoms-cavity coupling also can be seen to alter the dependence of fig.,/J on the on-site
interactions in Fig. 6.1. While in the T'=0 mean-field approach the critical coupling decreases to lower values, the
contrary is observed for the many-body adiabatic elimination approach. Besides the different transition point, the
behavior of the observables when increasing the coupling strength above the transition is also changed. Fixing the
on-site interactions, the increase of the cavity field occupation is much more abrupt for the self-consistent finite
temperature approach [Fig. 6.2 (b),(e)]. The differences to the 7'=0 MF and finite temperature nature of the atomic
state are supported by the temperature has a value of kgT'/.J &2 obtained close to the transition in Fig. 6.2 (f). The
finite temperature leads to a decreased coherence in the atomic system. The thermal fluctuations therefore push
the critical coupling strength to higher values. Our observations are consistent with those obtained for a previously
investigated system of interacting bosonic atoms coupled to a dissipative cavity in Ref. [164].

Analytical approximations of the critical atom-cavity coupling

We want to discuss the behavior of the critical coupling strength on the system parameters like cavity detuning /é
and the dissipation strength &I" beyond mere empirical observations. To this end we derive approximate analytical
expressions that hold in certain regimes and ultimately compare them to our exact solution [see Fig. 6.1]. Note,
that the here shown expressions for g, are derived for incommensurate values of the filling, assume the cavity
field, A, to be continuous at the phase transition. The values of the cavity order parameter A are therefore small
at the edge of the self-ordered regime. As we will discuss in Sec. 6.2 for a commensurate filling the system this
assumption is not valid since the system exhibits a bistability between the normal and the self-organized states.

Here we consider two limits, namely the solvable non-interacting limit (U = 0) and the U — oo-limit where the
system at low fillings can be approximated by effectively spinless fermions. Similar approaches were derived
for non-interacting fermionic gases [261,262] (no underlying optical lattice) and bosonic gases [30, 263] at the
mean-field level. We want to provide expressions that include finite temperature effects.

For both cases, we can start from the Hamiltonian in momentum space derived in Eq. (5.3), where the energy
bands are determined by F (k) = /e(k)?+ (hg\)2. The equations were derived for periodic boundary conditions
although the self-consistently determined solutions using ED are typically obtained for open boundary conditions.
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However, since we are mainly interested in the scaling of g., with the system parameters and generally in the self-
ordered phase edge effects tend to be suppressed we still expect good agreement. We insert the expression for the
sublattice imbalance Eq. (5.5) into the self-consistency equation Eq. (3.3). This results an implicit equation for A
besides the trivial solution A=0

S (L/2? - b
it =25

(AT pod=a) + B 0Tt b)) (6.1)

Calculating the expectation values we distinguish between the 7" = 0 mean field method and the many-body
adiabatic elimination method.

In the T' = 0 mean field method, the expectation value on the right-hand-side of the equation has to be evaluated
with respect to the ground state of Hegy. At quarter filling (n=N/L=1/2) and U/.J =0, lower band is half-filled
up to momenta |k| =7 /4 and the upper band is empty. Due to the independent spin species each momentum state
can be doubly occupied [see Fig. 5.1 (a)]. Contrarily for U/J — oo, approximating the system with a model of
spinless fermions, each momentum state can only be singly occupied and the lower band is filled completely [see
Fig. 5.1 (b)]. In the atomic limit this results in a band insulator state with an insulating gap oc 2igA. The critical
value of the coupling g.,, is obtained by solving the self-consistency condition Eq. (6.1) for g under the condition
of vanishing A — 0. This results in solving

+(I')2)?
920/ L ZEk A=0) 62)

We evaluate the discrete sum for finite size systems and show the results for both a non-interacting system [black
dashed line in Fig. 6.1] as well as for U — oo [gray dashed line]. In the thermodynamic limit if only the lowest band
nm/2

is filled and U = 0, we can consider continuous momenta » |, — 5= f /2

27

dk and derive an analytic expression

for gMF and the behavior of A close to the transition.

MF __ JW((sQ + (F/Q)z)
o \/ héF(nm/2| 1) ©3)

where F(¢|m) = f0¢(1 —msin?(0))~1/2d# is the elliptic integral of the first kind. For U — oo since every
momentum state can only be singly occupied so one needs to integrate [—7n,7n|. The here shown resulting
equations are derived in one dimension, but the corresponding expressions for higher dimensional systems can be
obtained analogously.

To obtain an approximate scaling of the cavity field order parameter A close to the transition we expand Eq. (6.2)

in A\, which yields
X oc J(gMF)3/2 /g — gMEF. (6.4)

This result agrees with the one derived for the Dicke model a o (¢' — g/,)'/? [38,263-265] with ¢’ the respective
coupling strength and o = (a) the cavity order parameter. The scaling exponent 1/2 is obtained both in- and out
of equilibrium. The self-ordering transition of an ensemble of non-interacting fermions [261,262] shows the same
scaling in a mean field approach. However note that in Ginzburg-Landau type theories a switch in the scaling to
1/4 at a tricritical point is derived for low pump-cavity detuning [49].

In the framework of many-body adiabatic elimination however, we perform the calculation considering the occu-
pations of higher energy momentum states. The occupation of the momentum states in Eq. (5.5) is captured by the
Fermi-distribution in the non-interacting case. This results in Eq. (5.6), defined as

AL ko Vi ko) = :
+.k,0 I+.k,0 eB(FE(k,A\)—p) + 1’

The chemical potential is fixed by the particle density Eq. (5.4). Evaluating the expectation values with respect to
the thermal states this results in

hg)\ 1 1
n= Z( )[emm,x)—mﬂ Jreﬁ(—E(k«\)—#)+1}
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The condition for the critical coupling within the many-body adiabatic elimination approach Eq. (6.1) becomes

82 + (I'/2)? h 1 1
Ba/L 2B A0 | FEm e (6:3)

At this point we evaluate the discrete sum using the self-consistently determined values of /3 [red dashed line in
Fig. 6.1] to get an intuition for our approximations up to now, without restricting to specific temperature regimes.

As before taking the thermodynamic limit the momentum values become continuous and the sum can be replaced
by an integral. Here one needs to integrate over the full reduced Brillouin-zone ), — % :/r izdk since all
momentum states are thermally occupied. Note that for this expression [ still depends on the system parameters

A~

and needs to be solved together with Eq. (3.14) (O(H.) /0t =0).

We will find analytic expressions for g, for U = oo (purple dashed line Fig. 6.1) and U = 0 [blue dashed line in
Fig. 6.1 (a)] in the large temperature limit.

In the large temperature limit I', I'* /§ > J/h, g\ or §>> J/h, g\ we saw in Sec. 3.1 that the inverse temperature
takes the approximate form Eq. (3.16) given by

g 46/h
T 62 (1/2)?

If the large-temperature approximation <A> /L hgAp, which will be derived in the paragraph following Eq. (6.8),
is valid close to the self-ordering transition, using the self-consistency condition Eq. (3.3) the critical coupling
scales as

62+(I'/2)?

5 (6.6)

Ju(BK1) x

in both interaction limits U =0 and U = co.

Comparing the analytical critical atom-cavity coupling to the phase diagram

In a next step the analytical findings can be compared to our calculated phase diagrams in more detail. A simplified
phase diagram comparing the transition lines from solving the full effective model via ED with the analytical
approximations at both with and without fluctuations are shown in Fig. 6.1. Further some measured observables
are shown for parameter regions varying the coupling strength on the vertical axis and either the pump-cavity
detuning ¢ [Fig. 6.4] or the dissipation rate I" [Fig. 6.8] on the horizontal axis.

For low couplings g < g, the system is in the normal phase of the Fermi-Hubbard model at finite temperature,
characterized by a homogeneous density distribution over all sites, which is depicted as the blue region in density
imbalance plots. Fixing § or I” respectively while increasing the coupling strength, the system transitions to the
self-ordered phase. At large detuning d > I, the critical coupling strength increases approximately linearly with
the detuning g, ~ &. This consistent with the analytic approximation obtained in the high temperature limit
[Eq. (6.6)]. Note that in order to ensure this limit is valid I" typically still needs to be sufficiently high. For
an equivalent system with bosonic atoms, a similar dependence on the detuning was obtained [164]. Comparing
T =0 MF and the many body adiabatic elimination results, the shift of the critical coupling between both methods
increases with the detuning. Without fluctuations Eq. (6.3) can be simplified in the large detuning limit, resulting
in hgM¥/.J ~ \/hé/J, while in the presence of fluctuations the critical coupling behaves as hg./J ~ hd/J [see
Fig. 6.1 (b)]. A larger pump detuning reduces the effective long-range cavity-mediated coupling. In order to reach
the same effective atom-cavity coupling, the large detuning needs to be compensated by increasing the amplitude
of the pump field correspondingly. Additionally a large detuning § typically leads to an increase in the effective
temperature around the self-ordering transition. This also contributes to the shift of the transition towards higher
couplings when including fluctuations, while this effect is not present at 7' = 0, leading to a scaling difference
between the methods.

We now turn to the dependence on the dissipation strength I' [Fig. 6.1 (c)]. Here, as supported by Eq. (6.6),
the self-ordering threshold increases approximately quadratically with I". In a parallel to the large detuning limit,
increasing I also typically leads to a growing effective temperature close to the self-ordering transition. As a result
we obtain a weaker scaling of the critical coupling with the dissipation strength (linear instead of quadratic) at the

71



T =0 MF level, as predicted by Eq. (6.3) in the limit I">>d. As can be seen in Fig. 6.7, increasing the dissipation
rates while keeping the other parameters fixed the decoherence of the atoms increases until the system transitions
to the normal phase at the critical coupling.

After looking at the dependence of the critical coupling on the system parameters, we now investigate the nature
of the steady state obtained within the self-ordered phase.
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Fig. 6.4: (a) Sublattice imbalance A /L, (b) inverse temperature 3 and (c) average number of double occupancies
as a function of atom-cavity coupling fig/J and detuning %d/.J of a finite size system L =38 at quarter filling. The
other parameters used are U/J =8, Ail'/J =1. Lines denote the parameter resonances in the atomic limit.
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Fig. 6.5: Cuts of the (a) sublattice imbalance A /L, (b) scaled photon number Noho / L% and (c) inverse temperature
B as a function of id/J at ig/J = 6 at id/J = 8; at quarter filling. Results are obtained using ED solving
Egs. (3.3) & (3.14) for a finite system size L = 8 (blue points), and taking the thermodynamic limit in the weak
tunneling perturbation, solving Eq. (3.25) numerically (green points). The other parameters used are U/J = 8,
RI'/J=1. Vertical lines denote the resonances in the atomic limit.

6.1.2 Fluctuation-effects in the ordered phase

In this section, we discuss the nature of the steady states within the self-ordered phase. In our considerations we
focus on effects that arise due to the influence of the fluctuations in the atoms-cavity coupling.

Cavity cooling process

~

In the sublattice imbalance (A) determined using the many-body adiabatic elimination, a non-monotonic behavior
emerges varying the coupling strength within the self-ordered phase [see Fig. 6.2 (a),(d) and Fig. 6.5 (a)]. This is
closely connected to the values of the self-consistently determined effective temperature [see Fig. 6.2 (c),(f) and
Fig. 6.5 (c)]. At the phase transition, the imbalance shows a steep increase to a maximum, followed by a decrease
for both shown interaction strengths. In the inverse temperature we identify a corresponding behavior that signals
a minimum in the effective temperature and thus a cooling of the atomic system through the coupling to the cavity
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B as a function of U/.J at hg/J =8; of a finite size system L =8 at quarter filling The other parameters used are
hd/J =8, hI'/J=1. Vertical lines denote the resonances in the atomic limit.
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Fig. 6.7: Cuts of the (a) sublattice imbalance A /L, (b) scaled photon number Npho/ L% and (c) inverse temperature
0 as a function of hI'/J at hg/J = 5; of a finite size system L = 8 at quarter filling showing stable (blue points)
and unstable (red points) solutions. The other parameters used are U/J =8, hd/J = 2. Vertical lines denote the
parameter resonances in the atomic limit.
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Fig. 6.8: (a) Sublattice imbalance A /L, (b) inverse temperature 3 and (c) average number of double occupancies
as a function of atom-cavity coupling hg/J and dissipation AI"/.J of a finite size system L =8 at quarter filling.
The other parameters used are U/.J =8, /d/.J =6.The contour lines denote the parameter resonances in the atomic
limit.
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field. This cooling process occurs approximately around the coupling value where 2g A ~ J is fulfilled, which we
confirmed by looking at the system varying both the atoms-cavity coupling g and the detuning 6. We include this
condition as solid black lines in the density plots Figs. 6.3 & 6.4 and vertical black lines in the corresponding cuts.
It can be seen that the line seems to follow the general behavior of the phase transition over a wide parameter range
varying both U and 4.

Fig. 6.9: Sketches of the energy transfer transitions in the atomic limit captured by Eq. (3.25a). (a) First line
in Eq. (3.25a): hopping from a high- to an empty neighboring low potential sublattice site, adding a pho-
ton to/removing a photon from the cavity field AE,,,,, = +(2igA+hd). (b) Second line in Eq. (3.25a) with
p = 1: hopping from a high- to a neighboring low potential sublattice site, creating a double occupancy and
adding/removing a photon to the cavity field AE,,,,, = +(2high— U £ hd). (c) Next neighbor hopping process
resonant at AE,,,,, = £+(U —ho)

This so-called cavity cooling process has been identified for single atoms [74] and non-interacting gases [76,
78,266]. For our system, the 7' = 0 mean-field approach does not capture this effect. The key ingredients are
the fluctuations in the atom-cavity coupling which lead to a finite effective temperature. In our case we want to
provide a physical interpretation of the resonance condition 2g\ = ¢ obtained in the limit of vanishing tunneling
amplitude (atomic limit). It marks an energy degeneracy between states where an atom hops from a singly occupied
high-potential sublattice site to a neighboring empty site. Looking at the ionic Hubbard model ground state that
is isolated from its environment, the conservation of the system’s total energy suppresses these kinds of (de-)
excitations. In contrast, for the Hubbard model coupled to the cavity, even at vanishing dissipation rates the
cavity field is able to facilitate transitions, as sketched in Fig. 6.9 (a). The change in energy from excitations
is compensated by the coupled field by while adding/removing a photon in the cavity mode. This results in an
efficient transfer process where the energy is removed from the atomic system as the number of defects to the
perfect density order is decreased. Simultaneously the energy is added to the cavity field, leading to an increase in
the photon number. While the process can occur in both directions, the system eventually stabilizes at a minimal
steady state temperature. Typically the position of the maximum in the imbalance slightly deviates from the
resonance condition 2g\ = ¢ which we account to deviations from the finite tunneling rate [see Fig. 6.5 (c)].
Our approximation taking the thermodynamic limit in the weak tunneling perturbation is also able to capture this
resonance, which manifests in the denominators of the first line of Eq. (3.25a). One can interpret the contributions
in the upper line of Eq. (3.25a) as originating from eigenstates of Hg, which differ by a single particle being on
the lower potential or upper potential sub-lattice [sketched in Fig. 6.9 (a)] i.e. E,, — E,,, = 2hg\ corresponds to
transitions between the ground state and an excited state of the effective ionic Hubbard model (see Fig. 5.2).

A similar cooling process manifests for the case of many-body resonances. We will provide some details on the
corresponding processes in the next section.

6.1.3 Many-body cooling processes

Beyond the cavity cooling processes that also appear in non-interacting systems, the many-body character of our
system also causes non-trivial effects to emerge. In this section, we present the cooling processes and corre-
sponding minima in the effective temperature that originate from the many body resonances. A match between
the energy gaps in the spectrum of the many-body effective Hamiltonian and the cavity detuning a cooling mech-
anism emerges, leading to lower self-consistently determined effective temperatures of the atomic states. The
presence of these resonances, similar to the cavity cooling process, explains the non-monotonic behavior of the
density imbalance and inverse temperature appearing at intermediate coupling strength in the self-organized phase,
e.g. Fig. 6.2 (d),(f) around hg/J ~ 7 — 11 and also varying the on-site interaction in Fig. 6.6 (a),(c) around
U/J ~6 — 24. The many-body cooling processes will also prove to be a crucial ingredient for the emergence of
the fluctuation-induced bistability analyzed in detail in Sec. 6.3.

It is important to note that the cooling effects can only arise due to the fact that in our method the temperature
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is self-consistently determined from the perturbative effect of the fluctuations [see Sec. 3.1]. Such dynamical
phenomena would not be captured by imposing a fixed temperature for the atomic state as we show in Fig. 6.20.
Here, the self-consistency equation Eq. (3.3) is solved for a thermal atomic state at fixed inverse temperature /3.
Consequently, the cavity occupation rises monotonically for each value of the temperature.

In order to understand the nature of the steady states of the coupled atoms-cavity system, it is useful to briefly
revisit the energy gaps of the effective Hamiltonian at quarter filling (discussed in Sec. 5.2.1). The weight of the
terms that capture the transition between eigenstates |n) and |m) in Eq. (3.14), namely
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is strongly influenced by resonances E,, — E,,, with E,, the energy of the eigenstate |n) of Heg [see Eq. (3.4)] and
Apm ={(n| A |m) [150, 164].

By looking at the energy transfer equation derived in the weak tunneling limit, Eq. (3.25a), atomic processes which
take take place during the exchange of energy between the atoms and cavity can be connected with resonances in
the limit of vanishing tunneling rates. Small deviations can be expected for the finite .J results. These resonances
will be the focus of our following discussion. Whether a process is of heating or cooling nature in the self-consistent
dynamics driving the system to its steady state is determined by the sign of the individual terms in Eq. (3.252). In
the steady state all processes are balanced [164].

The many-body cooling resonances occur when transitions between two excited states involving the interaction
energy are resonant with the cavity mode, i.e. around the couplings where 2hg\ = U £ k¢ is fulfilled. This
is expressed in the lower lines of Eq. (3.25a), which originate from transitions the sublattice density imbalance
and number of double occupancies is changed simultaneously. The energy in the atomic subsystem changes by
ie. E,—E,, ~2hgAF U, which is compensated by the corresponding change in the cavity field energy by +hd. We
depict this process in Fig. 6.9 (b). As with the cavity cooling around these resonances energy can be transferred
from the atomic subsystem to the cavity field in an efficient way, which causes the steady state to stabilize at
a minimum of the effective temperature with increased density sublattice imbalance. The resonance conditions
2g\o =U/h=+¢ are marked by black, long(-)/short(+)-dashed lines, e.g. in Fig. 6.3 and Fig. 6.4, or as vertical lines
in the cuts varying the coupling [Fig. 6.2 and Fig. 6.21] or the on-site interaction [Fig. 6.6].
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Fig. 6.10: We show the eigenenergy spectrum of the effective atomic Hamiltonian H. and effective temperature
(black line) as a function of the effective coupling higA/J at finite size L = 8 and quarter filling. The other
parameters used are U/J =40, hd/J =5, hIl'/J =3. Vertical lines denote resonances in the atomic limit.

To further illustrate the energy level crossing and behavior of the temperature, we present the relative atomic
energy spectrum (E,, — Fy)/L obtained via ED of a system of size L =8 as a function of the effective atom-cavity
coupling hg\/.J and compare it to the self-consistently determined temperature kp7T'/J (black line) in Fig. 6.10.
Note, that here we do not distinguish between stable and unstable results. We identify the region bordered by the
two vertical purple dashed lines that mark the cooling resonances 29\ = U/h+¢. In between, the temperature
lies below the excitation gap, resulting in a steady state that is close to the ground state. The resonances involving
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doubly occupied sites are also important within the emerging fluctuation-induced bistable regime that exhibits a
bistability between two ordered states with different effective temperatures [1]. This is marked by the hatched
region in the phase diagram shown in Fig. 6.1 (a) & 6.3 and will be discussed in detail in Sec. 6.3.
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Fig. 6.11: Energy excitation gap [green line] between eigenstates with (A) = N and (72;17;,) =0 and the lowest
energy states differing in either of the quantities in the eigenspectrum of the effective atomic model Her. We show
it (a) as a function of atom-cavity-coupling fig/J at U/J = 20 and (b) as a function of the on-site interaction
strength U/J at hg/J = 8; The effective sublattice potential imbalance 2figA/J is plotted in blue, the on-site
interaction U/J in red. Vertical lines denote parameter resonances in the atomic limit. (c) Energy excitation gap
varying atoms-cavity coupling and on-site interaction. Contour lines mark: ., > 0 (green), Eg.p = 0 (magenta
dashed), Eg.p = U — R (cyan dashed) and E,,, = 2hgA —hé (cyan). For all plots: L = 8 at quarter filling with
hé/J=8,hI/J=1.

As our results show the importance of including the excited states of the effective model He in the steady state
density matrix and the resonance condition matching the cavity energy and gap in the atomic spectrum, it is
important to understand the nature of the excited states and the behavior of the gaps. We investigate the excitation
gap in the energy spectrum Eg,, that is obtained from the eigenspectrum of H.. Since we are interested in many-
body processes, the excitation gap we show here is the gap between bands of eigenstates that are characterized by
the same total density imbalance (A) and number of double occupancies 3 ;(fjtfiz) ). With this assumption we
neglect the individual particle configurations because they would only lead to small changes in the eigenenergies
within each band due to finite size effects and higher order hopping processes. As shown in Fig. 6.11 (a), the
excitation gap [green line] starts to grow from the phase transition approximately following 2hg\/J [blue line].
This corresponds to a band-insulating behavior. Further increasing the coupling strength as one reaches the regime
where 2higA/J > U the energy gap approaches U/J and the nature of the excitations change to a Mott insulator
on the low-potential sublattice sites. This can correspondingly be seen in Fig. 6.11 (b). Increasing the on-site
interaction one can observe a smooth change from Mott-insulating to band insulating behavior of the low-lying
excitations. We want to note, that for large dissipation strength, since the spectral peaks are broadened, it becomes
increasingly difficult to observe the cooling resonances. In Fig. 6.7 this can be seen, as presumably the broadened
peaks of various resonances overlap and no separated peaks can be observed.

Another cooling effect that does not involve a change in the density imbalance is emerging around the resonance
condition 70 ~ U. Here the dynamics towards the steady state is influenced significantly by transitions of higher
order in the tunneling, like the one depicted in Fig. 6.9 (c). We observe in our results that when the condition
hd ~ U is satisfied as for the other cooling resonances the value of the effective temperature is reduced and the
sublattice imbalance exhibits a maximum. This effect can be followed over a large parameter range varying both
the interaction strength U, Fig. 6.3, or the detuning J, Fig. 6.4, where it is marked by the red dashed lines. Note
that an equivalent resonant cooling effect was identified for the case of interacting bosonic atoms in Ref. [164].

The U =~ hd resonance can be understood in more detail by considering its effect on the imaginary part of the
retarded susceptibility defined in Eq. (3.15). The function exhibits a main peak at iw = +2¢g A with secondary peaks
around hw = +U. Generally, the secondary peaks are suppressed by a factor of .J?/hg) due to their dependence
on second order hopping processes. This changes at the resonance U/J ~ hd/J, that increases the transition
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rates between the states and compensates the higher hopping order. At this specific parameter configuration, the
dominant cooling terms are those at energies /ww ~ —U, which corresponds to the processes decreasing the number
of double occupancies by 1 while adding a photon to the cavity field. Contrarily, the heating is dominated by the
peaks at fuw ~ U, where a double occupancy is created.

We can view the U = hd resonance more generally as an instance in which the energy of the cavity field matches the
gap between the ground state and the first excited state of the effective Hamiltonian Fg,, = hd. We can exemplify
this comparing Fig. 6.11 (c) to Fig. 6.3. The magenta dashed curve that marks E,,, = hd in Fig. 6.11 (c) matches
the U ~ h¢ line in Fig. 6.3 for the hg/J 2 9 regime. Increasing the on-site interaction, the magenta line instead
approaches the condition 2¢g\ = ¢, marked by the black solid curve Fig. 6.3. This further allows us to understand
maxima in the sublattice density imbalance away from regimes where the nature of the eigenstates of Hgs can be
easily identified, as for example around U/.J=9.8, hg/J ~6.8 in Fig. 6.3. They are caused by the smooth change
from Mott- to band insulating behavior as the on-site interaction increases above the energy scale determined by
2hg .

Large atom-cavity coupling limit and saturation of the cavity occupation

To conclude our discussion of the quarter-filled phase diagram we consider the large atoms-cavity coupling limit.
In the T' = 0 mean-field approach one would expect to see a saturation of the density imbalance to its maximal
value that represents perfect order as the coupling is increased. As determined from the steady state solution of
the cavity field in Eq. (3.2) the corresponding photon number increases quadratically with the coupling [see black
curve in Fig. 6.2 (b)]. However, the behavior observed in the results including fluctuations in the atoms-cavity
coupling and thus a self-consistently determined finite temperature is drastically changed [164]. Within our many-
body adiabatic elimination method the imbalance is seen to decrease at intermediate to larger coupling strengths
for the shown parameter regimes [see blue curves in Fig. 6.2 (b),(e)]. While in the 7"= 0 limit the large coupling
regime would lead to a larger effective potential shift between neighboring sites, including fluctuations this effect
is competing with a rapid increase of the value of the effective temperature of the atomic state [see Fig. 6.2 (c),(f)].
When the energy scale given by the effective potential offset 2hig\/J is surpassed by the thermal energy kgT/J,
the excitation rate of atoms to the lattice sites corresponding to a higher potential is strongly increased. This
consequently leads to a decreased sublattice imbalance in the steady state and a corresponding saturation in the
cavity field occupation. This scale is fig/J = 10 for the parameters shown in Fig. 6.2 (b) where the photon number
saturation appears. Due to the larger on-site interaction U/.J =20, in Fig. 6.2 (e) the saturation is not yet visible at
the maximal shown coupling strength.

We will provide an approximate analytical framework in the following paragraphs that captures the described effect
of including fluctuations in the atoms-cavity coupling. Eventually we identify a scaling behavior of the imbalance
with the coupling (A) o< g1, while the photon number saturates at a value independent of g in the limit of large

coupling strengths.

Deep in the self-ordered regime, high > U, hd, J, at quarter filling all low potential sublattice sites are singly
occupied in the ground state of the effective Hamiltonian Hes, Eq. (3.4). Here we neglect the influence of spin-
correlations since at the large temperatures that cause the saturation, spin-coherence is typically lost. The relevant
processes starting from the ground state are first-order hopping events, changing the energy in the atomic subsystem
by hw = +2g). Processes of higher order in the hopping that include the on-site interaction Aw ~ U are
suppressed by a factor of ~ J?/hig\. Restricting to the dominant processes we simplify the system of equations
derived in Sec. 3.2. The resulting approximation of the steady state condition of the energy transfer, Eq. (3.25a),
holds for both the non-interacting U/J =0 and the U/J — oo limit and is given by

_eﬁth efﬂhg)\
oA+ 07+ (/27 T g0 T (1722
we obtain
shgn | (1/2)2 + (6 +2g7)?
= \/ (T/22 + (5 20))2 ©7

Note that the same equation can alternatively be derived by neglecting the A-dependence of the chemical potential
and and going to the limit of large on-site interaction e’V 1 (see Appendix B, published in Ref. [1] Supplemen-
tal).
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For ShgA <1 and high — oo] we can approximate Eq. (6.7) and solve for the effective inverse temperature

)
TPV (€8

and find the scaling of the temperature with the effective potential imbalance g\ to be quadratic.

We continue the approximation of the system of equations to determine x4 and A, now distinguishing between the
two interaction limits U/J =0 and U/J — oco. In the following, we first consider the U/J — oo limit. The particle
conservation condition Eq. (3.25b) results in the expression

su_ (2 —4n)cosh(BhgA) + V/2(1 — 2n)2 cosh(2B8hg\) — 8(n — 1)n + 2
et = .
8(n—1)
We only confirmed the validity of this result for N/L < 0.5, since the approximation breaks down as one ap-
proaches half filling as the chemical potential diverges with U and can no longer assumed to be finite. These

results are inserted into the self-consistency condition Eq. (3.25¢) at U/J — oo and using figh >> hd, Al it results
in

202(1 —n)n

AU —o0)= T2 102

(6.9)

From the expression of the cavity field we can obtain the inverse temperature, imbalance and photon number in the

strong coupling regime

I/2)? + A 1— IJ2)2 1 52 ata

(I/2)° + B O—oTPPFS @) ng o e
L V2g L 2

pr 2hég2n(1 —n)’
These results slightly change when considering the non-interacting limit U /.J = 0. The spin species can occupy the

states independently. Consequently one can block diagonalize the Hamiltonian, resulting in independent system of
equations for each of the spin species. This yields for the self-consistency condition Eq. (3.25c)

62(2 —n)n

NU=0)=\| oy 7

6.11)

Using this result combined with Eq. (6.8) we obtain the inverse temperature, imbalance and photon number in the
non-interacting strong coupling regime
_(I)2)2+ 6 (A /@ —n)n((I/2)2 +52) @a) n

BJ ~ g2n7(2—n) ’ = 2 T ~ Z(2—n). (6.12)

Here we are not as restricted in the filling except approaching fully filled bands N/ L ~ 2. It can be assumed to hold
for the largest fillings we consider in this work which is N/L = 1. Both expressions derived in Egs. (6.10) & (6.12)
strongly deviate from the behavior at the 7'=(0 mean-field level where, as stated in the introduction of this section,

one would obtain that the photon number scales quadratically with the coupling strength, o %n%

The resulting scaling of the photon number with the filling for spinful fermions we obtain here is differing from
the one derived for an equivalent Bose-Hubbard system in Ref. [164]. There, the photon number is found to scale
as n(n+1) with the filling.

~

2 1

We observe in our results both the scaling of the inverse temperature, 5 < g~ #, and the imbalance, (A) x g1,
as we increase the coupling strength, for example in Figs. 6.2 (a),(c) & 6.21 (b),(c). Additionally we confirm the
correct scaling of our expression with the dissipation strength in the low dissipation limit in Fig. 6.7.

Further confirmations of the derived scalings will be provided for the steady-state phase diagram at half-filling in
the next section. We finally want to remark, that the high temperature that typically appears in the large coupling
limit at sufficiently high dissipation and detuning also causes an increased occupation of the excited states that
feature doubly occupied sites, leading to a growing average double occupancy [Figs. 6.3 & 6.4 (c)]. However,
since the overall average remains low at quarter filling and it does not directly influence the density imbalance or
cavity field occupation we omitted this observation in the previous discussion. The situation is different at half
filling, which we will present in the next section.
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6.2 Phase diagram at half filling

In this section we discuss the special case of commensurate or half filling (N/L = 1) for the atomic many-body
system.

0 2 4 6 8 2 4 6 8
U/J hs/J KT/J

10 15

ot

Fig. 6.12: Simplified phase diagrams varying the atom-cavity coupling fig/.J and (a) the on-site interaction U/J
at id/J =4, hl'/J =1, (b) the pump-cavity detuning /d/J at U/J =2, hiI'/J =1; (c) the dissipation rate #.l"/.J at
ho/J =4, U/J =8 of afinite size system L =6 at half filling. The lower black line marks the transition between
normal [purple region] and the high-\ solution in the self-organized phase [blue region] determined by solving
Egs. (3.3) & (3.14) with ED. The lower green line marks the critical coupling hgé\fF obtained for the T'= 0 MF
approach. The dashed lines are approximations critical couplings gMF Eq. (6.13).

In the absence of the pump the atomic system is captured by the Fermi-Hubbard model at half filling, which,
depending on the interaction strength, can be in a Mott insulating or liquid phase [267]. Increasing the atoms-cavity
coupling, the ordering of the atomic system that leads to an effective potential imbalance between the sublattices
is forcibly accompanied by an increase in the density of doubly-occupied sites on the low potential sublattice in
the classical limit [see Sec. 5.3.3 for details]. We expect that across the self-ordering transition an initial Mott-
insulating state is destroyed and the character of the fermionic state changes to a state with finite density imbalance
in the steady state. In both the 7'= 0 MF method and when taking fluctuations into account we find a bistability
at the self-ordering phase transition. It can by characterized as a region of coupling strengths that supports two
stable steady states that differ in their average photon number as well as the atomic many-body state. We mark
the corresponding regions as hatched regions in Fig. 6.12, where for the 7'= 0 MF method it is bordered by the
green lines and the bistability in the many-body adiabatic elimination approach is black. We want to emphasize
the fundamentally different the nature of this bistability at half filling when compared to the fluctuation-induced
bistability we identified in Sec. 6.1 and will analyze in detail in Sec. 6.3. Here the nature of the ground state of the
effective model, changes its character due to a closing of the gap to the lowest excitations from a Mott insulator to
a charge density wave. While at lower filling the eigenenergy of the ground state contribution in the mixed steady
state does not show any level-crossings within the bistability region and the bistable behavior is determined within
the excited eigenspectrum of Heg, at the commensurate filling considered here the crossing appears in the ground
state eigenenergy. This behavior has an important impact on the coupled cavity-atoms system, as already in the
T =0 MF approach the transition shows a strong bistable behavior at large interaction strength.

In past works, similar bistable behaviors have been observed around dissipative quantum phase transitions. Their
appearance was typically attributed to the spontaneous breaking of a weak-symmetry [14,32,78,91-96,98,99,268],
or the first order characteristics of the phase transition [18, 40, 82, 83, 86-90, 269, 270]. In first order transitions
a hysteresis behavior can typically be observed within a mean-field approach. Depending on the nature of the
initially prepared state, the system takes either of the competing phases. Taking quantum fluctuations around the
mean-field solutions into account, the competing states usually resolve to metastable states [92,101,102,271]. The
mean-field bistable states admix and a unique steady state is recovered. Note that this is in contrast to the multiple
stable steady states present in case of a strong symmetry of the system [103-106].

6.2.1 Self-ordering transition and bistable solutions

As for the quarter filled case we begin by considering the behavior of the steady state close to the self-ordering
phase transition. We start by discussing the simpler 7'=0 MF method and then proceed to identify changes caused

79



by the presence of fluctuations.
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Fig. 6.13: Cuts of the (a),(d) sublattice imbalance A /L, (b),(e) inverse temperature 5 and (c),(f) average number
of double occupancies as a function of atom-cavity-coupling fig/J at hd/J =4; at half filling. We show the results
from AE: stable (blue) and unstable (red); and the 7" = 0 MF results: stable (black) and unstable (gray) for a
finite system size L. =6 and results in the thermodynamic limit in the weak tunneling perturbation (green points).
The other parameters used are U/J =8, hl'/J = 1. The orange dashed lines are the scaling from the analytical
approximations for U =0 Egs. (6.12) where a universal scaled photon number is expected.

Phase transition at 7'=0 mean field level

As expected the photon number, sublattice density imbalance and the average number of double occupancies take
large values right above the transition to the self-ordered phase, that coincides with the onset of the bistability for
sufficiently large on-site interactions. This is shown for intermediate interaction strength U/J =2 as well as larger
interaction strength U/.J =8 in Fig. 6.13. The result of the 7= 0 mean-field method is shown as a black line. Since
at commensurate filling an ordering of the atoms coincides with the increase in the number of double-occupancies
on the low-potential sublattice, both observables show similar behavior [see Fig. 6.13 (a),(c) or (d),(f)]. Both the
sublattice imbalance and the average double occupancy approach their maximal value and the photon number rises
very steeply with the coupling strength.

At the larger value of the on-site interaction strength, U/J = 8, the bistable behavior appears above a critical
coupling gM¥, which can be seen in Fig. 6.13 (d)-(f) for T'=0 MF. The two stable solutions are a trivial solution
with homogeneous density distribution and empty cavity field (i.e. the Fermi-Hubbard model) and a solution with
a self-ordered atomic state and finite occupation of the cavity mode (black points). Both are connected by a third,
unstable solution (gray points). For the parameters shown in the plot, parts of the gray line are covered by the
red line. In contrast to this we only observe a very narrow range of couplings where two stable solutions exist
for interaction strength U/J = 2 [see Fig. 6.13 (a)-(c)]. Lowering the on-site interaction further, bistable region
continues to narrow until it becomes numerically difficult to detect. This can be seen in Fig. 6.12 (a), where the
edges of the bistability are shown as a function of the on-site interaction U/J and atom-cavity coupling fig/J.
The T' = 0 mean field results are marked by the green hatched region. Contrarily, at large interaction strength
the width of the bistable region increases. The onset of the bistability marks the self-ordering transition. This
behavior can be connected to a change of the ground state of the effective ionic Hubbard model (introduced in
Sec. 5.3.3). The nature goes from a Mott-insulating state at vanishing potential imbalance to a charge density wave
in the self-ordered phase. Analogous to the ionic Hubbard model we expect this to occur around 2Ag\ ~ U for
U, hg\ > J, where X is the stable self-ordered solution, that we will mostly concentrate on. The self-consistency
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condition assuming maximal density imbalance (A)/L=N/L=mn is given by

U 299
—~ .
2hg 02+ (I/2)?

Resulting in a scaling of the critical coupling in the atomic limit of

2 2
GMF ~ ,/EM. (6.13)
4n 0

This approximation is shown as magenta dashed lines in Fig. 6.12 and fits the critical coupling obtained with ED
reasonably well. While the scaling with the detuning and the dissipation agree with the ones determined at lower
fillings [c.f. Eq.(6.3)], here an additional scaling with the interaction /U is introduced.

Alternatively the bistability region can be determined using the stability condition derived in Eq. (3.33). Here,
under the assumption that the branch connecting the two stable solution is generally unstable, the zero crossings
of the stability condition roughly marks the edges of the bistability. This approach was evaluated numerically and
agrees with our results obtained from solving Eq. (3.3) via ED up to some small deviations.

Influence of fluctuations in the atoms-cavity coupling on the phase transition

We continue to discuss the observed changes appearing around the self-ordering transition and bistable region
when allowing for fluctuations in the atoms-cavity coupling and consequently the self-consistently determined
finite temperature. More specifically, we identify similarities as well as new effects introduced by the fluctuations
that drastically change the behavior in certain parameter regions.

The sublattice density imbalance behaves similar to the 7" = 0 MF one just above the self-ordering transition,
that again coincides with the onset of the bistability at higher on-site interactions. At the critical coupling g, it
steeply rises for U/J =2 [see Fig. 6.13 (a)]. At larger interactions, U/.J =8, the bistable behavior emerges around
hg/J = 3.8, where a non-trivial stable steady state characterized by finite cavity field occupation and density
imbalance appears [see Fig. 6.13 (d)]. At the bistability edge, the imbalance takes large values slightly below the
one obtained for T'= 0. We show the results obtained from solving Eq. (3.3) & (3.14) using ED for a finite size
system. The stability of the solutions is the determined using Eq. (3.32), resulting in two stable solutions (blue
points) connected by an unstable one (red points). We further include results obtained in the thermodynamic limit
of the weak tunneling perturbation (see Sec. 3.2). To increase readability, we only show the non-trivial stable
solution (dark green points) and omit the unstable solution connecting it to the normal phase. As demonstrated
in Appendix A.2 the perturbative results hold also for higher dimensions of the external atomic sublattice. The
bistability clearly prevails in both the finite size ED results and the perturbative limit. Its behavior looks similar to
observations of so-called dissipative first order phase transitions [40].

While the close to the transition the fluctuations seem to only weakly alter the steady state, which is dominated by
the contribution of the ground state of the effective Hamiltonian, their influence is still crucial for the description
of the physical state. In the limit of vanishing cavity occupation, an effective finite temperature kg7 ~ J induced
by the coupling can be obtained [see Figs. 6.13 (b),(e)]. Consequently the system is in a mixed steady state, where
contributions from states with below-maximal density ordering lower the expected density imbalance below the
value obtained at 7" = 0. Comparing systems of equal size, the fluctuations in the atoms-cavity coupling shift
the self-ordering transition to a slightly increased coupling strength at moderate detuning and low dissipation
[compare green and black hatched regions in Fig.6.12 (a)]. The upper edge of the bistability is shifted in a similar
way. Intuitively, one can understand this effect by considering that small density orderings are destroyed by the
finite temperature and therefore can not be amplified by an emerging cavity field. This prevents the self-ordering
transition for a range of couplings gg’,[F <g < Y-

We complete our discussion of the phase transition by looking at the dependence of the critical couplings and width
of the bistability region on the systems parameters, namely the on-site interaction strength U/.J, the pump-cavity
detuning /0 /.J as well as the dissipative losses iI"/J.

In Fig. 6.12 (a)] we show how the onset of the bistability behaves with the interaction strength. The critical
couplings and scaling of the bistability width with U/J shows to be qualitatively the same for both the 7" = 0
mean field method and the many-body adiabatic elimination approach [see Fig. 6.12 (a)]. Therefore, the critical

81



(a) (b) (c) (d)
(Ay/pd 01020304050607 (y yjza 01 02 03 04 05 06 5 02 04 06 08 10 12
- a7 i — el

hg/J
hg/J
hg/J
hg/J

Fig. 6.14: (a) Sublattice imbalance A /L, (b) Scaled photon number Ny / L4, (c) inverse temperature 3 and (d)
average number of double occupancies as a function of atom-cavity coupling fig/J and on-site interaction U/J of
a finite size system L =6 at half filling. The other parameters used are hd/J =4, hI'/J =1. The hatched region
marks the fluctuation-induced bistability region at the transition to the self-organized phase.
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Fig. 6.15: (a) Sublattice imbalance A /L, (b) Scaled photon number Npho / L%, (c) inverse temperature 5 and (d)
average number of double occupancies as a function of atom-cavity coupling fig/J and detuning /d/.J of a finite
size system L =6 at half filling. The other parameters used are U/J =2, hl'/J =1. The hatched region marks the
fluctuation-induced bistability region at the transition to the self-organized phase.

coupling derived in Eq. (6.13), which scales with fige; o< VU in the limit of large interactions matches both regions
reasonably well. This observation is in contrast to the case of lower fillings, where the self-ordering transition only
showed very weak dependence on the interaction strength [see Sec. 6.1.1].

At half filling, the self-ordering transition is forcibly accompanied by the creation of doubly occupied sites in
order to form a charge density wave, underlining the importance of the many-body character of our system at the
phase transition. For the self-organization process the system needs to overcome the interaction energy. There-
fore, the critical coupling strength increases with U/J. The increase of the region with two stable solutions, the
normal phase and phase with finite sublattice density imbalance grows on faster than on a linear scale [as seen in
Fig. 6.12 (a)]. In this sense it is not surprising that we observe a significant increase in the width of the bistability
with U/J. In the opposite limit, we can identify a critical interaction strength Uy, /.J below which the width of the
bistability becomes smaller than our numerical accuracy of 10~° in the coupling. These features are nicely visi-
ble in Fig. 6.14 (a),(d), where we show the density imbalance and average number of double occupancies across
the phase diagram, varying U/J and hig/J. For all presented density plots we show the non-trivial self-ordered
solution in the bistable region that is marked as a hatched region.

We continue by considering the dependence of the critical coupling g, and the bistability width on the pump-
cavity detuning % /J [Fig. 6.12 (b)]. As for the on-site interaction strength, the critical coupling g, increases as
o rises. However, the underlying processes are fundamentally different, as we directly see from the difference in
the scaling with and without considering fluctuations in the coupling. The critical coupling derived in Eq. (6.13)
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nicely captures the observed transition in the 7'=0 mean-field method. At large detuning § it is seen to rise as /0,
with the upper edge of the bistability exhibiting the same scaling. The bistability region retains an approximately
constant width varying 0. The scaling with the detuning changes when including the fluctuations. A faster increase
of the critical coupling with i/ J is observed. In parameter regimes where /d/J, becomes the largest energy scale
in the system, the critical coupling strength grows almost linearly with 76 /J similar to the scaling found at lower
fillings. This consequently leads to an growing shift | ger— 9MF | between the critical couplings obtained in the two
approaches at large /10 /.J. We accredit this effect to a large self-consistently temperature approaching the normal
phase A — 0 [see Figs. 6.13 (b),(e) & 6.15 (c)]. These observations further validate the necessity to go beyond the
standard mean field approach to describe the atoms-cavity coupled system. We refrain from discussing the limit of
small detuning since our method assumes a coherent steady state cavity field, which might not be fulfilled in this
regime.

The dissipation strength I also influences both the critical coupling and width of the bistability. In the limit
of vanishing hI'/J, the onset of the bistabilities in mean field and adiabatic elimination results agrees up to a
small shift [black and green hatched region in Fig. 6.12 (c)]. The self-consistently determined temperature in this
regime is typically small compared to the excitation gap, which scales as U/J and thus only weakly influences the
transition point.

Increasing the dissipation the extension of the bistability in direction of the coupling slightly increases for the
T =0 MF result. Contrarily, including the fluctuations a larger value of I" causes a drastic decrease in the width of
the bistability region [Fig. 6.12 (c)]. This opposite behavior can be connected to the observed rise in the effective
temperature in the limit of large dissipation " and increasing disorder in the atomic system [see blue points in
Fig. 6.17 (¢)]. This leads to a growth of g, at a faster rate than in the 7' = 0. The same does not apply to the
coupling that marks the upper edge of the bistability. Here, both methods show a similar behavior in the limit of
large dissipation. Therefore, the width of the bistability in the AE approach continues to decrease until at around
hI./J ~18.3 within numerical accuracy no bistability can be detected anymore. This behavior shows similarities
to observations made in Ref. [270] for a different model. They claim to identify an ordering phase transition with
first-order characteristics which becomes continuous at a critical point in the large dissipation limit.

After this extensive discussion of the self-ordering transition and the bistability, we conclude this section by looking
at effects that are caused by the fluctuations within the ordered phase.

Influence of fluctuations in the atoms-cavity coupling within the self-ordered phase

At the T =0 MF level, as the coupling strength increases g > gMF, the imbalance and double occupancy saturate

at their respective maximal value, while the photon number increases quadratically [see black curves in Fig. 6.13].
Varying the coupling strength above the self-ordering transition using the any-body adiabatic elimination method,
the density imbalance develops a small maximum which is followed by a decrease at large coupling strength and
strong interactions [see Fig. 6.13 (d)]. Looking at a smaller value of the on-site interaction, the maximum is shifted
further away from the self-ordering transition [see Fig. 6.13 (a)]. The double occupancy behaves correspondingly.
We can understand this analogous to the previously discussed lower filling (Sec. 6.1.1). Just above the critical cou-
pling g., the finite cavity field solution stabilizes at a minimum of the effective temperature [see Figs. 6.13 (b),(e)].
This leads to an increase in the atomic order. The minimum is followed by a quick rise in the effective temper-
ature. The heating results in the reduced sublattice imbalance at larger coupling strength. The same behavior
prevails over a large parameter range. The maximum in sublattice density imbalance and double occupancies close
to the self-ordering transition and minimum in the effective temperature around the same parameters can be seen
in Fig.6.14 & 6.15. The largest value reached when following the maximum increases with §, which is directly
connected to the minimum in the temperature that decreases with 9 [see Figs.6.15 (a),(c)]. In the photon number
no maximum can develop due to its strong increase with the coupling which prevents the decrease of the cavity
field until much larger temperatures are reached [see Figs.6.15 (b)].

Similar to lower fillings a saturation of the photon number at large couplings 7ig/.J in the high temperature regime
can be observed. Its matches the general behavior predicted for U/J = 0, derived in Eq. (6.12). The equations
obtained for U/J — oo do not hold at half filling since the bands would be completely filled and no dynamics

would be possible. We thus show the corresponding scaling for U/J = 0 of <A> o g~ ! [orange dashed line in
Fig. 6.13 (a),(d)], (A) 0 [Fig. 6.16 (a),(e)] as well as the scaling with I" [Fig. 6.17 (a)]. Here we explicitly show
the scaling, not the absolute values given by Eq. (6.12), since the finite value of U/J leads to an altered prefactor
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of the curve for U > hd, hl'. This however seems to leave the scaling unchanged.

Finally, we want to point out the cooling resonance U = hd. Its effect is especially striking in the photon number,
where a clear maximum appears [dashed red line in Fig. 6.14 and Fig. 6.14]. An explanation of the effect was
provided in Sec. 6.1.3.
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Fig. 6.16: Cuts of (a),(e) sublattice imbalance A /L, (b),(f) scaled photon number Npho / L, (c),(g) inverse temper-
ature (8 and (d),(h) average number of double occupancies as a function of /d/J of a finite size system L =6 at
half filling. We show the results from AE: stable (blue) and unstable (red); and the 7'=0 MF results: stable (black)
and unstable (gray). The other parameters used are hI'/J =1 and (a)-(d): U/J =2, hg/J =4; (e)-(h): U/J =38,
hg/J ="T. Vertical lines denote resonances in the atomic limit. The orange dashed lines are the scaling from the
analytical approximations for U =0 Eqgs. (6.12) where a universal scaled photon number is expected.
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Fig. 6.17: Cuts of the (a) sublattice imbalance A /L, (b) scaled photon number N,/ L4, (c) inverse temperature
B and (d) average number of double occupancies as a function of AI'/.J at hig/J =6 of a finite size system L =06
at half filling. We show the results from AE: stable (blue) and unstable (red); and the 7' = 0 MF results: stable
(black) and unstable (gray). The other parameters used are U/J =8, hd/J =4. Vertical lines denote resonances in
the atomic limit. The orange dashed lines are the scaling from the analytical approximations for U =0 Egs. (6.12)
where a universal scaled photon number is expected.

In the ionic Hubbard model an interesting phase is the bond-order phase expected for the parameter regime 2n~U.
However, in our case this parameters correspond to the parameter regime 2ig\ ~ U, which is typically within
the unstable solution determined by the self-consistency condition. Furthermore, due to the finite self-consistent
temperatures we obtain here, which broaden the features in the observables used for the detection of the phase,
e.g. kpT/J~3, we cannot distinguish it for the system sizes we consider [see Fig. 5.4].

Until here, we provided an extensive discussion of the phase diagrams at both quarter-and half filling where in
the latter we focused on the bistability at the self-ordering transition. As mentioned, at lower fillings a bistability
can also be found within the self-ordered phase, that has a fundamentally different nature. We want to provide a
detailed analysis of this novel mechanism in the following section.
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6.3 Fluctuation-induced bistability

In this section we present and analyze a novel mechanism, we call the fluctuation-induced bistability and first
described in Ref. [1]. We encounter this phenomenon within the self-ordered phase of our dissipative quantum
many-body system when considering fluctuations around a 7'=0 mean-field solution. Note that the here presented
system of spinful interacting fermions confined to optical lattices and transversely coupled to a dissipative cavity
field can be seen as a paradigmatic example. We believe that the observations made for this open system can
be generalized to a large class of atoms-cavity models with comparable atomic and photonic energy scales. As
an argument towards the generality of the mechanism, we provide proof the fluctuation-induced bistability exists
independent of the dimensionality of the atomic gas. Further we show its presence in an equivalent system with
bosonic atoms, which will be discussed in Sec. 6.3.1].

To start we provide some context on bistabilities that are a fascinating effect that has attracted great research interest
for many years. The emergence of a bistability of a system i.e. that it can reach two stable steady states, has been
observed under a multitude of circumstances in nature. Which state the system evolves to might be influenced by
multiple factors like the previous dynamics or the preparation of the initial state. The resulting high sensitivity
of the system dynamics to the initial conditions and external perturbations can cause profound changes in the
overall behavior of the system. A well known bistability in cavity systems is the optical bistability [81], that is
characterized by the emergence of two stable states with different light intensities. For fermionic atoms in optical
cavities optomechanical interactions of the cold atomic gas coupled to an optical cavity field [78] can induce a
non-linearity to appear around the BEC-BCS crossover [24, 44]. Bistable behaviors emerging in the vicinity of a
dissipative phase transition are typically ascribed to the first order character of the transition [18, 40, 82-87,90],
or to the spontaneous breaking of a weak-symmetry [14,32,91,95,98,99]. If it behaves as a first order transition
often a hysteresis behavior in the dynamics across the phase transition is observed. The transition point between
the two competing phases depends on the initially prepared state and parameter protocol.

In most of these cases the bistability is only obtained within a mean-field approach. Considering quantum fluc-
tuations around the mean-field solutions the competing bistable states resolve to meta-stable states [92, 100-102]
that are admixed in the density matrix, leading to a unique steady state in the dissipative quantum dynamics. This
partly matches our observations of the bistability at the self-ordering transition that appears in our system at half
filling [see Sec. 6.2] that narrows as the dissipation becomes large.

This is to be differentiated from multiple stable steady states observed within each symmetry sector in the presence
of a strong symmetry of the dissipative system [103-106]. For instance fluctuations don’t always counteract
bistability. There are cases where fluctuations have been shown to change the nature of a phase transition from
second-order to a first-order character. This has been observed in equilibrium, for classical setups or systems that
can be described by Ginzburg-Landau type theories like superconductors or magnets [107-111].

Here we want to present the novel mechanism that not only prevails when including the fluctuations in the atom-
cavity coupling, but fundamentally depends on them and thus is not present at the 7'=0 MF level. It is therefore
fundamentally different from the ones observed in T'=0 MF methods, which rely on a change in the ground state
of the respective model. Contrarily the fluctuation-induced bistability is solely determined by the excited eigenstate
spectrum of the effective Hamiltonian.

Solving the system for the steady states using the many-body adiabatic elimination approach at quarter filling
(n =1/2) we obtain a very rich steady state phase diagram. Many of the intriguing effects entering due to the
mixed state character of the steady state, like cavity cooling as well as many-body cooling effects have already
been discussed in Sec. 6.1.

We start with a general look at the development of the cavity field occupation with the coupling strength at large
on-site interaction U/.J = 40 [see Fig. 6.18]. At low pump power g the system is in the normal phase, with a
vanishing photon number. Above a critical value g, the transition to the self-organized phase occurs, signaled
by the emergence of a finite cavity field as the atoms partly order on the low-potential sublattice. Increasing the
coupling strength further, well inside the self-ordered phase a novel type of bistability occurs, the fluctuation-
induced bistability [1].

Within a region of the atoms-cavity coupling g € (gyi.1, gvi2) (blue hatched region), two stable solutions are found
solving the system of Eqs.(3.3) & (3.14). They are characterized by different finite values of the cavity order
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Fig. 6.18: Scaled photon number Ny, as a function of atom-cavity coupling g. The color of the points represents
the effective self-consistently determined temperature 7' /T.x. The black line is the atom-cavity mean-field result
(T'=0 MF). The sketches highlight the dominant occupations contributing to the different steady states. The the
sketches show the ground state and dominant excited state admixed by the self-consistent effective temperature on
a unit cell. ©2025 Phys. Rev. Lett. [1].

parameter and a corresponding self-consistently determined temperature. The two stable solutions are connected
by a third unstable one that we include with smaller dots in Fig. 6.18. As stated above, the bistable behavior can
not be observed at the 7= 0 mean-field level (black line, Fig. 6.18), where a unique solution prevails throughout
the self-ordered phase.

To emphasize the varying effect of fluctuations and the resulting effective temperature on the two stable solutions
within the bistability region, we include the respectively obtained temperature as a color scale of the points. It
is scaled with respect to the maximal obtained temperature in the shown parameter region. From this it becomes
apparent, that the solution at higher cavity field occupation has the lower effective temperature at equal coupling
strength. Since the two solutions are characterized by the pair of parameters (\1,51) and (Ag,532), it is sensible to
assume that the bistability relies on the determination of the effective temperature by considering the energy flow
between the atoms and the cavity. This is confirmed by fixing the temperature externally to various different values
and solving the self-consistency condition Eq. (3.3) with respect to the set thermal state. As expected a single
stable solution is obtained for all shown constant temperatures, the bistability is not present [see in Fig. 6.20].

In each solution of the fluctuation-induced bistability, the emerging cooling mechanisms play a significant role for
the weight of the individual eigenstates of the effective Hamiltonian in the steady state. The two stable solution
have different physical properties that are determined by the excitation spectrum of H.. More specifically, the
competition between the global range interaction mediated by the cavity field and atomic on-site interactions is
of importance for the emergence of the bistability. The solution that captures the emerging cavity field from the
self-ordering transition is determined by (A1,31) and has the lower scaled photon number of the two stable steady
states. The self-consistent dissipative dynamics towards the steady state are dominantly driven by transitions
between eigenstates of H.,g, that are connected by single-particle hopping processes as sketched in Fig. 6.9 (a),
generally accompanied by a change in the cavity field occupation. An atom hops from a singly-occupied site to
a neighboring empty lattice site, resulting in an energy change of F, — F,, ~ 2hg\; in the atomic subsystem.
The cavity cooling resonance introduced in Sec. 6.1.2 can typically also be found in this solution. Within this
first solution, the temperature rises quickly with the coupling strength, resulting in the observed saturation of the
photon number to a constant value. Contrarily the second solution (\3,32) that appears at the lower edge of the
bistability gyi;; we observe a higher occupation of the cavity field and lower effective temperature. In this solution
the processes with the largest contributions to the balance in the steady state stem from transitions in the excited
spectrum between states with a change in the number of double occupancies [see Fig. 6.9 (b)]. An atom hops
i.e. from a singly occupied site on the high-potential sublattice to a neighboring site that is already occupied by
a fermion of opposite spin, creating a double-occupancy on the low potential sublattice. This causes an energy
change in the atomic subsystem of E,, — E,,, =~ 2hgAo —U that can be compensated by the cavity field. Therefore
the many-body nature of our interacting system is crucial for the appearance of this high-cavity field solution.
The relatively low temperature around the onset can be understood when considering the many-body cooling
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Fig. 6.1.9: Individual terms of Eq. (3.25a) and full eqqation Fig. 6.20: Solution of the system of equations
[black line] at hg/J=12,U/J =40, hd/J =8, hI'/J=1 in the Egs. (3.25) with fixed values of kT = 1/8

thermodynamic limit at quarter filling. The system of equations varying hg/J at U/J =40, hs/J =8, hI')J =

has two stable [blue points, A;(2)] and one unstable [red point] 1, kpTona/J = 25 in the thermodynamic limit
’ max -

solutions at the zero crossings of the black line. at quarter filling. ©2025 Phys. Rev. Lett. [1]
Supplemental

resonances [see Sec. 6.1.3 for details] that are typically occurring within the bistable region for the here considered
parameters. The efficient transfer of energy from the atoms to the cavity mode drives the atoms to a steady state
with a much lower temperature.

,

Now we present some more quantitative observables obtained for a small one-dimensional system L =8 at quarter
filling that can be solved using exact diagonalization to determine the eigenspectrum of He and self-consistently
solve Eqs. (3.3) & (3.14). The two stable solutions, which we label by their cavity field order parameter )\1(2) with
lower (higher) cavity field are depicted with blue points in Fig. 6.21. The connecting unstable branch, that usually
exhibits a decrease in the cavity occupation when increasing the coupling, is shown in red. One however needs
to be careful when determining the stability since the decrease of Ny, with larger couplings can also stem from
temperature effects. Therefore, one needs to employ the stability criterion derived for thermal steady states given
in Eq. (3.32).

As can be seen in the unstable branch in Fig. 6.21, finite size effects that arise in the small exactly solvable
systems can lead to added solutions within the bistability region. This stems from energy shifts in the states
involved in the resonant transitions from finite size effects and higher order hopping processes. The spectrum
can no longer be separated into clean bands, but rather the individual bands are broadening and begin to overlap.
This interpretation is supported by the observed strong system size dependence of the additional solutions and
the fact, that they are not present in the thermodynamic limit in the weak tunneling perturbation [darker green
(stable) and green (unstable) points in Fig. 6.21]. In this limit, all state configurations with the same overall
density imbalance and number of doubly occupied sites are degenerate in energy. Since we are mostly interested
in the stable solutions, we will not get into more detail of this observation here. For the stable steady states,
both the finite size systems and thermodynamic limit in the weak tunneling perturbation show the same qualitative
behavior, including the emergence of a multi-stable region caused by resonances with the excited spectrum of the
effective Hamiltonian, which provides a strong argument that the fluctuation-induced bistability is not a feature of
the perturbative approach.

From here we want to focus on the thermodynamic limit solution, as described in Sec. 3.2, since the energy
spectrum is cleaner and allows for an easier interpretation of the resonances in the atomic limit. Further we can
identify the dominant heating/cooling terms that contribute to the dynamics towards the respective steady state in
each of the stable solutions. The weak tunneling perturbation typically holds in the parameter region where the
fluctuation-induced bistability appears. Further, since the obtained solutions are valid for higher lattice dimensions,
it permits us to generalize our findings beyond one dimensional atomic systems. Since similar equations of motion
could be derived for a larger class of models within this perturbation theory, which we show exemplarily for
interacting bosonic atoms coupled to the cavity field in Sec. 6.3.1, it can be implied that the bistability we observe
is an effect that is not only a particularity of our model.

As a reminder, the steady state condition of the energy transfer equation in the approximation, Eq. (3.25) was given
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We plot the left hand side of this equation as well as the individual terms as a function of \ for fixed values of
the parameters within the bistable region in Fig. 6.19. Here we used some approximations for the particle number
equation Eq. (3.25b) that we empirically confirm to be valid for the here presented parameters [see Appendix B.1.1
or Supplemental of [1]]. We find an expression for the chemical potential 1t~ log(1/2)/8 and use the expression
for the temperature Eq. (6.8). This allows us to show the energy transfer Eq. (3.25) as a function of the cavity
field order parameter A. The steady state solutions are approximately given by the A\ for which the energy transfer
function has a zero crossing [black line]. In Fig. 6.19 this expectedly results in the two stable solutions Ay () (blue
points) with one unstable solution (red point) in between. This allows us to get an intuition which terms in the
energy transfer equation dominantly contribute and are the most important in determining the solutions.

In the plot we can nicely identify the most relevant terms and corresponding processes at each of the solutions. For
the \;-solution with the lower cavity field the dynamics toward the self-consistent steady state is mostly captured
by the first line terms in Eq. (3.25a). These describe processes between states with single site occupations on
the lower or upper potential sub-lattice, that do-not include double occupancies. In this parameter region, on-
site interactions are high in energy compared to the single particle excitations to the high-potential sublattice.
Consequently, they can be effectively eliminated from the system dynamics by reducing the description to the
low-energy sector or taking the limit U — co. More specifically, the dominant heating process is described by
oc1/((2gA—6)%+(I"/2)?) [dark orange line in Fig. 6.19] while the main cooling process can be accounted to the
term oc 1/((2gA+6)?+(I/2)?) [light orange line]. The other terms are vanishing around \;. For the \;-solution
the heating and cooling balances at a relatively high temperature k77 /J > 8z. Here, the lattice coordination
number z permits to adapt the scaling to higher dimensions. The high temperature matches our observations in
Fig. 6.21 (b). The inverse temperature /31 J quickly decreases from the self-ordering transition until the A\;-solution
disappears. Due to the high temperature and reduced density imbalance in the relevant excitations, the A; solution
quickly saturates to an almost constant value when increasing the coupling strength within the bistability region.
This behavior is nicely described by the universal scaled photon number derived for the U — co-limit in Eq. (6.9),
including the corresponding scaling of the imbalance given in Eq. (6.10) with (A) o« g~! [orange dashed lines in
Fig. 6.21 (a),(c)]. All of these observations match the previous interpretation of the finite-size system.

We now want to repeat these considerations for the second stable solution As. Here, in contrast to the previous
case, states with either two neighboring singly occupied sites or a double occupancy on the low-potential sublattice
are crucial in the dynamics towards the steady state. They are described in the second line of Eq. (3.25a) «
1/((2g\~U=6)?+(I"/2)?) [purple/blue line in Fig. 6.19]. Contributions from states that feature a double occupancy
in the high potential sublattice however remain high energy states throughout the considered parameter region and
thus have vanishing weight in the sum. This concerns the terms o< 1/((2gA+U+8)2+(1"/2)?), which are described
in the third line of Eq. (3.25a) [light/dark green line in Fig. 6.19]. In contrast to the \;-solution, where typically
2hgA1 < U is fulfilled, the cavity-induced density-order, which can be seen in Fig. 6.21 (c), and the effective
sublattice potential are of order U. Therefore, in this regime, we are close to a resonant energy transfer between
the atoms and cavity that involves the many-body character of the atomic system. The described processes drive
the atoms to a steady state with a much lower self-consistently determined temperature 1/, compared to the one
obtained in the first solution. We partly account this to the many-body cooling mechanism that we described in
Sec. 6.1.3. The many-body resonances that enable an efficient transfer of energy from the atoms to the cavity mode,
while increasing the atomic occupation of the low-potential sublattice. Within the fluctuation-induced bistability,
the resonance conditions, that are given by 2g\o = U4 in the atomic limit, are typically fulfilled in the As-solution.
Further, the energy gap between the ground state and low lying-excited states in the atomic spectrum is increasing
in g and consequently in the A, solution the overall weight of atomic state configurations besides the ground state
of Hg in the steady state are suppressed compared to the \;-solution.
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Fig. 6.21: Cuts of the scaled photon number, inverse temperature 3, sublattice imbalance A /L and average double-
occupancy as a function of atom-cavity-coupling fig/J at U/J = 40; of a finite size system L = 8 stable (blue)
and unstable (red); in the thermodynamic limit at low hopping Eqs. (3.25) stable (dark green) and unstable (green)
at quarter filling. The other parameters used are /id/J =8, hI'/J = 1. Lines denote parameter resonances in the
atomic limit. The orange dashed lines are the analytical approximations for U — oo Eqgs. (6.10) where a universal
scaled photon number is expected.
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As the coupling strength is increased further, the low \;-solution becomes unstable and the bistability disappears,
with only the Ag-solution prevailing [around figy; 2/J =13.5 in Fig. 6.21].

The emergence of the fluctuation-induced bistability and width of the region where it is present depend in different
ways on the external system parameters U/J, hd/J and hl'/J. We show this dependence in the simplified phase
diagrams in Fig. 6.22. Note, that a detailed discussion of the dependence of the critical couplings hg.,/.J, which is
marked by the green line separating the purple and blue regions, on the parameters was provided in Sec. 6.1.1.
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Fig. 6.22: Simplified phase diagrams varying the atom-cavity coupling fig/.J and (a) the on-site interaction U/J
at hd/J =5, hI'/ J =3; (b) the pump-cavity detuning /id/J at U/J =40, hI'/J =5; (c) the dissipation rate hl'/.J
at hd/J =5, U/J =40 in the thermodynamic low hopping limit L — oo at quarter filling. The red line marks the
onset of the bistability approximated by Eq. (6.14), derived in Appendix B.1.1. The lower black line in the purple
region marks the critical coupling AgMF obtained for the T'=0 MF approach. (a),(b) adapted from [1].

The bistability region shows a width that grows with the on-site interaction U/.J [Fig. 6.1 (a)]. Fixing the detuning
hd/J the couplings at which the cooling resonances appear are determined by U/.J, which directly influences the
appearance of the bistability. In the limit of large U/J we derive an approximate expression for lower onset of
the bistability gy; 1 from Eq. (3.25) [see Appendix B.1.1 or Supplemental of Ref. [1]]. The chemical potential is
observed to scale approximately as p =~ — log(2)kgT, independent of the cavity field parameter A. Replacing p
in the self-consistency equation with the found expression, it can be solved for the temperature. Inserting both
into the energy-transfer equation Eq. (3.25a) and performing some further approximations we finally obtain an
approximation of the coupling marking the onset of the bistability [red line in Fig. 6.22]

gin=+/(U/h—0) [(I/2) + 6] /(20). (6.14)

The obtained scaling with ~ /U in the large interaction limit emphasizes the different nature of the processes that
cause the bistability from those that induce the self-ordering transition. The critical coupling g, is almost U/J-
independent throughout the interaction range where the bistability is observed. The upper edge of the bistable
region gp; 2 increases approximately linearly with U//J, resulting in a growth of the width of bistable region with
the on-site interactions.

If we instead consider the dependence on the detuning [see Fig. 6.1 (b)], increasing ¢ leads to a narrowing of the
bistability region, until it ultimately vanishes as its width gets beneath the numerical accuracy in the coupling ~
107°. The scaling of the lower edge gy; 1 with & agrees approximately with that of the self-organization transition.
In contrast the upper edge is observed to be almost independent of the detuning for large d.

Varying the dissipation [Fig. 6.8 6.1 (c)] in the regime where U >> LI, both coupling strengths gy, (2) marking
the edges of the bistability increase with a similar scaling as the critical coupling strength. It looks to follow an
approximately quadratic scaling for intermediate dissipation. Since the dissipation is observed to affect both edges
in a similar way, the extension of the bistability region is almost independent of I".

Our observations in the simplified phase diagram are complemented by quantitative measurements of a few ob-
servables that characterize the physical state of the system varying the on-site interaction and the coupling [see
Fig. 6.23]. Note, that within the hatched bistability region the observable measurements corresponding to the large
cavity-field \g-solution are shown. Here we further demonstrate the good agreement of the results obtained in
the thermodynamic low hopping limit with the exact diagonalization results for finite system size L = 8. While
the shown measurements for U/J < 8, where the perturbation in kinetic energy will not hold, are calculated from
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solving Egs. (3.3) & (3.14) for large U/J we instead use Egs. (3.25). The two regimes are separated by the double
black vertical lines in the plots. While some of the resonance lines and the self-ordering transition are lightly
shifted overall the qualitative behavior remains consistent switching from one method to the other. We expect even
better agreement going to very large U/J, as i.e. in Figs. 6.21. The largest mismatch between the perturbative
result and the full effective model appears in the double occupancies Fig. 6.21 (d). While this effect might appear
the most prominent in this observable due to the overall very low density of doubly-occupied sites, going to the
low hopping seems to overestimate the number of double-occupancies. This can be understood from the slightly
lower temperature and negligence of higher order hopping processes (i.e. hopping of one of the atoms on a doubly
occupied site to an empty next-nearest neighbor site on the low potential sublattice).
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Fig. 6.23: (a) Sublattice imbalance A /L, (b) Scaled photon number Npho/ L4, (c) inverse temperature /3 and (d)
average number of double occupancies as a function of atom-cavity coupling fig/J and on-site interaction U/J of
a finite size system L = 8 at quarter filling left of the vertical double-line and in the thermodynamic-limit in the
weak tunneling perturbation right of it. The other parameters used are id/J =5, hl'/J = 3. The hatched region
marks the fluctuation-induced bistability region within the self-organized phase. Contour lines denote resonances
in the atomic limit.

We identify the cavity cooling resonance 2gA; =§ discussed in Sec. 6.1.2 marked by the approximately horizontal
solid black line in the region where only the A;-solution is present. Throughout the large U/.J region it follows
mostly in parallel to the self-ordering transition since it almost independent of U/J in the low hopping limit.
The associated minimum in the temperature and corresponding maximum in [ is confirmed in Fig. 6.23 (c). As
one approaches low on-site interactions, the resonance joins and vanished within the steep slope in A at the self-
ordering transition, since here the on-site interaction considerably influences the critical coupling and generally all
processes around the self-ordering transition. The many-body cooling [see Sec. 6.1.3] is also observed, as marked
by the dashed black lines at 2g\o =U =+ §. Both lines follow approximately parallel to the onset of the bistability
in the Ay-solution. Consequently, due to the efficient cooling of the atomic system around these resonances, the
maximal density imbalance Fig. 6.23 (a) also follows the bistability edge. The reduced effective temperature in the
large cavity field solution close to the onset of the bistability also reflects in the behavior of the double-occupancies
[Fig. 6.23 (d)]. Although in this regime the dominant exited states contributing to the steady state in the A2-solution
contain doubly occupied sites, its value does not immediately rise as one crosses over into the bistability region
[also visible in Fig. 6.21 (d)] because the low temperature, that remains below the excitation gap around the cooling
resonances, suppresses any excitations [see Fig. 6.10].

We have also verified the dependence of the bistability on the atomic filling and find that at lower fillings a similar
behavior is found. However, for n.>>1/2, the situation is substantially different as discussed in Sec. 6.2.

6.3.1 Fluctuation-induced bistability for bosons

In this section, we show that the fluctuation-induced bistability we identified and analyzed for the fermionic system
in Sec. 6.3 is also present in a bosonic many-body system. This is especially interesting, since experimental
setups of atomic many-body systems within a cavity that are subjected to an external optical lattice are more
advanced for bosons [10,21,272,273] than for fermions. Further, the presence for bosons reveals a more general
character of the fluctuation-induced bistability that we expect to also appear in similar models that also exhibit
a competition of energy scales within a self-ordered phase. We are further able to highlight the importance of
on-site interactions for its existence by going to higher on-site occupations. The adiabatic elimination model at
finite system sizes can be adapted for spinless bosons straight away by replacing the fermionic operators by their
bosonic equivalent, removing the spin degree of freedom and solving the system of equations Eqs. (3.3) & (3.14)
via exact diagonalization.
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The model treated here was derived and analyzed in Refs. [31, 149, 152, 164] with the Hamiltonian defined as

H = IA{BH"'IA{caV"'IA{aCa (615)

N ain U
HBH = —JZ (b;bl +H.C.) + 5 Zﬁj(ﬁj — 1),
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Note here the density operator is ; = 13; Bj with bosonic creation/annihilation operators 13;, Bj. The corresponding
self-consistency equation is given by

290 (D)
T 824 (I)2)? L

(6.16)

Analogous to the fermionic case, the energy transfer in Lehmann-representation can be rewritten as a function of
the retarded susceptibility xr(w) [164].

0, 2hg? hw Ir/(2m)

9 e = d I , 6.17

ot T = Tz / T e N G Ty @10
where xr(w) = —£ [, dte’@ it <[A(t), A(0)] >T We solve this energy transfer equation together with the

self-consistency condition using exact diagonalization for finite system sizes. From these equations we also derive
a perturbation in low hopping rates that allows us to go to the thermodynamic limit. This permits us to estimate
finite size effects and facilitates the identification of relevant physical processes. The aim is to obtain a system of
equations equivalent to Egs. (3.25) for the fermions.

Perturbation theory in kinetic terms for bosons

Following the steps described in Sec. 3.2, we do a perturbation in the kinetic energy for bosonic atoms. The
thermodynamic limit we take allows us to go beyond the system sizes that can be solved via exact diagonalization
and yields an estimate for the finite size effects present in the exact diagonalization results. A more detailed
calculation is given in the Appendix C. In this sense, we split the effective bosonic Hamiltonian obtained from
Eq. (6.15) by replacing (@ +a")/VL VL — )\ into a part H, containing only density terms and the perturbative
kinetic part Hkm

Hue = Hy + Hy, with Hy= Zn] ; hg)\A uan (6.18)
J

A = —JZ (b5 + h.c.) .
()

As for fermions we rewrite the susceptibility yr(w) in terms of the perturbation ﬁkm.

(W) = — /0 OOdte““*“”<[[f[kin,A](t),[ﬁkin,ﬁ](O)D (6.19)

h3w? T

This agrees with the result for fermions, replacing all fermionic operators with the respective bosonic ones. By

computing the expectation values with respect to the unperturbed Hamiltonian Hy, defined as (...) = Tr{e~? Ho b
we obtain perturbative result in the kinetic terms on the order of O(.J?). The explicit calculation of the commutators
and expectation value results in the following
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[flkin, A] (t) = (:’iHUt/h[ﬁkin, A] (O)e_mot/ﬁ = —2J( Z sgn(l—j)ls;f(t)gl(t)) (6.20)
(4,0

where IA)lT = BlT (0). For simplicity, we restrict to one-dimensional systems from here on, but since it is a low hopping
approach higher dimensional lattices can be expected to yield equivalent results. We showed that for fermions the
calculated equations hold for arbitrary dimension [see Sec. 3.2].

([[Fion, A) 1), [Fin, A]O)]) = 4723 f*l(< oy (1),84100] ) + (B2 (96 0), 6fbusa] ) )

T
- Z JH(TI"

e Bt

+ Tr

IIe”Hm@L1<ﬁ<>beJ]>
In the low hopping limit to O(J?), we restrict to local two-site unit cells with the local basis states

{‘O>j ) |1>j ) |2>j 3 |nmaX>j}

where for the non-truncated local Hilbert spaces nn,x = N. The diagonal entries in the two-site number basis are
thus

(ngy ny e |[[EETEY AT (), [T AP (0)] [ngymyan) =
= 472 (gl B ODs1(8), 0] 1by] I ) + (smyal (B (05 (1), B3b1] Imo ) )

where we introduced the notation A7+ = |iv; — ;41| and H;) ! =—J(blb; 1 + H.c.). Evaluating the expec-
tation values on the two-site unit cell yields

([[Fin, A] (), [Hiin, A] (0)]),,

. 2 Tumax — 1
_ 4J ( e~ B(5 (n(n=1)+m(m-1))—p(ntm))
Z

n,m=0
X [e@n/%wﬂ) (n(m+1)sin(t(U(m—n+1)+n))—(n + 1)msin(t(U(m-n—1)+n)))

+ e An/2(n-m) (n(m+1) sin(t(U(m—n+1)—n))—(n + 1)msin(t(U(m—n—1) —n)))]
-2 Z P05 (1)t (1) = (i) o [6677/2("%"“‘)(71 + 1)nmax SIn(E(U (nmax —n—1)+1n))
+ e~ A2 )y 4 1) sIn(EH(U (Ripax —1— 1) —n))D .

Inserting this in Eq. (6.19) and using the expression obtained after explicitly integrating over w in Eq. (6.17), we
arrive at the equation for the energy transfer
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The scaled partition sum on the two-site unit cell is given by

Z=Tr {QXP<—ﬁﬁj,j+1>} = Z e~ A5 (D) Fm(m—1))—p(rim)) cosh(BgA(n—m)) (6.22)

n,m=0

and the equation fixing the average number of particles per site is derived correspondingly

() = ﬁTr[eXp( BH511) (s + y4)| (6.23)

il Z e~ A (D) tm(m=1))u(mtm)) cosh (BgA(n—m))(n+m)

an

The self-consistency equation can be calculated as

296 (A)r (6.24)

A= S 1

1 295 o —B(Y¥ (n(n— m(m—1) )—pu(mr ;
- Em Z e85 (n(n=1)+m(m-1))-p(ntm)) sinh(BgA(n—m))(n—m)

n,m=0

In order to compare the system of equations to the fermionic case we write the explicit expressions for low local
densities, restricting nmax = 2.
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For comparison we remind ourselves of the equation obtained for fermions Eq. (3.25a).

o ePr 4 ePBu=U) —eBar e—BgA
LA r o T (6.25)
ot 29\ 2gA+0)2 + (I/2)2 ' (29X —0)2 + (I'/2)2
e28u 1 eB(29A-U)
o T ((29/\ —U—6)24(I/2)2 (297 —U +0)2+ (F/2)2)
e28u 1 e—B(2gA+U)
Tt U ( (29\ + U — h6)2 + (I'/2)2 * 20\ + U +6)2 + (F/2)2>

Both equations have the same structure when projecting out occupations of 3 or more atoms per site for the bosonic
system, a state that would be prevented by Pauli blocking for the fermionic spin-1/2 model. However the most
striking difference is in the terms that do involve singly occupied sites. Since the bosons lack the spin degree of
freedom, the energetically degenerate unit cell basis states obtained from mapping 1+4+/ in the fermionic system
are replaced by a single basis state |0,1),]0,]) — |0,1). The same is true for |1}, 1), |[1,]) — |2,1) etc. This
results in a shift in the relative weights of the contributing terms.

Nevertheless the behavior remains qualitatively similar. This will be discussed in the following section.

Results

We present here some results solving the system of equations via exact diagonalization (ED) of the full effective
Hamiltonian for small systems and numerically solving the thermodynamic limit equations derived in Sec. 6.3.1.
The obtained results look qualitatively similar to what we calculated for the fermions [see Fig. 6.24 (a),(b)]. Al-
ready at system sizes of L =8, N =4 the ED results (red points) agree nicely with the solution of the thermody-
namic limit equations (blue points).

As for the fermions, the atomic system initially self-orders around a critical coupling hg../J ~ 6.8 for the parame-
ters shown in the figure (U/J =40, hI'/J =3, hd/J =10). After an initial steep increase in the photon field order
parameter )\, passing the resonant cooling transition around 2g\ = 4, it saturates as one increases the coupling
further due to the rise of the effective temperature, causing disorder in the atomic system. For a detailed discussion
of the resonant cooling and temperature effects refer to Sec. 6.1.2 & 6.1.3 or Ref. [1]. The fluctuation-induced
bistability appears in the same way as for the fermions, in shape of a second stable solution characterized by the
self-consistently determined (32, \2) that satisfy 82 > 31 and Ao > ;.

The more striking differences that support our interpretation of the observed phenomena appear at even higher
couplings. Because generally the maximal on-site occupation nmax is not constrained as for fermionic systems, we
can observe multiple bistable regions at even higher couplings within the self-ordered regime. These correspond to
resonances in the atoms-cavity system involving on-site interactions with 3,4, 5...N bosonic particles occupying
the same site. When truncating the local Hilbert spaces to allow a maximum of n,x bosons per site one nicely
observes that for ny,x =1, where no double occupancies are possible and, as seen for fermions in the limit U — oo,
no bistability within the self-ordered phase exists. [green line in Fig. 6.24 (c),(d)]. The importance of the on-site
interaction energy U/J can be seen when allowing n,,x = 2. Here the level crossings in the excited spectrum as
identified for the fermions, occur in within the ordered phase. In particular, the efficient transfer of energy from
the atoms to the cavity mode due to the resonances between excited states and the photonic energy /d leads to a
cooling mechanism, driving the atoms to a steady state with a much lower temperature in the bistable region.
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Fig. 6.24: (a) A, (b) 8 comparison finite size L =8 (red) and thermodynamic limit (blue), for nm.x =3, hd/J =10,
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Fig. 6.25: Simplified phase diagrams varying the atom-cavity coupling fig/J and (a) the on-site interaction U/J
at hd/J =5, hI'/J =3; (b) the pump-cavity detuning hd/J at U/J =40, hI'/J =3; (c) the dissipation rate hl"/.J
at hé/J =4, U/J =8 of a finite size bosonic system L =8, N =4. The green line marks the transition between
normal [purple region] and self-organized phase [blue region] determined by solving Egs. (6.16) & (6.17) with
ED. The fluctuation-induced bistability region are the hatched regions.

As mentioned, interesting deviations between fermionic and bosonic many-body systems that are particular to
the higher site-occupations possible for bosons are seen at higher couplings. In general, np,x — 1 energy-level
crossings that cause multi-stabilities are observed [see Fig. 6.25 (a),(b)]. These correspond to resonances in the
atomic energy levels E,, — E,, = {2hgA —U;2hg\ —2U; ...; 2hgA — U (nmax — 1)}. While lowering the on-site
interaction, the width of each of the bistability regions decreases until one can observe a continuous transition
between the unique solutions with the properties of \; » within the reached numerical accuracy. Note, that for
the parameter set shown here, while there is a large shift between the critical points where the first and second
bistability regions acquire a width gy 2 —gpi1 > 107> respectively, the same can not be observed for the higher on-
site occupation bistabilities. This is likely due to the large effective temperatures at the high couplings necessary
for them to appear. As one increases the pump-cavity detuning /d/J at fixed on-site interaction and dissipation,
the individual regions become narrower as well, as it was also observed in the fermionic system. While the first
bistability dominantly involving the transition rates between singly and doubly occupied sites prevails the longest,
the higher bistability regions that are located at higher coupling strengths seem to be more sensitive to the detuning.

To conclude we obtained a rich steady state phase diagram for the bosonic system that shows multiple fluctuation-
induced bistability regions. These are connected to the higher on-site occupations possible for bosonic atoms as
opposed to spin-1/2 fermions. With this, we confirm one one hand the importance of the many-body character of
the system and the presence of fluctuations for the bistability to emerge. On the other hand, it provides arguments
that this sort of fluctuation-induced bistability is generic for systems where the cavity energy can probe the many-
body energy of the atoms.

Summary

In this chapter, we have investigated the steady state phase diagrams of fermionic atoms in optical lattices coupled
to an optical cavity at both quarter filling and half filling. We take fluctuations beyond the mean-field decoupling
into account and find a transition between a normal and a self-organized phase, which is shifted from the ground-
state transition, and for which we derive approximate analytical expressions in various limits. We identify cavity
cooling processes as well as many-body cooling processes and track the corresponding resonances in the effective
model over a wide range of parameters. Deep in the self-ordered phase, a saturation in the cavity field occupation
is observed and analytically approximated.

At quarter filling and below we surprisingly find the occurrence of a fluctuation induced bistability region, which
does not exist in the zero-temperature mean-field solution. The self-consistent determination of the effective tem-
perature was shown to be crucial for its emergence. We attribute the existence of bistable steady states to the
facilitated energy transfer between excited eigenstates of the atomic system to the photonic mode in the vicinity of
resonances. The quantum fluctuations in the atoms-cavity coupling determine the importance of these resonances
in the calculation of the steady states, thus, we label the effect fluctuation induced bistability. We presented the
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dependence of the bistability varying the system parameters and identify the dominant transition processes in the
stable solutions. We expect that the emergence of the fluctuation induced bistability to be a generic feature of
hybrid atoms-cavity systems in which one can control independently the coupling to the cavity and the atomic en-
ergies. As in our equations of motion we mainly use the spectrum of effective atomic Hamiltonian, the bistability
should emerge for coupled systems where the resonances between the atomic levels and photonic excitations can
be obtained. We demonstrated their presence for the weak tunneling perturbation in the thermodynamic limit for
arbitrary dimension of the atomic system and confirmed the applicability to bosonic many-body systems.

Many questions remain open, in particular on the dissipative dynamics of such systems, which might show non-
thermal behavior in their approach towards the steady state, caused by the importance of the cooling resonances
and bistable behavior. We take steps towards answering these questions in the following chapter where we present
the quasi-exact numerical time evolution of the full Lindbladian model.
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Chapter

Tensor Network dissipative dynamics

In this chapter, we present results obtained using the method of the newly developed quasi-exact numerical real
time simulations. These are intriguing since we are able to observe interesting dynamics, identify time scales and
scaling behavior. Further,the numerical model evolve in time still contains all higher order correlations and thus
provides the possibility to see whether this alters the long time limit when compared to the analytical methods
where high order correlations were neglected in the mean field step. Details of the various algorithms based
on tensor network methods have previously been introduced in Sec. 4.2 and convergence checks and algorithm
comparisons are shown in Sec. 4.3.1. The numerical evolution allows us to treat the atoms-cavity coupling exactly
and look at the real time ordering dynamics for a broad range of parameters. As already predicted by the thermal
mean field steady state analysis [Sec. 3.1] the admixture of higher energy eigenstates on top of the ground state of
the effective model [defined in Sec. 3.1] play a crucial role in the physics that govern the system dynamics.

Here we focus on the time evolution of the individual quantum trajectories as well as the averages obtained in the
numerical simulation. The individual trajectories would correspond to a single measurement run in experiments.
Since the detection of leakage photons through the cavity mirrors allow for a non-destructive real time detection of
the state of the cavity field, this is especially interesting as it yields the possibility of comparisons between theory
and experiment.

If not stated otherwise, the simulations start from an initial state that is the ground state of the spin-balanced Fermi-
Hubbard model with the given on-site interaction U/.J. We obtain this via DMRG [see Sec. 4.2.2 for details on the
algorithm]. At time t.J/%i =0, the coupling to the cavity field fig/J is suddenly quenched to the final value. Some
analysis considering a time dependent ramp of the coupling strength is presented in Sec. 7.3.

Finally we extract the long-time average observable values in order to see how they compare to the steady state
observables calculated in the adiabatic elimination approach. These results will be presented in Sec. 7.4. The focus
is on pinpointing how the fluctuations-induced bistability we obtained in the analytic method manifests in the long
time behavior of the full Lindbladian system.

So far in the analytic approaches the atomic ordering process was mostly characterized by the sublattice density
imbalance (A) =" jeal j—> jep Nj» where A(B) denote site-indices belonging to the respective sublattice.
This was possible since we arbitrarily chose one of the lattice configurations in the spontaneous Zy symmetry
breaking at the self-ordering transition, choosing one of the sectors characterized by (@, A) (—a A) However,
in the time evolution of the finite size full Lindbladian model, this symmetry is not broken and the measured local
densities will always show a symmetric superposition of both lattice configurations with the atoms preferably on
even or odd sites of the chain. Therefore the ordering process will average out in the measuring process and is not
measurable through the local densities. In order to quantify the atomic many body ordering and emerging staggered
density wave one can instead look at the density-density correlations at even vs odd distances. This serves as a
measure for the charge density wave state. To minimize edge effects and obtain a quantity that can more easily
be used to compare to other parameter configurations, we also consider the average difference between even/odd
distance correlations over the whole system
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c(t) ZZ Z(<nj”j+2d>(t)/(N1) — (NNt 2a-1))(t)/(N2))/2. (7.1)

j d=1
Here Ny (o) are the respective number of terms in the sum, according to the system size. We will in the following
refer to this quantity as density-density correlation contrast or simply contrast.

We start by discussing the system dynamics at quarter filling.

7.1 Self-ordering dynamics at quarter filling
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Fig. 7.1: Site resolved (a) local densities (7;) and (b) density-density correlations (fiofio4 ;). Starting with the
ground state of the Fermi-Hubbard model at ¢t.J/h =0 at quarter filling with L =38, S, =0, U/J =2, hig/J =4,
RI'/J=1, hd/J =2 . The parameters used in the time evolution of 500 trajectories with Trotter-Suzuki algorithm
are the maximal bond dimension m = 500, Nphomax = 60, time step size 7.J/h = 0.01. The average value of all
trajectories is marked in red.

As shown in Fig. 7.1, the atoms self-order as the coupling is switched on to a finite value fig/.J = 4.0 above the
self-ordering transition and the observables evolve to long-time values as the system approaches the steady state.
The on-site interaction is U/.J =2, the detuning is /10 /J =5.0 and the dissipation rate #l"/J=1.0. As stated above
since the Z, symmetry is not broken the local density distribution [Fig. 7.1 (a)] remains symmetric with respect to
the center bond. Since the atoms order at equal probability on either even or odd sites of the lattice the staggering
is clearly visible in the non-local density-density correlations as a function of the distance [Fig. 7.1 (b)].

We show the time evolution of various observables at these parameters in Fig. 7.2. In the photon number Fig. 7.2 (a)
after an initial steep rise following the quench of the coupling strength to its finite value within the self-ordered
phase, atoms order and the average photon number of all trajectories (red dashed line) saturates to a finite value.
Looking at the individual trajectories, it is apparent, that they seem to saturate to different values. We identify
them with the field occupations corresponding to the mean-field value at a certain density imbalance subspaces
with A € {N,N-2, N—4,..}.

In the limit of vanishing hopping J — 0 the atomic part of the Liouvillian that captures the system dynamics as
introduced in Eq. (2.12) is diagonal in the position basis.In the atomic limit we obtain sectors of the Lindbladian
that are characterized by the density distribution of the atoms {n;}, which results in states in the dissipation free

~

subspace of the Liouvillian of gy =|a({A)), {n;}) (a((A"Y), {n/;}| [147]. The corresponding eigenvalues are
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Fig. 7.2: Real time evolution of the (a) photon number ( pho) trajectories and full average (red dashed line) with
(b) the corresponding photon number distribution of the individual trajectory bundles and full average at the final
time, compared to the coherent state prediction in the density-imbalance subspaces, (c) average number of double
occupancies (747, ) in individual trajectories as well as the full average (red dashed line) and (d) atomic density-
density correlation (7373, ;) at distance j and contrast ¢ between even and odd distance correlations. Quarter
filling with L=8, 5,=0,U/J=2, hg/J=4, h['/J=1, hé/J =2 . The parameters used in the time evolution of
500 trajectories with Trotter-Suzuki algorithm are the maximal bond dimension m = 500, Nppo,max = 60, time step
size 7J/h=0.01. The average value of all trajectories is marked in red.
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From this follows that whether the eigenvalues are purely real or imaginary depends on the difference in density
imbalance and interaction energy u = U} (f;+7;,1). Coherences stemming from states with agreeing density
imbalance and interaction energy have Ao =0 and vanishing trace. Since they do not decay, they can prevail in the
steady state.

In Ref. [147], these were connected to persistent oscillations [104,146] in certain parameter regimes between states
within one density imbalance subspace with differing occupations (i.e. different average double occupancy). The
frequency of these oscillations was determined to be connected to the on-site interaction U, with a weak damping
at the tunneling rate J. For the here presented system we also encounter long-lived oscillations [see Fig. 7.3],
though a thorough analytical analysis of the behavior with the system parameters is still work in progress.

0.101

0.00 1%

—0.051

—0.101

Fig. 7.3: Real time evolution of the average single particle correlations (ég@) for a system at quarter filling with
L=8,5.=0,U/J=2,hg/J=4, il'/J =1, hd/J = 2. The parameters used in the time evolution of 500
trajectories with Trotter-Suzuki algorithm are m =500, Npho max =60, 7.J /h=0.01

The corresponding cavity field occupation within the imbalance subspaces is given by % (A)2. The trajec-
tories mostly reside in either of the subspaces with infrequent transitions between them. We will in the following
refer to all trajectories within a specific subspace as "bundle". We see a stochastic probability for a trajectory to be
found in the individual subspaces that can be related to the behavior at a finite temperature we see in our analytical
approach Sec. 3.1. We want to stress, that these separated trajectories do not correspond to different multi-stable
steady states as identified in Sec. 6.3, but rather the contributions of various states admixed in the steady state.
Since in the bistability observed in the analytic mean field approaches both stable steady states are mixed states
at different finite temperature it is highly non-trivial to assign the individual trajectories to either one or the other
and thus identify the bistability taking the full fluctuation and coupling dynamics into account. Though clear signs
of something happening around the parameter region where the bistability was observed can be identified [see
Sec. 7.4].

In Fig. 7.2 (b) we show the number state distribution of the cavity field at the final time ¢.J/k = 100 for the full
trajectory average Nphoavre (reéd), as well as the separated averages of the trajectories in each of the imbalance
subspaces, Npno(A = N), Npho(A = N —2) and Nypo(A = N —4). We see that the trajectories are distributed
between the subspaces with A = N and A = N —2 with a majority residing within the subspace with maximal
imbalance. The overall photon number is a superposition of the coherent states in each subspace. The average
number of doubly occupied sites [Fig. 7.2 (c)], that is a measure for the interaction energy of the system, shows
a broad distribution of the individual trajectories around the average value. They move between on average zero
and one double occupancy at this low filling, with persistent oscillations with U/J that also reflect in the trajectory
average. Note that at the quarter filling considered here, the number of doubly occupied sites does not have a
direct influence on the density imbalance and thus the cavity field. To complement the discussion on how the
self-ordering reflects in the density-density correlations, we show the time evolution of the trajectory averages for
correlations (7334 ;) for various distances j within the chain.The correlations (72;7;4) are increased at even
distances d (blue/green lines) and suppressed at odd distances (red/orange lines) and the cavity field builds up
simultaneously. The even-distance correlations move around the value N/ L expected for maximal imbalance with
on average one particle per two sites. To minimize edge effects and obtain a quantity that can more easily be
used to compare to other parameter configurations, we also consider the contrast defined by Eq. (7.1) (black/gray
lines). The density-density correlations, much like the most atomic observables, exhibit long-lived oscillations,
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that do not vanish until the final time of the simulation is reached. A slow oscillation increases in amplitude as the
correlations become more distant. All of them are modulated by a faster oscillation of the same frequency as the
oscillations with U/.J seen in the double occupancies.
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Fig. 7.4: Site resolved (a) local densities (7;) and (b) density-density correlations (fiofia4;). Starting with the
ground state of the Fermi-Hubbard model at t.J// =0 at quarter filling with L=12, S, =0, U/J =40, hg/J =7,
RI'/J=3, hd/J=5 . The parameters used in the time evolution of 500 trajectories with Trotter-Suzuki algorithm
are the maximal bond dimension m =600, Npho,max =35, time step size 7.J/f=0.01.

We want to see how the behavior of the system changes in the regime of large on-site interactions U/J = 40.0
and moderate coupling strength fig/J = 7.0 within the self-ordered phase. The other parameters are /id/J =5 and
RI'/J=3. In the site resolved densities Fig. 7.4 (a), compared to the previously shown moderate interactions, the
suppression of the occupation of the edges of the chain is a lot weaker, leading to an overall mostly homogeneous
density distribution throughout the chain. However since due to the large on-site interaction hopping dynamics
within the atomic system are suppressed. The density profile is not fully symmetric at the final reached time ¢J/h=
200 due to its sensitivity to the numerical parameters, which scales strongly with the system size. Nevertheless, the
quick self-ordering of the atomic ensemble after the initial quench of the coupling to the cavity field can be seen
in the density-density correlation at varying distances [see Fig. 7.4 (b)]. We show the time evolution of various
observables in Fig. 7.5 (a)-(d) and compare the observations to a setup with larger coupling strength hg/J =16 but
otherwise same parameters shown in Fig. 7.5 (e)-(h). The photon number for both couplings Fig. 7.5 (a),(e) initially
quickly rises to an average occupation above the eventual long time expectation value following the quench of the
coupling strength to its finite value. The photon number obtained from the average of all trajectories (red dashed
line) saturates to a finite value in the long-time limit. The individual trajectories reside in the subspaces that can
be associated with specific atomic density imbalances. In Fig. 7.5 (b) we show the number state distribution of the
cavity field for the full trajectory average Nppo,avrg. as Well as the separated averages of the trajectories in each of
the imbalance subspaces, Npno(A=N), Npno(A =N —2) and Npno(A =N —4). We observe here a higher mixing
of the atomic states than for the previously discussed state at moderate on-site interactions. This partly stems from
an interplay of the higher dissipation rate and coupling strength. As the dissipation rate is increased, the system is
expected to further approach a fully mixed state. This implies a higher probability for subspaces that have higher
dimension. An increasing weight of states with lower imbalance is typically also observed when increasing the
atoms-cavity coupling, although here it does not reach the fully mixed state [see Fig. 7.5 (f)]. For the shown
parameters, the distribution of trajectories is mostly among the largest subspaces A =N —2 and A = N —4. The
splitting between the respective photon numbers is large, leading to a clearly visible double peak structure in the
number state distribution of the full average, that stems from the superposition of the two dominantly contributing
coherent states.

In the average number of double-occupancies shown in Fig. 7.5 (c) we see that at the low filling the probability
of double occupations is strongly suppressed due to the high on-site interaction and moderate coupling strength.
The average value is very small. Therefore, for this parameter set the kinetic energy is dominating over the
interaction energy. This is not the case when one goes very deep into the self-ordered phase [Fig. 7.5 (g)]. Here,
a relevant fraction of the trajectories resides around the value of on average one double occupancy on the chain,
>_;(fyt7j,)/L = 1/L due to the higher mixing of the steady state. Notably, the time scale for the atoms to
reach a steady state is really long, since the long-range correlations only slowly follow the rearranging of the
distribution. One observes, besides the sudden switches between the two trajectory bundles, a few trajectories
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slowly propagating towards the states with finite double occupancies, which leads to a steady increase in the
average that does not stagnate within the measured time span. This can also be observed in the interaction energy
that strongly dominates over the kinetic energy at very large couplings.

The self-ordering of the atoms is also confirmed by the non-local density-density correlations shown in Fig. 7.5 (d).
We show the correlations (fi37344) at even distances d (blue/green lines) and odd distances (red/orange lines). The
average contrast in the density-density correlations at even and odd distances is shown for comparison (black/gray
lines). Comparing to the evolution at larger coupling shown in Fig. 7.5 (h) we observe that the larger mixing
and increased weight of states with A < N at large fig/J as expected also reflects in a reduced density-density-
correlation contrast that still slowly increases in time. An explanation could be, that in the initial quench we excite
various modes, some of which can be very long-lived and prevent the system from reaching the steady state within
the computable timescales. An idea to address this issue would be to introduce alternative parameter protocols.
We explore the effect of parameter ramps in the following Sec. 7.3.

We stay in the large on-site interaction limit U/J =40 and consider how larger dissipation rates influence the time
evolution. On one hand, it introduces more stochastic noise to the system. On the other hand the overlap of the
coherent subspaces depends on the effective coupling strength that scales with I". Both of these effects alter the
rate of jumps in the Lindbladian dynamics, which typically increases with the dissipation rate.

The chosen parameters are /id/J = 5 and AI'/J = 25. As shown in Fig. 7.6 (a), transitions between the cavity
occupation bundles corresponding to the different average imbalances with A < N are much more frequent than
at lower dissipation. The average over all trajectories (red dashed line) initially quickly shoots up to the value
expected for A = N — 2, followed by a close to exponential decay approaching the value for A = N — 4 in the
long time limit. Though a notable number of trajectories also resides in the subspace without order A = 0. This
also shows correspondingly in the photon number state distribution presented in Fig. 7.6 (b). The large dissipation
rate leads to decoherence in the atomic system and counteracts the self-ordering processes. This can be thought of
as a high effective temperature of the atomic ensemble, even approaching an infinite temperature state in the limit
of very large dissipation that grows faster than the coupling strength.

At the same time, the mixed character with high probability of occupations of states with A < IV, also shows in
the atomic observables. This leads to an increased number of double occupancies since the temperature gets to
energies surpassing the energy gain from the creation of a double occupancy [see Fig. 7.6 (c)]. Also, ordering
of the atoms is effectively destroyed, leading to a vanishing density-density correlation contrast. A separation of
(ﬁjﬁj+d) at even and odd distances can not be observed [see Fig. 7.6 (d)] as the influence of edge effects and the
varying distance of the correlation dominates over eventual remaining ordering.

To conclude our discussion of the quarter filled case we want to consider the phase indicating parameters for
the charge-and spin density wave in momentum space to get a clearer idea of the physical states obtained in
the long time limit of the previously presented time evolution. We concentrate on the Fourier transform of the
order parameters for the charge density wave defined by mcpw = > it L(—1)7 _kﬁjﬁk and spin-density wave

mspw = it R(—1)7 —k SJZ S,j to momentum space. We compare both parameters to the behavior in the normal
phase of the corresponding Fermi-Hubbard model that serves as the initial state for the numerical time evolution
(depicted by black dashed lines in Figs. 7.7 & 7.8). For the moderate on-site interaction where all of the system
parameters are around the same order U/J =2, hé/J =2 and hl'/J =1, the self-ordering transition occurs slightly
below hig/J = 2. The behavior of mcpw and mgpw is analyzed at the final time of the evolution ¢Ji = 100 and
shown in Figs. 7.7 for values of the coupling fig/J =0, 2, 4. In the normal phase the charge-density wave parameter
shows pronounced peaks at the center and edges of the full Brillouin-zone ¢={—2m, 0, 27}. The non-flat behavior
in between the peaks can be attributed to finite size effects. Increasing the coupling parameter to a value within
the self-ordered phase, the emergence of secondary peaks around momenta ¢ = 4 in the order parameter of
the charge density wave mcpw(q) can be observed. This is due to the doubling of the unit cell by the effective
staggering of the confining optical lattice, leading to a reduced Brillouin-zone of ¢ € (—m, 7. Close to the ordering
transition, their amplitude is still considerably lower than the main peaks from the normal phase. This is due to
defects in the ordering since the energy scales of the effectively created potential imbalance is not well separated
from other processes in the system. Increasing the coupling to hg/J = 4, moving further into the self-ordered
phase, the amplitude of the peaks around ¢ =+ reaches approximately the same height as the other peaks, hinting
towards a near-complete charge ordering on the even-distant lattice sites. In the spin-density wave parameter, that
corresponds to the staggered spin-spin correlations, shows minima at ¢ = {—2,0, 27}, where it takes negative
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Fig. 7.5: Real time evolution of the (a),(e) photon number (Npho) trajectories with (b),(f) the corresponding photon
number distribution of the individual trajectory bundles and full average at the final time ¢.J/% = 100, compared
to the coherent state prediction in the density-imbalance subspaces, (c),(g) average number of double occupancies
(fj47r5y) and (d),(h) atomic density-density correlation (7373 ;) at distance j and contrast ¢ between even and
odd distance correlations. Quarter filling with L =12, S, =0, U/J = 40, (a)-(d) hg/J = 7,(a)-(d) hg/J = 16,
hI'/J=3,hd/J=5 . The parameters used in the time evolution of 500 trajectories with Trotter-Suzuki algorithm
are (a)-(d) the maximal bond dimension m =600, Nphomax = 35, time step size 7.J/h=0.01 and (e)-(h) m =650,
Nphomax =90, 7J, /h=0.0075. In (a),(c),(e),(g) The average value of all trajectories is marked in red.
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Fig. 7.6: Real time evolution of the (a) photon number (Npho) trajectories and full average (red dashed line) with
(b) the corresponding photon number distribution of the individual trajectory bundles and full average at the final
time,(c) average number of double occupancies (72,47, ) in individual trajectories as well as the full average (red
dashed line) and (d) atomic density-density correlation (3734 ;) at distance j and contrast ¢ between even and
odd distance correlations. Quarter filling with L =12, S, =0, U/J =40, hg/J =11, h['/J =25, h§/J =5 .
The parameters used in the time evolution of 500 trajectories with Trotter-Suzuki algorithm are the maximal bond
dimension m =600, Nppo,max = 30, time step size 7.J /h=0.005. The average value of all trajectories is marked in
red.
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values. This is in agreement with the antiferromagnetic spin ordering expected for the Fermi-Hubbard model at
quarter filling [211,274,275]

For strong repulsive on-site interaction one can approximately map our case with the self-consistently ordered
system at quarter filling to a half-filled system on the even-distance sites. At half filling for strong repulsive on-
site interaction the excitations of the Hubbard model are approximately those of an antiferromagnetic Heisenberg
chain [276,277]. We correspondingly see the build up of additional minima around ¢ = £ crossing over into the
self-ordered region.

Some differences from this case can be observed in the limit of strong on-site interactions. As can be seen in
Fig. 7.8 (a), a coupling fig/J above the critical value marking the self-ordering transition also goes along with
the emergence of secondary peaks around momenta ¢ = 7 in the order parameter of the charge density wave
mcpw in momentum space. As one goes to higher coupling, the effective temperature of the thermal state that
best approximates the atomic many-body system was observed to rise in our adiabatic elimination approach as
described in Sec. 3.1. This is in accordance with the observations made in the shown time evolution far in the
self-ordered regime [compare Fig. 7.5], where the atomic order decreased due to a higher number of trajectories in
subspaces with A < V. In the charge-density wave order parameter, this results in a broadening and reduced peak
amplitude increasing hg/.J above 7.0.

In Fig. 7.8 (b) the spin-density wave order parameter, the Fourier transform of mgpw is shown for various cou-
plings. Here a similar influence of the admixture of states with reduced order in the large coupling limit is observed
in the overall reduction of the order parameter amplitude. The spin-ordering is a lot more sensitive to the effec-
tive large temperatures of the atomic system and the main minima around ¢ = {—27, 0, 27} are also reduced in
amplitude.
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Fig. 7.7: Fourier transform of (a) mcpw = Z#k(—l)j_kﬁjﬁk and (b) mgpw = Z#k(—l)j_kgjg;j. Starting
with the ground state of the Fermi-Hubbard model at ¢.J/% = 0 at quarter filling with L =8, S, =0, U/J = 2,
hg/J={0.0,2.0,4.0}, iI'/J =1, hé/J=2.
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Fig. 7.8: Fourier transform of (a) mcpw = Z#k(—l)j_kﬁjﬁk and (b) mspw = Z#k(—l)j_kgjg,j. Starting
with the ground state of the Fermi-Hubbard model at ¢.J/i =0 at quarter filling with L =12, S, =0, U/J =40,
hg/J =1{0.0,7.0,12.25,16.0}, k[ J =3, 6/ J =5 .
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Here we have taken some first promising steps in analyzing the complex open system dynamics. And provided
a solid grounds for our ongoing in-depth analysis. One of our main focuses is to see if we can clearly identify
and characterize the fluctuations-induced bistabilities obtained in the analytic many-body adiabatic elimination
approach. A first comparison in the relevant parameter regime in provided in Sec. 7.4.

7.2 Self-ordering dynamics at half filling

At the case of commensurate or half-filling (L = N) in the ground state of the Fermi-Hubbard model each atom is
localized on one site in the semi-classical limit dressed by quantum fluctuations. Higher order hopping processes
influence the spin configuration of the particles. This corresponds to a Mott-insulator. However, due to the high
mixing the energy in the atomic ensemble is expected we typically don’t see coherence in the spin sector. We
therefore do not expect to see a signature of spin-phases. As we observed in the adiabatic elimination approach
there one would expect a transition from a state where the low lying excitation gap is dominated by the on-site
interactions to an insulator that is dominated by the bad gap opening at the edges of the reduced Brillouin-zone
[see Sec. 5.1].
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Fig. 7.9: Site resolved (a) local densities (7;) and (b) density-density correlations (fiofia4;). Starting with the
ground state of the Fermi-Hubbard model at ¢J/% = 0 at half filling with L =8, S, =0, U/J =2, hg/J = 1.5,
RI'/J=1, hd/J =2 . The parameters used in the time evolution of 500 trajectories with Trotter-Suzuki algorithm
are the maximal bond dimension m =500, Npho,max =60, time step size 7.J/f=0.005.

We show in Fig. 7.9 the site resolved density distribution within the chain and the density-density correlations
(Nafay ;) at varying distance j. For the displayed parameters just above to the self-ordering transition U/J =2,
hé/J =2, hI'/J =1 and hg/J = 1.5, the density density profile is symmetric and homogeneous throughout the
system, while clear signs of the self-ordering process are already visible in the correlations. The density-density
correlations at even distances are enhanced while those at odd distances are suppressed.

At this commensurate filling, the self-ordering transition is forcibly accompanied by the creation of double occu-
pancies [see Fig. 7.10 (c)]. For a finite potential staggering the lowest energy state is the non-degenerate state with
all low-potential sublattice sites doubly occupied in the limit of vanishing hopping, which we schematically depict

here
Wf +/\M/\v/\ +... A=N-2
& &

The fluctuations in the coupling as well finite temperature effects lead to increased contribution of states with
imbalances A < N. At this filling as well as higher fillings, any density distribution varying from the lowest
energy state reduce the coupling to the cavity field. Since the the trajectories are always in a superposition of the
configurations of the intact Z, symmetry and therefore the low energy sites in the schemes are arbitrarily chosen
to be on even sites of the chain.
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Fig. 7.10: Real time evolution of the (a) photon number (Npn,) trajectories and full average (red dashed line)
with (b) the corresponding photon number distribution at varying time, (c) average number of double occupancies
(fuj47r;y) in individual trajectories as well as the full average (red dashed line) and (d) atomic density-density
correlation (73734 ;) at distance j and contrast ¢ between even and odd distance correlations. Starting with the
ground state of the Fermi-Hubbard model at ¢tJ/h = 0 at half filling with L =8, S, =0, U/J =2, hg/J = 1.5,
hI'/J=1, hé/J =2 . The parameters used in the time evolution of 500 trajectories with Trotter-Suzuki algorithm
are the maximal bond dimension m = 500, Nypomax = 60, time step size 7.J, /h=0.005. The average value of all
trajectories is marked in red.

Above the self-ordering transition, one observes again the emergence of a finite cavity field occupation Ny, [see
Fig. 7.10 (a)]. For the parameters shown here, since the effective coupling is rather small the trajectories in the
individual imbalance configurations are not well separated. Additionally since it is still in the vicinity of the
critical coupling that marks the self-ordering transition, the influence of quantum fluctuations in the coupling is
particularly strong. Therefore, instead of the separated average photon number distribution, we here show the full
average photon number distribution at various times in Fig. 7.10 (b).

As stated above at half filling the ordering and corresponding build-up of the finite cavity field is directly connected
to the average number of doubly occupied sites shown in Fig. 7.10 (c). Initially it shows a steep increase as the
atomic ensemble orders, followed by a slow decrease that still prevails at the here shown final time of ¢J/h =
100. The same behavior reflects in the density-density correlations, here exemplarily shown for (73734 ;) in
Fig. 7.10 (c). Starting from an average value of 1 for all j > 2, even distance correlations are enhanced while odd
distance correlations are suppressed. The steep splitting is followed by a slow dynamics reducing the contrast.

7.3 Dynamics of the self-ordering transition in the experimental limit

In this section we consider the dynamics of the ordering process across the phase transition. This is of special
interest, since in out-of-equilibrium physics, the speed at which the order parameter grows upon crossing a phase
transition is observed to grow exponentially. We investigate the ordering dynamics in fermions that are confined
to a one-dimensional external lattice as introduced in Sec. 2.1 with a combination of our theoretical methods.This
was done in collaboration with Zwettler et. al. Ref. [2] in order to investigate if their experimental findings for a
three dimensional unitary Fermi-gas coupled to a cavity remain valid for other systems as well. We will begin by
briefly summarizing the experimental findings and interpretation of the ordering dynamics after a quench in the
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Fig. 7.11: Rescaled photon number after a quench in the atoms-cavity coupling to a value within the self-ordered
phase. (a) considering full Lindblad dynamics of the coupled system of L =8, N =8 with hg/J =2, hd/J =1,
A’ =1. m = 500, and A7/J = 0.01. The increase is mostly algebraic and fitted to a quadratic function o< t2,
modulated by strong fluctuations at frequency determined by /é/.J (b) mean field ansatz in coupling, including
the full atomic dynamics at L =48, N =18, g/g., = 25,h6/J =200, il' =7.5. m =600, and AT /J = 0.005 the
increase is obtained to be exponential. The extracted growth rates at various parameters are shown in Fig. 7.12.

atom-cavity coupling strength and then present the results of our numerical simulation and argue picture of the
ordering dynamics remains valid also in one dimensional systems on an external optical lattice [Sec. 7.3.1]. Then
we complement these results with the systems reaction to a continuous increase in the coupling until reaching a set
value above the critical coupling that marks the self-ordering transition in Sec. 7.3.2.

7.3.1 Quenches

At strong long-range interactions, in the experiment an exponential growth in the atomic order parameter was
directly observed. It prevails over a wide range of microscopic parameters in the Fermi gas as well as an extended
time scale. Such behavior is seen as the hallmark of a dynamical instability [278]. The cavity-mediated global
range interactions enable collective processes and introduce universal properties. As an example here the growth
rate of the order parameter is observed to exceed the Fermi energy by over an order of magnitude in Ref. [2].
Contrarily in many-body systems where the dynamics is only driven by contact-interactions, it saturates at scaled
determined by the Fermi-time [279], since in a Fermi gas, it represents the fastest microscopic timescale.

Generally for the full dynamics we expect a complex interplay of the energy scales at the beginning of the self
ordering process, that can not necessarily be time resolved in experiments. Quenching the coupling strength,
we expect a "seeding" of the self-ordering process [52] where the atom correlations are mapped to fluctuations
in the cavity field. In this regime, oscillations at a frequency determined by the pump-cavity detuning 5~ can
be expected, and the photon field occupation grows algebraically. As time progresses, a coupled atom-photon
dynamics emerges, as the cavity field approaches a state that can be approximated by a coherent classical field as
we saw in our adiabatic elimination approach. The weight of the initial fluctuations decreases with the system size
Npho ~ <A2> For our one-dimensional system, evolving the full Lindbladian model as presented e.g. in Sec. 7.1,
we are typically restricted to system sizes where the initial rise in the photon number is still dominated by the
algebraic behavior of the fluctuations in 1D. As shown in Fig. 7.11 (a), the photon number rises approximately
quadratically at short times after the quench. In order to reach larger system sizes beyond what is possible taking
the full cavity dynamics into account we employ a mean field decoupling similar to the one described in Sec. 3.1.
We neglect the fluctuations in the atom-cavity coupling [152, 164, 166]. By this we implicitly assume that cavity
field is described by a single coherent state. With this method, we aim to extract the growth rate over a wide range
of coupling strengths.

Thus, we consider the following Hamiltonian for the coupled atom-cavity system [78, 152], as derived here for
spinful fermions in Eq. (3.4).

Hr = Hp — hg\(A)A  with  Hpy=—J > (el e10 +he) + U D djeiy —p Y itjo.
(id).o j ]
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Fig. 7.12: Growth rate across the self-ordering transition after a quench in the atoms-cavity coupling to hg/.J
relative to the critical coupling where the phase transition occurs in the steady state hg../J. We show various
on-site interaction strengths with N =48, iid/J =200, hl'=7.5.

This is the same model we used in the adiabatic elimination approach. As presented in Chapter 6, the cavity-
induced global-range interactions introduced via the transversal pump beam induces a phase transition of the
steady states to a density-wave-ordered state above a critical coupling strength [1,29]. However, here we do not
concentrate on steady state but rather recover the short-time dynamics of interest, which was done in collaboration
with Catalin-Mihai Halati. Although the cavity field is treated with the mean field approach, the atomic short-range
dynamics contain all correlations and are evolved in a numerically exact way. An adapted time-dependent matrix
product state (tMPS) algorithm is applied to the Hamiltonian given in Eq. (3.4). Simultaneously, the equation of
motion for the cavity field

O, .9
57 (@) =i
ot VLd
is numerically integrated to determine A\ = (a+a')/ VL. When starting the evolution, the cavity field is initially
empty, A(t =0) =0, while the atoms are in the ground state of the resulting Fermi-Hubbard model. As shown in
Sec. 4.2.2, this is achieved using the DMRG-algorithm [175, 280].

(&)~ (i5+ )@

At short times, the photon number Npp, = |a|2 is observed to grow exponentially [see Fig. 7.11 (b)]. Remarkably,
this observation holds for the entire range of system parameters we consider and for atomic systems obeying
both fermionic and bosonic statistics. The exponential growth rate is determined as a function of the atom-cavity
coupling g/ J for various fixed values of the atomic on-site interaction U/ J, as shown in Fig. 7.12. The parameters
are chosen such that we obtain a scale separation comparable to the experiment. We scale the coupling with
the critical value fig.;/J that marks the self-ordering transition. This transition point at the mean field level is
obtained by self-consistently solving the mean-field steady state condition defined in Eq. (3.3) with respect to
the ground state of the Hamiltonian, Eq. (3.4). Interestingly, the growth rate is mainly dependent of the atoms-
cavity coupling, while at the parameters considered the on-site interaction ranging from the non-interacting to
strongly repulsive regime only has a weak affect on the growth rate Fig. 7.12. We obtain the same behavior and
even similar quantitative results for both fermionic and bosonic atomic ensembles throughout the entire parameter
range we investigate. In accordance to what was obtained experimentally for the 3D Fermi gas, this result suggests
that the self-ordering to a density wave state is dominantly driven by the cavity-mediated long range interactions,
while the microscopic details of the atomic systems only constitute a weak influence.

The agreement among systems featuring different atom-systems strengthens that the exponential increase of the
growth rate will likely hold for systems featuring similar energy-scale competitions.

Here we provided an example for the complex open system dynamics at commensurate filling, putting into per-
spective our ongoing in-depth analysis. Special interest lies in the dynamics, as the Mott-insulating Fermi-Hubbard
state is destroyed when the atoms order.
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7.3.2 Linear parameter ramps

We now focus on the behavior of the system as the global-range coupling strength is linearly ramped up across the
critical point at which self-ordering occurs. In the experiment, the universality of the growth in the order is also
apparent these ramp protocols. The ordering dynamics are in accordance with the Kibble-Zurek scenario [281],
i.e. the defect dynamics (here defects to perfect atomic order) exhibit a power-law behavior of the intrinsic length-
and time scales of the system. In the experimental setup, they were able to observe that during the ramp the order
parameter grows in accordance with a dynamical scaling ansatz relying on the instantaneous instability rate, which
has been as obtained from experimental runs where the coupling was quenched. It follows, that the response of
the system to linear ramps is fully determined by its reaction to quenches rather than its behavior at criticality. The
observed behavior is in accord with the generic behavior in the unstable regime at early times [278].

~

=)

~
<
[\]
[,

S
= o
o S

IS
J—
o

2{ninj)—(ninj.1)

0.05

0 2 4 6 8 0 2 4 6 8 10 12 14
ht/J

©

<o
)
S

0.100¢

ho

IS
[
ot

== 0.010¢

o
=
S

2Xninj)—(ninj.1)

0.001¢

o
=
&

1074

‘ . ‘ ‘ . . 0.00°"
0 10 20 30 40 50 0 20 40 60 0 100

hit/] t/J

Fig. 7.13: (a),(c) Photon number (Npho> evolution for varying linear ramp time (a) ATyamp /J € [1,10] in steps of
0.1 (c) ATramp/J € [1,100] in steps of 0.75 with short-time nonlinear fits [red lines]. (b),(d) average density-density
correlation contrast at distances 2 and 1. Starting with the ground state of the Fermi-Hubbard model with L =16,
Npart =6, S, =0 and U/J =2, the parameters used in the time evolution are figgna/J =7, hI'/J =0, hd/J =20,
m =300, N, =25 and hr/J=0.005.

Strikingly, running the experiment at three values of the detuning, the growth rate can be collapsed to one curve,
which helps to identify the long-range interaction strength as the relevant parameter in the setup that determines
the growth rate of the order across the phase transition.

These results motivate us to study the full dynamics and compare the behavior of our system to the ordering dynam-
ics seen in the experiment. In agreement with the experimental observations, we obtain an exponential ordering
dynamics at early times, whose growth rate is mainly influenced by the strength of the long-range interactions
[see Fig. 7.13]. We show the number of photons in the cavity field as a function of time for various linear ramps.
We neglect here the dissipation of the cavity field, setting #I"/.J = 0. For a system at low filling L =16, N =6,
moderate on-site interaction U/.J =0 and large detuning %6 /.J =20, in each of the ramps, starting at time ¢.J/A=0,
the coupling is linearly increased until it reaches the final value Agfna/J, at the specific ramp time Tyymp.J/h. We
show both short ramp times [Fig. 7.13 (a)] and long ramp times [Fig. 7.13 (c)]. One can clearly identify a region
in time within the ramp where the photon number shows exponential growth. We account the non-exponential
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growth at very short below times ¢.J/fi~ 1 to the influence of the detuning or the influence of fluctuations that are
not considered in the determination of the exponential scaling law, but very well influence our system dynamics. In
the slowest ramps we can observe a thermalization while the coupling increases, and no oscillation in the average
cavity field occupation can be observed. In the contrast [Fig. 7.13 (b),(d)] we see a clear reduction of the ordering
for faster ramps within the times we show. The atoms are not able to follow the ramp dynamics and a larger amount
of defects to the fully ordered state remain during the phase transition.

We show these quantities in a density plot [Fig. 7.14], where in (a) the fringes from the short-time oscillations in
the photon number can clearly be seen at short ramp times. Especially at low couplings around the phase transition
hig/J ~ 1 we see that if the ramp times are too short, i.e. Trmp/J < 4 the ordering process is not able to follow
the increase of the coupling and order correspondingly but rather delays and the cavity field thus emerges at later
times after the ramp is complete.
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Fig. 7.14: Photon number (Nph,) varying linear ramp time /i7amp/.JJ and atoms-cavity coupling hg/J. Starting
with the ground state of the Fermi-Hubbard model with L = 16, Ny, =6, S, =0 and U/J =2, the parameters
used in the time evolution are Agfina/J =7, RI'/J =0, hd/J =20, m=300, N, =25 and it /J =0.005.

The implementation of parameter ramps bears further intriguing possibilities for detailed future investigations.
On one hand, when comparing to experimental results, one often encounters the issue that in the experiment an
instantaneous quench the coupling strength is not necessarily realistic or desired. Therefore, including flexible
parameter protocols beyond the quench surely will be beneficial for future collaborations. But it can also open
interesting opportunities for numerical exploration of new phenomena in the system dynamics by itself. A near-
adiabatic increase of the parameter can reduce the steep increase in the photon number to values way above the
eventually obtained long-time limit, which permits us to reduce the dimension of the photonic Hilbert space.
Additionally, we might be able to use the quantum Mpemba-effect [282-284], that has recently been predicted
for quantum non-equilibrium dynamics, to our advantage. It describes the process that under specific conditions a
system relaxes to equilibrium more quickly if it is initially further away from equilibrium. More complex coupling
protocols during the early time evolution might allow us to directly cause the excitation of high energy but short-
lived modes that quickly decay to the steady state, while avoiding the occupation of long lived excited states.

7.4 Comparison of long-time MPS results to analytic steady state results

In this section we want to present some results comparing numerical results obtained with tensor-network methods
[see Sec. 7.1 & 7.2] to the steady state values from our analytic approximation using adiabatic elimination of the
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cavity degrees of freedom, going beyond standard mean field models by including fluctuations in the atoms-cavity
coupling [see Chapter 6].

From the real time evolution of the stochastically sampled quantum trajectories (Monte-Carlo Wavefunctions) the
expectation value of several system-characterizing observables is extracted in the long-time limit. We want to
stress, that the results we show give us a hint at interesting effects happening. However, depending on the specific
parameter regime dynamics towards the steady state slow down especially in the long-range correlations and are
not yet steady within the computationally reachable time range. However, already the extracted results at finite
time yield useful information about the system. In the region where two steady state solutions appear in the analytic
treatment like at the edges of the bistabilities or around the self-ordering phase transition at commensurate filling,
the system dynamics and thus convergence towards the steady state is seen to slow down [113]. In other system,
this was related to a gap closing in the Liouvillian spectrum [40, 285]. The difficulties to reach a steady state are
especially prevalent in the fermionic system in one dimension due to the strong effects of Fermi-correlations [286]
that further slow the thermalization processes.

One thus needs to be careful with statements about the numerically determined steady state as it might as well be
a long-lived meta-stable state. In long range systems, often long-lived meta-stable states exist that are difficult to
differentiate from the steady state within the computable time scales. We will in the following discussion instead
refer to the numerical results as "long time values". Nevertheless even the observed slowing of the dynamics might
reveal information about the systems state.

To compare the different methods we choose observables that characterize both the cavity field and the ordering
of the atomic subsystem. These are the number of photons on the cavity field Nyp, as well as the difference of
density-density correlations at even and odd distances Eq. (7.1) which captures the ordering of the atoms on either
even or odd sites of the atomic chain in one dimension. This choice was justified in Sec. 7.1.

Note, that while we identified and discussed a regime in the analytic adiabatic elimination approach where the
fluctuations induce a bistability within the self-ordered phase [see Sec. 6.3 for details] it is not straightforward
to identify this phenomenon in the trajectories. The full Lindbladian time evolution generally converges to a
unique steady state at finite system size in the absence of strong symmetries [40]. This raises the question if and
how the bistabilities from mean field methods can be observed [101]. The density matrix is here reconstructed
from the average over the sampled trajectories, individual trajectories thus do not yield full information about the
ordering and excitations contributing to the steady state. While the trajectories do bundle around values of the
photon number associated with atomic orderings with a specific number of defects, they can not be attributed to
different steady states. Instead the system always results in a specific steady state that might consist of a mixture of
superposition of the different stable solutions predicted by the analytic results. Rather, if the bistability is visible in
the full numerical evolution, it may manifest in meta-stable states or change in behavior depending on the history
of the system. This could for instance mean that after suddenly turning on the atoms-cavity coupling strength fig/J
to a value within the bistable regime in the analytic mean-field steady-state solution at finite effective temperature,
the system is more likely to evolve towards the lower photon number solution due to the large energy deposit in
the system and connected disorder of the atoms. Without the presence of specific cooling effects it might take a
long time for this excessive energy to dissipate from the system, which would lead to a higher probability of the
more ordered high-photon number solution.

We present a comparison of the number of photons and atomic even-odd density-density correlation in Fig. 7.15
for a system at quarter filling (V = L/2) with large on-site interaction U/.J = 40. Here the adiabatic elimination
results are calculated both via exact diagonalization of the effective Hamiltonian for a system size L = 8 solving
Egs. (3.3) & (3.14) [blue (stable) and green (unstable) points] and in the weak tunneling perturbation in the thermo-
dynamic limit solving Egs. (3.25) [red/purple (stable) points, unstable solutions not shown]. The stability against
linear variation of the cavity field quadrature is again determined with the stability conditions derived in Sec. 3.3.
For comparison, the 7'= 0 MF results are included as a black line. Vertical lines denote parameter resonances in
the atomic limit. As identified in Sec. 6.1.2 & 6.1.3 these can allow for an efficient energy transfer from the atomic
subsystem to the cavity field.

The MPS runs start from the ground state of the corresponding Fermi-Hubbard model with U/J = 40 and chain
length L =12, suddenly switching on the coupling at time ¢.J/fi=0. The plotted values are extracted at the longest
reachable time for the specific parameter set. This reduces as the coupling increases due to the higher dimensions
of the cavity mode Hilbert space needed to capture the field dynamics and typically larger bond dimensions to
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Fig. 7.15: Comparing the steady state results obtained from the thermal mean field method to the long time limit
of the real time evolution using MPS algorithms. We show (a) the relative photon number (Npho> and (b) atomic
density-density correlation contrast Zf;f (M jr2)/(L—2) — Z].L;ll (fjnj j+1)/(L—1). The parameters used
are S, =0,U/J =40, hI'/J =3 and hd/J =5. The lines can be identified as follows: for the analytic results in
the thermodynamic limit,Z. — oo for U/.J > 1 stable solutions 1 (red) and 2 (purple); for L =8 the solution stable
(blue), unstable (green); L =8, within the T'=0 MF approximation (black). The MPS runs start from the ground
state of the corresponding Fermi-Hubbard model (suddenly switching on the coupling at time ¢J/fi=0) at quarter
filling with L = 12. The long time values extracted from the trajectory averages are plotted as orange points that
get darker as the time progresses. The points are obtained at individual convergence parameters and reachable final

times. The corresponding values are given in Appendix D.1.

accommodate the photonic Hilbert space that approximately grows with ~ g2.

Comparing the methods, we observe an initial increase as the system self-orders. The long-time values of the
photon number from the numerical runs reside between the value predicted from the 7'=0 MF and adiabatic elim-
ination. This could have multiple causes, i.e finite size effects that are expected to be underestimated by the analytic
approaches due to the mean field assumption in the derivation. Also the approximations could lead to a shift in
the phase diagram or an under/over estimation of the effective temperature depending on the specific parameter
regime. We will thus refrain from quantitative comparisons between the two fundamentally different methods and
try to concentrate on qualitative behavior changes. Around the coupling strengths where the fluctuations-induced
bistability appears, we can indeed observe a slight plateau in the photon number for fig/J = {11, 15}. This reflects
in the decreasing density-density correlation contrast in the same region.

To conclude, while these results do not suffice to make precise statements on how the fluctuations-induced bista-
bility manifests in the quasi-exact numerical long-time results yet, we are able to identify a region with counter-
intuitive plateau-like behavior that differs from the phase diagram regions where the bistability is not present in the
adiabatic-elimination approach. This motivates future in-depth analysis of the full Lindbladian steady state behav-
ior in the parameter regime at hand. However it might be favorable to concentrate on the case of bosonic atomic
systems where we also identified the bistability [see Sec. 6.3.1] since here, though also challenging, the conver-
gence of the numerical time evolution toward the steady state does not suffer from Pauli blocking and requires
lower bond dimensions due to the absence of Fermi-correlations [286].

Summary

In this chapter we presented promising results for the dynamics of the atom-cavity coupled system at both quarter
filling and half filling. We are able to observe the self-ordering process, identify time scales and scaling behav-
ior. We show how, while the density profile remains symmetric, the atomic ordering appears in the non-local
density-density correlation contrast as well as the charge-and spin-density wave order parameters. At half filling,
we confirm the self-ordering process is accompanied by the creation of doubly occupied sites. The quantum trajec-
tories are seen to bundle in subspaces we identify with different imbalances in the atomic density, with transitions
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between them. In the photon number state, we see that the cavity field is in a superposition of coherent states
expected for the respective imbalance subspaces. In a regime where the system parameters are of similar order,
long-lived oscillations occur that are especially pronounced in the single-particle correlations at even distance. We
observe how an increased pump strength within the self-ordered phase typically increases the cavity occupation
but leads to a larger disorder in the atoms which reduces the density contrast. The disorder also increases at large
dissipation, where the system decoheres and approaches a fully mixed state.

Further the dynamics of the self-ordering transition was investigated in the experimental limit, looking at both
quenches and linear ramps in the coupling parameter. For quenches, we extract an exponential growth rate of the
self-ordering order parameter as the system crosses the phase transition. This is only dependent on the coupling
parameter and not the on-site interaction strength. With linear ramps, we demonstrate how slow ramps allow for a
near-adiabatic transition to the self-ordered phase, reaching close to maximal ordering at the final ramp time. The
faster the ramp crosses the critical coupling parameter, the more defects are introduced in the transition.

Finally, we provided first results comparing the obtained long time results from the numerically exact time evo-
lution of the full Lindbladian model to the steady state results determined with our analytic adiabatic-elimination
method. We showed a counter-intuitive plateau-like behavior in the region where one would expect the fluctuation-
induced bistability to manifest in the analytical approach.
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Chapter

Conclusion

In this work we provided a detailed picture of both the steady state and dynamic properties of a complex quantum
many-body system with global coupling to a bosonic mode. We put our focus on a quantum-many body system
of spinful fermions globally coupled to a dissipative cavity field by a transverse drive. The intricate interplay of
short- and long-range atomic interactions as well as kinetic processes generates complex quantum phases that can
be accessed through external perturbations. Balancing driving and dissipation present in the system further yields
the possibility to stabilize out-of equilibrium phases with certain desired properties, which makes it a perfect
platform to study out-of equilibrium phase transitions.

While most explicit results are obtained for a spinful fermionic ensemble of atoms, we occasionally extend our
methods to bosons for comparative purposes and to substantiate further the generality of the described phenomena
beyond our specific model. To start with the system Hamiltonian in second quantization as well as the correspond-
ing Lindbladian differential equation that determines the dynamics of the full atoms-cavity coupled system towards
its steady state was derived.

We further introduced multiple newly developed and applied methods that allow us to gain a broad understanding
of the intricate steady state phase diagrams beyond the mean-field level. Our many-body adiabatic elimination ap-
proach considers fluctuations in the coupling to the photonic mode. The fluctuations cause the system to thermalize
towards steady states with a self-consistently determined effective temperature. The method was complemented by
various limit considerations, notably a weak tunneling perturbation going to the thermodynamic limit, that proves
to be valid in a regime of the steady state phase diagrams that exhibits intriguing fluctuation-induced bistability at
low fillings. Notably the results in this limit can be generalized for higher dimensions. The stability of the obtained
solutions in the mean field approach is evaluated using a stability condition we derived for thermal systems. With
this we presented a variety of analytical tools that allowed us to efficiently compute the steady state behavior of the
effective driven dissipative atoms-cavity coupled system. We showed that within the many-body adiabatic elimina-
tion approach our complex effective model takes the form of a ionic Hubbard model, where the potential staggering
in to be determined self-consistently. A general summary of some properties of the standard ionic Hubbard model
was provided in order to facilitate the description of phases and physical processes observed in the effective model.
Additionally we confirmed the chaotic nature of the ionic Hubbard Hamiltonian through a thorough analysis of the
energy level statistics (Ref. [3]). These properties of the ionic model extend to our effective model capturing the
atoms-cavity coupled system and solidifies our assumption that the atomic steady state can be well described by a
thermal state.

Applying these analytical considerations to the dissipative atoms-cavity coupled system at hand, we presented
the obtained steady state results for atomic densities of quarter filling and half (commensurate) filling. These
cases exhibited fundamentally different behavior at both the self-ordering transition and within the self-organized
phase. Special focus is put on the discussion of the self-ordering transition where the atoms spontaneously order
and a finite cavity field was seen to emerge. We contrasted the mixed nature of the steady states across the phase
transition taking into account fluctuations in the coupling with the transition between ground states obtained at
the T = 0 mean field level. We complemented our observations with analytical approximations for the critical
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coupling strength that marks the self-ordering transition in both the non-interacting and atomic limit and identify
the respective scaling with the system parameters. Within the self-ordered phase we discussed the influence of
atomic resonances on the self-consistently determined temperature of the steady state. We identified parameter
regime where cavity cooling resonances allow for an efficient energy transfer from the atomic ensemble to the
dissipative cavity mode. In our interacting system, we found processes that enable many-body cooling effects that
are based on resonant photon-assisted transitions between states with and without double occupied sites. Deep
in the self-ordered regime a saturation of the cavity field observables with the coupling strength was observed.
We provided the derivation of a universal scaled photon number in the large temperature limit and confirmed the
corresponding scaling of the density imbalance with the system parameters.

Within the self-ordered regime at quarter filling, we identified a region where multiple stable steady state solu-
tions appear. We call this novel mechanism fluctuation-induced bistability (Ref. [1]) since it relies on energy
level-crossings in the excitation spectrum of the effective dissipative quantum model. Therefore the bistability
can not prevail at the 7" = 0 mean field level. This is an astonishing property, since it is widely believed that
mean-field methods remain valid for long-range couplings. We provided a detailed analysis of the processes that
dominantly cause the emergence of the bistable region and physical properties of the individual stable solutions.
In the strong atoms-cavity coupling regime two stable self-organized steady state solutions are obtained, that are
characterized by different self-consistently determined temperatures and cavity field order parameters. Through-
out the self-ordered phase the dominant (lowest energy) contribution remains the same. The different nature of the
two solution is shown to originate from the weight of the admixed excited states. In the steady solution associated
with the stronger cavity field, excited states containing double occupancies become crucial and many-body cooling
mechanisms are seen to effectively lower the temperature. We were able to attribute the origin of the fluctuation-
induced bistability to the interplay between the cavity-photon mediated global-range coupling and the short-range
atomic interactions. In the weak hopping perturbation the existence of this bistability was obtained independent of
the dimensionality of the atomic gas or fermionic nature of the atoms. We showed equivalent results for a bosonic
many-body system coupled to a dissipative cavity mode with a filling of on average one atom for every two lattice
sites. Here the bistability repeated for higher numbers of the on-site occupations and therefore strengthened our
arguments for the mechanism that causes the bistability to appear. We are therefore confident that the underlying
mechanism exists in a large class of atoms-cavity models with equivalent competing photonic and atomic energy
scales and the here presented properties can be seen as a paradigmatic example. In contrast to the fluctuation-
induced bistability at quarter filling, at commensurate filling a bistable behavior was observed at the self-ordering
transition. This however could be connected to a level crossing in the ground state of the effective model.

Further we investigated the out-of equilibrium dynamics of such a driven dissipative many-body atomic system
coupled to a cavity mode. We presented the newly developed quasi-exact numerical algorithms based on tensor
network methods, which allow to perform an efficient full quantum time evolution of the many-body fermionic
system with global photon-mediated interactions captured by the Lindbladian dynamics. We provided an introduc-
tion to Matrix Product State methods, followed by an overview of the full algorithm variants and introduced the
methods used at each step in the time evolution. These included time evolution with the Trotter-Suzuki-method
combined with swap gates that decompose the global interaction to a sequence of short-range interactions or using
the Time-Dependent-Variational principle. The dissipative nature was included via either a Purification ansatz or
Monte-Carlo-Wavefunctions combined with stochastic sampling. All variants of the algorithm allow to treat a
quantum many-body system with competing short- and long- range interaction, coupled to a lossy bosonic mode
and can potentially be adapted to a broad range of systems. We provided an analysis of the numerical convergence
of our results depending on various parameters for all of the previously presented method variants. The valid-
ity of the obtained results was further confirmed by comparing the measured observables from the independently
implemented methods in various limits.

With these methods we were able to analyze the features of the dynamics approaching the steady state. We showed
the time evolution of various observables for systems at both quarter- and half filling. The self-ordering dynamics
were observed in the cavity field as well as atomic density-density correlations. The cavity field was seen to
approach a superposition of coherent states that could be associated with specific subspaces with different levels of
atomic order. In special parameter regimes, persistent oscillations were observed in the single-particle correlations.
Besides instantaneously switching on the atoms-cavity coupling, we showed the time evolution ramping up the
coupling strength across the self-ordering transition at various speeds. In Ref. [2] this was investigated for a
variety of experimental and theoretical models to determine a scaling law. Finally we connected our analytical
insights into the steady state phase diagrams in the framework of adiabatic elimination to the numerically obtained

118



long-time results and provided a first step towards the interpretation of the steady state of the full Lindbladian
model. We focused here on the regime where the fluctuation-induced bistability was observed with the analytical
ansatz and pinpointed a counter-intuitive behavior in both the cavity field and atomic ordering. Therefore we are
confident, that the bistability manifests also in the statistics of the Monte-Carlo trajectories.

Overall we provided a detailed picture of both the steady state and dynamic properties of the complex quantum
many-body system with global coupling to a cavity field. Many of our findings such as the identified many-body
cooling resonances that influence the effective temperature and order of the steady state or the fluctuation-induced
bistability can likely be generalized to a large class of atoms-cavity models with comparable atomic and photonic
energy scales.
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Appendix

Appendix "Analytical Methods"

A.1 Photonic states of the cavity field

In this section we introduce a theoretical description of coherent state light fields that will allow us to deduce the
state of the cavity field from the measured observables.

In the adiabatic elimination we assume the cavity field to be in a coherent state |«). Generally, this is written in the
Fock-basis |n)

o2 = a™
ay=e "2 —|m (A.1)
o) =3 i)
Projecting onto the number state |n)
[e’e] 2 2n
2 _la? a™ a2 ol
_ |-t _ A2
)l = e~ 32 I ()| = eI (a2

Note, that this corresponds to a Poisson-distribution.

In our case. the system is invariant under simultaneously inverting cavity field and sublattice imbalance. Generally
we write

1 ,
@ =—(la)+e?|-a A3
@)es = 75 (la) +¢¥|=a)) (A3)
The density matrix of a superposition of IV coherent states €7 |a;) is given as [287,288]
N N

p=A Y lag) gl + 3 €0 |ay) (]| (A4)
j=1 j=1
1#]

correlations

2 -1
with A = [N + 22%21 exp (— %) cos((¢1 — ;) + aj®al))]
1<j

we define the complex a;; = o +ia and @y =afaf —afay.

for |p; — ¢i| = 7, the off-diagonal entries vanish and this represents the statistical mixture of coherent states. This
is what we would expect for individual trajectories since we consider a single-mode cavity.
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The corresponding Wigner-function is given by

N N
W(d;ay,...,an) = A[ZWj(a’;aj) +2 Z Wii(a's o, o) (A.52)

j=1 jl=1

I<j

correlations
with
/ 2 7 2

W;(a;5) = ;exp(72|a —aj| ) (A.5b)

;o Qita 2
2
x cos (1 —pj+2a' @a;—2a/ @a;+ay®@a;)

2
Wi aj, oq) = —exp (—2]a ) (A.5¢)

Note the connection to the Husimi-Q-function via Weierstrass transformation
2 / —2|a—o/|2 2 1
Qo)== | W(a)e d*« (A.6)
™

From this, the photon number distribution for a statistical mixture of coherent states is given by

- o P
P, = A[Z i 1 (A7)

m!
=1

In order to detect whether the field is classical or shows quantum nature, the squeezing is a powerful parameter. It
is defined using the variance in the phase space of parameters

1
m = 5(&T +a)
1.+
= 27.(6” —a)

1

They satisfy the uncertainty principle with (An7)(An3) > 1=

For a coherent state one obtains minimal variance in both phase space directions 7, /5 and a circular probability
distribution.

1
2
(An0) = \/(al 1 5 la) = (ol myzla)® =

A sign for quantum nature of a light field is squeezing. Here, the variance is decreased in one direction at the cost
of the other one, e.g.

o _ oy _ L

(Ang) = 4 (Ang) = 4y

A.2 Thermodynamic limit in the weak tunneling regime - 2D atomic lat-
tice

In this section, we provide some analytic background for the statements about the validity of the derived system

of equations Egs. (3.25) for the thermodynamic low-hopping limit in two dimensions [Sec. 3.2.2]. This also

strengthens our claim that one can expect to obtain similar steady-state results at even higher dimension and
various lattice geometries.

In two dimensions, the kinetic term in the Hamiltonian can be split into parts containing the hopping along each of
the lattice dimensions Hyi, = H%, + Hy,,. We consider (j, [) to denote neighbouring sites on the 2D square lattice.
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In the weak tunneling perturbation O(J?), the hopping does not mix the different lattice directions since within
the second order hopping process the initial density distribution needs to be restored in order for it to contribute in
the energy transfer. One thus completely separated the contributions from dynamics along each lattice dimension.
We evaluate the resulting susceptibility (c.f. Eq. (3.19) in 1D) on the 2 x 2-unit cell, resulting in

-1 1 1 5
2D _ ; B 38 —B(3U-Tp) —B(U-5p)
= 8 - . [ h(BgA ( K 44e°PH 4 +4 )
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Its imaginary part is thus given by
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From this it is straight forward to calculate the corresponding energy transfer equation.
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4 (636u n e—ﬂ(U—5u)) cosh(BgA) + e (e=28V _ 4) — e—B(2U—6u))
1 1 B 1
29A+U (e~ FRIMU) _1) (I/2)2+(5+2gA+U)?) (PN 1) (I/2)2+(—5+29A+U)?)

% <e25u 1 e~ B(=20A—4p+U) _ —B(4gA—4ut2U) _ 9,—3B9X (676(2U*5u) T e*ﬂ(Uﬂ‘Su))

+

_ 9B (e—ﬁ(2U—5u)+e—ﬁ(U—3u)) _ 289> (e—ﬁ(SU—W)+3e—ﬁ(U—4u)+e—ﬁ(U—2u))
+4 (e?»ﬁu + e—ﬂ(U—5u)) cosh(BgA) — e (e728V — 4) + e—B(2U—6u))

1 — coth(BgA) 1+ coth(BgA) )

1 .
+ 297/\ [ (626N+35U)smh(ﬂ9)\) (1:12 + (0 — 290)? (T'/2)2 + (5 + 2g))2

X (2626(‘“71]) (65“ cosh(28g\) + 2 (625“ + eBU) cosh(Bg\))

+ eBu=30) (e4l3u + 428+ 4 ezﬁU) )]} (A.8)

Pulling out a factor of
Zip = 1+ 4 cosh(Bhg)) (66” + e'g(?’”_U)) + 2¢%81 (2+ e_BUcosh(ZBhg)\)) + Pl4n—20)

we retrieve the equation for the one dimensional case Eq. (3.25a).

We further derive equations for the particle number conservation and self-consistency condition for a 2D atomic
lattice.

2
(R) :22{462/3“—1— [65“+6635” (e_BU—i— 2) +7e=PBU=TI) 4 10e5PH (e_QBU + 26_BU)] cosh(BgX)  (A.9)
iD

+ (3665“ (e73PV 4+ 2¢720V) 4 16e=AU—A) 4 o261 (e7PY + 2)) cosh(26gA)
+ (5e*ﬂ(2U*5") + 3@76((]*3”)) cosh(38g)) 4+ e PCU=4) cosh(48gN)

+ 2" (720U + 47PY 4 4) + e7PUU=80) 126—5<2U—6“>}

1 45 f
A= g ) { (eﬂ“+2e3ﬁ“ (€77 4 2) +eP(Th=3U) 4 9e5hn (e*2ﬂU+26*ﬂU)) sinh(BgA) (A.10)

Z% ((I'/2)2+62
+ (eGB" (e73PY 4 2¢7 28U 4 8ePn=U) 4 281 (¢=PU 4 2)) sinh(28g)

+3 (63(3“_[]) + 6’8(5“_2(])) sinh(38g) + e?(41=20) sinh(4ﬂg)\)}

Since both expressions only contain local density operators, they also reproduce the equations in one dimension
Eqgs. (3.25b) & (3.25c¢).

We confirm these calculations by computationally evaluating all term when tracing over the unit cell and obtain
agreeing solution contours in the (u, 3, \) parameter space for the system of equations in 1D and 2D [see Fig. A.1].
Since the hopping processes considered do not involve multiple lattice directions, we expect the same results for
cubic lattices. For similar lattice geometries, the relative scaling of the terms might change depending on the energy
spectrum of Hg¢ on the defined unit cell, the overall form of the equations however should remain unchanged.
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Fig. A.1: System of equations in low hopping thermodynamic limit comparing a 1D (orange) and 2D (blue)
atomic lattice in the (u, 3, \) parameter space (a) Solution of the energy transfer equation Eq. (3.25a), (b) solution
of particle conservation condition Eq. (3.25b) and (c) solution of self-consistency condition Eq. (3.25¢)

A.3 Thermodynamic limit in the weak tunneling regime - higher order
corrections in 1D

We calculate higher order corrections to particle conservation and self-consistency condition in order to confirm
the convergence of the equations O(.J?) derived in Sec. 3.2.

Again we consider the system hamiltonian H = Hy + Hy, with the kinetic part as a perturbation. In this case, a
general operator expectation value can be calculated as

Tr [e_ﬁgoﬁﬁ] N

(Ar = — eome] (1) = e7Ho/hemmH/n (A1)

. B R B T1 R R
U(ﬁ) =1 - / dTlijn(Tl) —|—/ d’7'1/ dTngjn(T1>Hkin(Tg) +0(J3) (A.12)
0 0 0

U@
The first order here will vanish in the further calculation as it does not go back to the initial state.

Inserting the definition of H, and performing the integrations yields
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! 1
UB) =1+ J? JZQB{W (1 =nja —njt1a + 2njanjtia) + e (n50 — ey n)
(A.13)
1
T oA 1T e ~ Mianya) { (Ma = nj40)
1 .
+ { (290)2 (1 —=nja —njria +2njan;11a) (6—29)\(_1)35 B 1)
1 B L
+ (29X (=1)7 = U)? (”j& - nja’l’bj+1a) (e (2gM (=17 =B _ 1)
1 _ Y
- (2gA\(-1)7 +U)? (nj+1a = njanjia) (e~ AP 1)}ﬂja (1—7nj41a)
! J
+ { (2g))2 (1 = nja —njt1a + 2n5an;+1a) (629/\(—1) B _ 1)
1 L
+ (2gA\(—1)7 — U)2 (nja — njanjiia) (6(29>‘( 1)7-U)8 _ 1)
1

RIN=1)7+U)B _ 1) }nj+1a (1 —nja)

T 21+ 0) (5415 = njanjta) (
= 1+U®(3) +0(s%)

With this we calculate some quantities appearing in the self-consistency and particle-conservation equations

1
() :Z—ID (4 cosh(Bhg\) (e'B” + eﬂ@“*U)) + 4281 (2 +e AU cosh(QBhg/\)) + eﬁ(‘“‘*w))
A 2
(A)r :Z—m<sinh(6hg)\) (e + eB(S“_U)) 4 e*Pre=PU sinh(26hg)\))
1 (48 e~ (292+U)B L 9 o(29A-U)B | 9
U, —— [ 22 ginh(Bha\) (Pt — 3B1e=BU 28p _
W) = (st (B (e — 55 ) + e R
TS e—(292+U)B _q N e(29A=U)8 _ 1
(29X + U)? (29X —U)?
1 253 e~ (hgA+U)B _ 1 (2hgA-U)B _ 1
U N =— 22 sinh(Bha\) (e — 3e3Pre—BU 26p [ _
(Unj)r Z1D<Qg)\sm (BhgX) (e e*he ) te CENGE + I NSE
A 1 4 sinh(28hg\) _
@AV, =— h(BhHg\) — Bu _ oBBu=U)
W8y = (5o (Boosn(ngn) - ALY (oo prsn-0)
N 9281 ﬁefﬂ(zhg)‘JrU) B 1 — e~ (2RgA+U)B
200+ U 200+ U
N 9281 56_5(2h9)‘_U) B 1 — e~ (2hgA-U)B
2912 —U 291 —U

The self-consistency condition and particle number equation thus become

1= (nyr[1 — (UP)7r] + (UDn)r (A.14a)
A= 52+2(g](§/2)2 [(A)r[1 = (UP)7] + (UPA)7] (A.14b)

Within the parameter range shown in the following results section, the deviations between results calculated with
and without the higher order corrections agree within the limits of the numerical accuracy reached when solving
the system of equations. Therefore, since the calculation without corrections is faster and more stable, we will use
the system of equations presented in Eqgs. (3.25) if not stated otherwise.
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Appendix

Appendix "Cooling effects and
fluctuation-induced bistability in the steady
state phase diagrams"

B.1 System of equations L. — oo bistability empirical approximations

In this section we aim to find analytical expressions for the parameters (u, 3, A) that solve the derived system
of equations in the thermodynamic low hopping limit Egs. (3.25). We concentrate on specific parameter regions
presented in Chapter 6, setting the filling to (i) =1/2 [see Sec. 6.1]. The equations are analyzed around the edges
of the fluctuation-induced bistability at quarter filling that was described in Sec. 6.3. At a value of the atoms-cavity
coupling gy; 1 beside the solution (y11, 81, A1) a second stable solution (11, 31, A1), that is typically characterized
by a larger cavity field parameter and lower temperature appears. Both solutions coexist until at gy; 2 the A;-
solution vanishes. We start by investigating the properties of Eqs. (3.25) in the bistability region with a focus on
the edges.

Determine u(3) from particle conservation equation.

In the self-ordered regime for values of the atom-cavity coupling around the bistability region g € {gvi 1, gbi,2}» We
observe a very weak dependence of the particle conservation condition fixing the average local atomic density (1)
[Eq. (3.25b) on the cavity field parameter A. Thus, to simplify we set A=0.

(f) eBr 1 eBBu=U) | o28n (2 + efﬂU) + eBan—20)
7 = 1+4 (eﬂ/L + 65(3/L—U)) 4 2e28u (2 4 e—[}U) + eBap—20) (B.1)
Solving for the chemical potential 1 yields the analytical expression
~ N N /2
1 ~ A _1)2626U_( n) _9 n)eBU 1
u(B) = = log | —((R)—1)e’V + () ( A ) . (B.2)

B () =2

The expression can be simplified considerably by assuming one is in the strong-interaction regime exp(SU) > 1

,Ufsimple(ﬂ) = - 10g(2)/ﬂ (B3)

In Fig. B.1(a) we demonstrate the very good agreement of the two expressions levels of approximation for on-site
interaction U/J =40. In the considered parameter region the chemical potential is this growing linearly with the
temperature.

We now specifically distinguish the regions around the edges of the bistability to derive individual equations for
both of them.
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B B

Fig. B.1: (a) u(8) approximations, Eq. (B.2) (blue), Eq. (B.3) (red) (b) 5(A), full numerical result from particle
conservation and self-consistency Eqs. (3.25b) & (3.25¢) (blue) , approximation Eq. (B.6) (red dashed), Eq. (B.9)
(black dashed) at U/J =40, hd/J=5,T"/J=3, hg/J =9.65

B.1.1 Onset of bistability

At the appearance of the high-A-solution, the system of equations determining (ftsimpic(52), 52, A2) can be further
approximated in order to find an analytic expression for A2(U, g, d, I') and identify the terms in the equation of mo-
tions that cause the bistability. Additionally we obtain an approximate condition for the corresponding g;extbi, 1
by identifying the parameter domain where a solution A\2(U, g, d, I") exists. Note that these approximations are
often empirical and only justified by numerically investigating the functions in the specified parameter regime.

In the full solutions of the equations of motion we observed that around gy 1 for Ay we have a rather low corre-
sponding temperature [see e.g. Fig. 6.21, reasonable agreement with zero-temperature mean-field method]. Thus,
as we are interested only in the terms appearing in Eqgs. (3.25) with the largest contribution, we neglect in the
following the states characterized by the highest energies. For the regime we are considering these are states with
high unit-cell occupation, with either > 3 particles per unit cell, or 2 particles on the high potential sublattice. We
call this in the following as the low-energy approximation, denoted by the index "le".

0 — exp(Bhg)) exp(—Bhg\) ePm
i {1l l (@ s or e * e L0

n < —exp[B(2hg\ — U)] n 1 ) e2hr
(2gA\ = U/h+6)2+(I'/2)?2 ~ (2g\—U/h—6)?>+ (I'/2)? ) 2g\—U/h

+ ( —exp[B(2hgA + U)] 1 ) e
QoA+ U/h+ 02+ (I/2)2 " 297+ UJh—0)2 + (I/2)%) 29 + UJh

(B.4)

Determine B()\) from self-consistency equation.

Within the low energy approximation and using the simplified expression Eq. (B.3) for the chemical potential
the self-consistency condition simplifies considerably to the relation

m tanh(Bg\/2). (B.5)

Even though this relation is not analytically solvable for A, one can obtain an expression for the temperature

1 ((I'/2)? + 6%) A+ g

= 3 8 T2+ 60 A+ og (B.6)

within this approximation.
Determine \(U, g,0I") from EOM

This relation is shown in Fig. B.1 (b) and compared to the numerical solution of the full self-consistency equation
beyond the low energy approximation. A good agreement is found. In particular, the value of A rises extremely
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rapidly a low inverse temperatures and then bends to saturate at larger values of the inverse temperatures corre-
sponding to the low temperature limit to the value of A\pne. =389/ ((1'/2)? + 62). We find that the second solution
which gives the onset of the bistability and thus, also satisfies the equation of motions lies close to the maximal
bending of the curve which lies close to the where SgA=4. We will use this point later as an expansion point.

Using Eqgs. (B.3) & (B.6), we rewrite the energy transfer Eq. (6.25) as a function of \.

Taking a look at the individual terms, we observe that taking only the terms o< 1/(2g\) [first line Eq. (6.25), red,
dashed line in Fig. B.2 (a)] into account, gives very good agreement of zero value of the EOM at low values of
A=20.69. This approximation corresponds to the U — oo-limit since we neglect the possibility of double occupied
sites and we nicely reproduce the A; solution [petrol line in Fig. B.2 (¢)], yielding

\ _ ((I')2)2 + §2)% — 46242 (B.7)
lapprox 9 ((F/2)2 + 52)2 _ 492 (([‘/2)2 + 252) .

However, this does not capture the disappearance of the A;-solution at gy; 2 and as it is seen in Fig. B.2 (a) the
additional two values at which the EOM vanishes around A =~ 1.6 which correspond to the unstable solution and
the A2-solution cannot be recovered by this simple approximation.

For the appearance of the Ay-solution further contributions < 1/(2gA—U/#) [second line Eq. (6.25), blue line in
Fig. B.2 (a)] need to be taken into account. This shows the importance of the interaction in the generation of this
bistability. Neglecting terms < 1/(2gA+U/h), Eq. (6.25) simplifies to

0 L (I'/2)*+6%)\ — g B —((I/2)2+6%)X = bg E5)
Agh | (—(I/2)246%) X — 69) (I'/2)246%)  ((I/2)2+62) A — 6g) (I/2)2+ (291 +6)*) '
29A—U/h

—((Ir/2)*+6%)A—dg X
1 1 ( (T/2)=2)x=0g )
+ n —

29A—U/h) | (T/2)2+(2gA—U/h—6)2  (I'/2)2+(29) — U/ +6)?

[blue dashed line in Fig. B.2 (b)]. This equation is still too complicated to be solved for A\, analytically, thus, for
the terms that only slowly varying with A we replace A with a constant value empirically determined from Eq. (B.5)
[see black dashed line in Fig. B.1 (b)].

Moo= 0 tanh(2) (B.9)

(I'/2)2+0

Furthermore, we approximate the terms in Eq. (B.8) by rational functions using a Padé-approximation [289]
[m/m]eom(A) to order m = 1 around multiple expansion points Ao, depending on the divergence points of the
individual terms [green line in Fig. B.2 (b)]. For the second term in the first line of Eq. (6.25) we choose the
U — oo-solution for Ay given in Eq. (B.7) and for the second line terms the expression for \g in Eq. (B.9). The
region of convergence for the approximation strongly depends on the expansion points, and we found this choice
to be working the best. The approximations employed capture well the maximum and following zero-crossing

exhibited by the numerically solved full system of equations, as shown comparing the black dashed and green
lines in Fig. B.2 (b).

After performing the approximations described above, the resulting equations can be solved analytically. We
obtain a function for Ay around the onset of the bistability, which nicely reproduces the numerical solution for
the full system of equations up to the maximum Aq-value [see Fig. B.2 (c)]. The approximate analytical solution
X2(U, g, 6, I') has a real solution only for

9> \/(U/;_‘S) ((I'/2)2 +62) (B.10)

This gives an estimate for gy [Eq. (6.14)]. Comparing to the numerically determined onset of the bistability
region we see a nice agreement in the parameter regime of large interaction strengths U/.J and 62 + (1'/2)? small
[see red lines in Fig. 6.22].
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Fig. B.2: (a) terms in EOM Eq. (6.25)) using Eqgs. (B.3),(B.6) all terms (black, dashed), lines 1+2 (green), line 1
(red), line 2 (blue) (b) EOMe [ttsimpie (B(A)), B[], A] [Eq. (6.25)] (black), neglect terms oc1/(2gA+U/h) (yellow),
EOMe, approx simplified to Eq. (B.8) (blue), Padé-approximation of Eq. (B.8) (green) (c) full numerical solution
for A (red), Amr = A(A = N/L) [Eq. (3.3)] (black), solution of Padé-approx. of Eq. (B.8) (green), approximate
solution A approx [Eq. (B.7)] (blue), vertical dashed line [Eq. (B.10)], at U/J = 40, hg/J = 9.65, hd/J = 5,
hI'/J=3

Taking a look at the individual terms, it shows that while taking only terms o 1/(2¢\) into account nicely re-
produces the A\; solution, for the appearance of the Ag-solution further contributions o 1/(2gA —U/h) start to
dominate.

The qualitative behavior is determined by terms
—exp(Bhg)) e —exp[B2hor —U)] 1 e
(29N +0)2 + (I'/2)2 ] 2g\ 29\ —U/Rh+0)2+ (I'/2)>  (2gA\—U/h—0)?+ (I'/2)? ) 29X —U/k

where the last part mainly contributes a shift of the function, changing the gy; 1 at which the further zero-crossings
of the function occur.

Inserting the approximations previously made for i [Eq. (B.3)] and 8 [Eq. (B.6)] and neglect the terms o 1/(2gA+
U/h).

1 (/2 +6*) X —ég B —(I/2)* +6*) A —dg
WA\ (= (/22 + ) A= 39) (/27 + 297 = 0)°)  ((I/27+8) A = 3g) ((L/2)? + (290 +6)?)

1 1 (I'/2)2+06%)A—0dg Bl
T 12gn—U/n) (I'/2)2 + (297 —U/h—8)>  (I'/2)2 + (2g) — U/h + 6)° 1D

( —((F/2)2+52))\—6g> ax

Since this approximation is still not solvable analytically, further simplifications are needed. We replace A =

fﬁ;;)i%‘;@ in the function parts that slowly vary with A. (not choosing the also thinkable A = U/;q =3 (o not
introduce additional singularities in the function)
Also, terms (I"/2)? are neglected where possible.

_coth2(2) ((Z“/2)2+62)2((F/2)2 coth(2)+52(1+coth(2))) (B.12)

g (M(I/2)2+62)—3g) (6 coth(2) (I'/2)2+62) + 20g7)>
coth(2) (I/2)2462)” (I'/2)?— 62 (tanh(2) — 1))
453¢2 (I/2)2+02(1+tanh(2))) (I'/2)2+0%—2g? tanh(2))

166g((I'/2)%46* (Ltanh(2))) )2~ hog?
. 1 1 T wmaymsea7ym 9
4(2g\ — U/h) (7 225122;;?;1:16(22) +5+U/h>2 (I'/2)2+(6+29A—U/h)?

The approximation captures the maximum and following zero-crossing in the EOM quite well (Fig. B.2)
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The resulting equations can be solved analytically. We obtain a function for A around the onset of the bistability,
which nicely reproduces the numerical solution for the full system of equations up to the maximum A-value.

The resulting function A(U, ¢, d, I"') has a real solution only for

g > \/(U/Z(;_é) ((I"/2)2 + 62) (B.13)

This gives a crude estimate for gy; 1. Comparing to the numerically determined onset of the bistability region shows
nice agreement for large U, low ¢ and I" ~ 4.

(z1+et)’
2a4 (1+e)(I2+462)2 (8 —1+¢) g2+ (1+¢) (2 +442))°
1
g (16a1a6 (—1+¢4)((1+€4) 12 +8e182) (1+et) (12 +462)g—8(—1+et)g3) *6% +..

(B.14a)

)\Pade =

cobazas (1+et)’ (12 +462)3 ((1+¢4) 2 +852))
2 2
X (((F_Hli))b (128a1a4a664 ((1+e4)F2+8e452)g3 ((1+e4)2(F2+462)2—64(—1+e4)2g4)254
—1+e
+a2(F2+452)(16a3a6( Le®) (14€*) T2 +86*5%) (14¢*) (I +45%)2g—64(— 1+¢*) %) *5°
+as(1+e’ ) (I'*+46%)(ae (1+€*) (I +457) ((1+e4)F2+852)(8(—1+e4)92+(1—1—64)(F2+452))2
+das (—1+¢")0g(64(—1+e*)* (1+e*) " —8e*s 1 —64es") g*
+16(1+e") (I°+46%) ((1+4e" +3€%) I +8e* (543" ) 52 I* +64e (1+€) 5) g
- (1—|—e4)2(F2+452)2((1+e4)F4—86452F2—646464)))> coth(2)>

+ \/(F2+462) (128a1a4a664((1+e4)F2+86452)g3 ((1+e4)2(F2+4(52)2—64(—1+64>2g4)254

(-1e)"

+a (12 +482) (16asac (— 1+et) (14+e?) 12 +8¢462)((1+e4)* (12 +482)2g— 64— 1+¢*) "g7) *53

tas (14e4)* (2 4462) (a6 (1+e) (12 +462)2 (1+e) 12 4+852) (8(—14e4) g2+ (1+¢) (2 +442))°
(

Has (—14e)6g(64(—1+et)((14+e?) 4 —8et62I? —64e464) g4+ 16 (1+et) (12 +482) ( (1 +4det +3¢8) It

1864 (53645212 464t (1+4)4) g2 + (1 ¢4) (12462)2 (1 ¢4) T4 —8edd2T2 - 64¢154)) ) coth(2))2

6das (1+et)6(12+462)2g (8 (— 1+et) g2+ (L+et) (12 +482))°
(—1+€4)12
><(16a1a6 (—1+e4)((1+e4)F2+86452)((1+e4>(F2+462)g—8(—1—1—64)93)253

tazas (14et) (02 4+462)3((1+e)2+862)) (16arasac ((1+et) [2 +8¢162) g3

X ((1—‘,—64)2(F2+462)2 —64(—1+e4)2g4)264+a2(F2+452) (4a3a663 ((1+e4)F2+8e452)

((1et)* (12 +462)29—64(—1+¢1)°g5) —aa (1+et) (2 +462) (ag (1 +et) (172 +462)
Has (—1+¢4)5g) (64(—14¢4) %52 (3(1+¢t) 2 +8(1+2¢4)62) g* —8(1+¢*) (12 +452)
((14e4)’I142(3+8et +5¢8) 8202416 (144 42¢8) 64) g2+ (1+€1) *62 (12 4-452)?

% (3(1+et) 12 +8(1+2¢1)82) coth(2)) )
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With
4y 2 | _U(/2)2462) coth(2)
(_1 “+e )F ) 592

— 27(F2 15%) (B.14b)

a = (F2+452)2((1+e4)F2+86462)2<e4
x ((F2+462)2(16(1—1—@4)7U7(F2+452)7—64(1+e4)6U65((1+e4)F2+4(1+e4)62
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—4(—1+e") (1+¢") U697 (65536 (— 1+¢*)” (109 154e" +57¢%) 6 °
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as =(I*+45 )((F +46%) (6 2(p2+452)) (256(e 1)76% (B.14d)

+64(5—1) 37 (I +46%) (0—U) + (1+€*) (I +46%)? (F2+4(U75)2)>
—((1+e*) I +8¢%5%)* (1 +¢*) (F2+462)(5+U)—8(64—1)592)2>
_Ucoth(2)(I'/2)%46?)

(““sirmm)

as =(1+¢*)" (tanh(2) 1) (I +46%) (6 +U) —86¢? tanh(2))* (85¢” tanh(2) — U (I'* +46?)) (B.14e)
(2565°g" tanh®(2) +645g° tanh(2)(I"* +46%) (6 —U)+ (I'* +45°)* (I'* +4(U —6)?))

132



OtetyU (ras?)

= 4N2 ¢4 (2 2\2 = 4y 2\ GdeDU(M74H467)
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Fig. B.3: (/) approximations, Eq. (B.2) (blue), Eq. (B.3) (red) at U/J =40, hd/J =5, il /J =3, hg/J=14.1

B.1.2 End of bistability

At the disappearance of the low-\-solution, again we try to approximate the system of equations determining
(w, B, A) in order to find an analytic expression for A (U, g, d, I') and show which terms in the equation of motions
are crucial for the disappearance of the low solution. An approximate condition for the corresponding g, is also
derived from the function domain, putting a constraint on the parameters for A (U, g, 0, I") to exist.

Generally we note, that the intersection line between particle-conservation- and self-consistency condition is only
very weakly depending on A. Also, the equation of motion is almost independent of the chemical potential 5.

Determine 1.(/3) from particle conservation

Solving the particle conservation condition at A = 0 as before, we obtain an approximate solution for u(f3) as
before. However, since the temperature in this parameter region is a lot higher that at the onset of the high-\
solution, the expansion for exp(U) large is a more crude approximation here. (See Fig. B.3 around 5 ~ 0.05)

We keep comparing the results using both () and psimple(8) [Eq. (B.2), Eq. (B.3)] to track the influence of these
deviations.

Determine () from self-consistency

To determine [, since the self-consistency weakly depends on A, we insert the p-equations into the condition at
fixed A = \g. The point Ay will later be set to e.g.

((1/2)2 + 62)° - 482¢”
2(((0/2)7 + 82)° = 207 (1/2)? +267))
5

AW%wﬂ%m%:7EEZ3§ (B.16)

AU —o0) =

(B.15)

Note, that since the temperature is higher, the low-filling-approximation does not represent the system as well as
at the onset. it might be necessary to consider further higher unit cell filling terms.

469

N =T )

B.17)

(1+4€PY) (eﬁU/2 (1+2ePY) +v/1+4€ePU cosh(ﬂg)\o)> sinh(BgAo)
4ePU/2 (1+6ePU 4828V cosh(Bgho) + vV 1+4ePU (1416e2PU +cosh(28gAo) +2€5V (342 cosh(28g\0))
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Fig. B.4: sc(f3, Ao, o) approx. of Eq. (B.17) atU/J =
40, 6/ J = 5, KI')J = 3, hg/J = 14.1, A\o(U — )
Eq. (B.15)

magenta: sc(u(8), 8, Ao),

blue dashed:sc(ftsimpie (), 5, Ao)

red: sc(u(B), 8, \o) Padé-approx. 5o =0,

cyan dashed:sc(usimpie (8), B, Ao) Padé-approx. fo=0
orange: sc(1(3), 5, Ao) Padé-approx. Sp=2/U,
green:sc(fsimpte (3), 3, Ao) Padé-approx. By =2/U
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B 1.0t _,./K
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Fig. B.5: sc(8, Ao, o) approx. of Eq. (B.17) atU/J =
40, h8/J = 5, k['JJ = 3, hg/J = 14.1 at (U —
50)(B.15); Ao(U, g— 00) Eq. (B.16))

magenta: sc(u(f), 8, \o(U — 0)),

blue dashed:sc(tsimpie (5), 5, Ao (U —00))

red: sc(u(B), B, Ao(U, g — 00)),

cyan dashed:sc(stsmpie (8), B, Ao (U, g~ 00))

orange: sc(u(B), 8, Ao(U, g = 00)) Padé-approx. 5y =
2/U,

green dashed:sc(ftsimple(3), B, Ao(U,g — 00)) Padé-
approx. fo=2/U

In order to solve for 3, some approximations are necessary. We employ a Padé-approximation in 3 around the
general expansion point 5y to O(fS). The resulting approximate self-consistency condition shows nice agreement

with the original function.

Comparing the different approximations in the previous steps shows, that while the solution of the self-consistency
is quite sensitive to the expansion point 3y (comparing 3y =0 to Sy =2/U in Fig. B.4) the more crude approxima-

tion for u(3) seems to be sufficient.

The Padé-approximations of Eq. (B.17) can be solved for §, resulting in a function 3(\o, 5o, U, g,6,I"). Com-
parison of the resulting curve for different expansion points (\g, 3p) are plotted in Fig. B.6 together with the full
numerical result for 5 of the complete system of Egs. (3.25). The sensitivity to the expansion point 3 is apparent,

while changes in \g do not strongly effect the solutions.

0.070
0.065}
0.060 P,

0.055¢ S,

0.050} RS
0.045}
0.040}

B Padé—approx

e full numerical data
BSChgmple[Ao(U—00),80=2/U]
BsChgmplelAo(U,g—00),B0=2/U]
T BSChgmpic[A0(U,8—00),B0=0]

13.0 13.5 14.0 14.5

hg/J

15.0

Fig. B.6: 5(XAo, B0, U, g,0,I") solutions of Padé-approx. of Eq. (B.17) around expansion points 3y = 2/U;0 at
UJJ =40, h8/J =5, hI'/J =3, hg/J =14.1 at (Ag(U — 00) Eq. (B.15); Ao(U, g — 00) Eq. (B.16))
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Determine \(U, g, 6I") from EOM

Finally, the approximations are inserted in the equation of motion. Here we see, that the qualitative behavior of

the curve for the lower solution is nicely reproduced by the first four terms (cx 29%, 29/\+U) , while the remaining

terms (oc %) only introduce a minor shift of the function as seen in Fig. B.7.
gA+U

The full low-filling-equation of motion EOMi¢(ftsimpie (3( X0, B0))s B( Ao, Bo), A, U, g, 9, I") is given by.

1 efﬁg)\ 659)\
0= — - (B.18)
49\ {(1“/2)2 + (297 —6)2  (I'/2)2+ (291 + 5)2]
1 1 eB(2gA=U)
+ 4(2gX — U) {(F/2)2 + (2gA—U—-0)2  (I'/2)2 + (QgA—U+5)2]
1 e—B(2gA+u) 1
BTN {(F/2)2 TRt U 02 (T2°+ 29h 1 U+ 5)2}
Not taking the low-filling limit leads to EOM (ftsimple (3(Xo, £0)), B( Ao, Bo), A\, U, g,6,T")
~BU | 4 ~BgA Bgx
oL+ ¢ - ¢ (B.19)
4 4g (I'/2)2 + (29X —6)%2  (I'/2)? + (29X + §)?
1 1 oB(201-D)
+ 20\ —U ((F/2)2 +(29A+U =02 (/22 + (297 —U + 5)2>

1 e~A2MU) 1
ot U ((F/2)2 TR U =02 (T2 1200+ U ¥ 5)2>

Since the behavior of the EOM/ first four terms looks to be quadratic, a series expansion around expansion point
Ao to O(A — )\0)2 is used in order to solve for A. Also, taking psimple 1S accurate enough, as replacing it by the
U-dependent i does not lead to any noticeable improvement.

In contrast to this, it is important to consider all terms in the EOM-equation, taking only the dominating 4 terms
noticeably shifts the critical coupling to lower fig/J (Compare dark blue, green/cyan lines in Fig. B.8)

Also, not performing the low-filling approximation slightly improves the result (Compare light green, cyan lines
in Fig. B.§)
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Fig. B.7: Terms and subsets of therms in Eq. (3.25a2) EOM(u = 0, (o, 50), A\, U, g,0, ') at U/ J =40, hd / J =5,
RI'/J =3, hg/J = 13.2, \g(U — o0) from Eq. (B.15) The red dot marks Ao, black is the full energy transfer

equation

- Ly, approx, EOMj; terms 1+2+3+4, Hsimple
Alow approx all EOMj; terms, Himple
—*= Aoy approx all EOM terms, fgiyple

-~ full L—>c0 solution

13 14

hg/J

12

15

Fig. B.8: Terms in Eq. (3.25a) A functions (various approximations) vs g, at U/J =40, hd/J =5, hl'/J = 3,

Ao(U — 00) compared to the full numerical data
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Appendix

Appendix "Fluctuation-induced Bistability
for Bosons"

C.1 Derivation of System of equations

Here we show details of the derivation of the system of equations used to describe a bosonic many-body system
coupled globally to a dissipative cavity field via transverse pumping. As for fermions, we perform a perturbation
calculation in the kinetic energy and go to the thermodynamic limit. We want to rewrite the suscept1b111ty x7(w )
in terms of the perturbation Hiin. In this sense, we first compute equation of motion of the operator A. Since A
consists of local densities all terms of He except for the kinetic part commute with it and we obtain

0 % 0 j PO i o
&A(t) — ae'LHefft/hAe—lHefft/h — _%elHefft/h I:Heff’ A] e—'LHefft/h (Cl)
= —ﬁeZHOt/h[Hkin, A]eﬂHot/h =7 [Hkin; A] (t).

Using this result we have

- —7/ dteiriot [A() A0 )}>T - —i Ooo dt%(ei(“”e)t) <[A(t>,A(0)]>T
e L — [eerar (TA@),A©)])_ :°+ f;/ooo dte“wﬂe)t% ([A®).A0)])

/ Gttt {agit), A(O)DT _ _% /O % gpeitoion ([[fan, A1 (1), A©)])

s [t (€ ([ 3]0, A0)] ),
o feer o [ A 0L A0]) 17 = 2 [ a0 ([ A0 [ A 0)]),
- 7#02 /OOO dte' (@ Hiot <[[ffkin, AJ(#), [Hin, A)(0)] >T

This agrees with the result for fermions. In this calculation we used the time-translational symmetry [A(t), A(O)] =

{A(O), A(ft)] and we performed partial integration (P.1.). The double commutator expression of the susceptibil-
ity at which we arrived provides a nice way to perform the perturbation theory. By computing the expectation
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values with respect to the unperturbed Hamiltonian Hy, defined as (o) HoT = Tr{e‘ﬂ Ho }, we obtain perturba-

tive result in the kinetic terms on the order of O(J?). The explicit calculation of the commutators and expectation
value results in the following

[Hklm =—J Z i’z“;jv IA)L.LIA)m} =-2J Z Sgn(l_j)?)}gl
(5,1 (4,0)
[ﬁkin, A] (t) = eZHot/h[Hkin, A(O)]e_“%t/;i = —2Jeiﬁ°t/h(z sgn(l—j)@&)e_mot/h.
(4.0)

We determine the time evolution of the operators by considering the action on the local basis states

{‘0>] 9 |1>j 9 |2>] y ey |nmax>j}
and obtain
éj(t) = eiﬁot/héje_iﬁot/h = eiﬁjt/haje_igjt/h

_ eit/h(%ﬁj(ﬁj—l)—hg)\Aj—/Lﬁj)éje—it/h(%ﬁj(ﬁj—l)—hg)\Aj—/Lﬁj)

bj(t) [n); = et/ Mhje st ), (C2a)
- eit/ﬁ(%ﬁj(ﬁjfl)*ﬁ%&*Mlj)f)je*it/h(%ﬁj(ﬁjfl)*ﬁgkAJ‘*Hﬁj) In);
- \/n*je—it/h(U(nj—l)—th(—l)j—#) In — 1>j

~

bi(t) In),; = et/ e=tHit/h ) (C.2b)

_ eit/h(%m(m—l)—thAj—uﬁj)gte—it/n(%ﬁj(ﬁj—1)—ng>\Aj—mj) n).
J J

= \/nj + Tetit/R(Un;—hgA(=1)7 —p) n+1),

[gkin, A] (t) = oiHot/h [gkim A} (O)e—mot/h _ _2‘](2 sgn(l_j)eiﬁjt/h?);r_e—iHjt/heiHlt/hl;le—iﬁlt/h)
(3,0
= —2J( 3 sgn(l—j)éj(t)él(t)) (C.3)
(5.0)

with this

[[Fin, A (#), [Fliin, A (0] :eiﬁot/h[ﬁfm,A](())e—iﬁot/h:u?( 3 sgn(l—j)sgn(n—m) B (1)bi(t), b Bm])
(3,0

(n,m)
For notation simplicity, restrict to 1D,
I:I:ﬂkina A:I (t)v [I;[kin; A] (0)} = 4J2 ( Z(_]‘)?-H [B_er (t)l;]‘f’l( ) b_]+1( )EJ( ) b bl+1 - bl+1b })
3l

= 4723 (<1 ([ 0y (1), Bfbia] + [BF, (0, (1), 0], 81]

Jil

does not go back to initial state

— [0} b1 (1), B, B] = B, (0D (0, 5[bia])
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([, A] (1), i, A]O)]) =—1723 (=07 (B O340, 8 101])_+(Bla (0850), BBy )
il

_ (T< Bt i 1 b>
S (e oo

+ Tr (He BHy E)T )b;(t), 3;51-5-1]))
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Note: Need to consider that ZA);(t)lAJjH (t)B;+1l§j |n, m) vanishes for m = npax, lA);Hl;jl;; (t)bj+1(t) |, m) vanishes
for n = nyax.

o
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sum over configurations {n, m}, averaging over j even/odd and rescaling with system size
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Use this to calculate susceptibility
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inserting this in Eq. (6.17) and integrating over w one arrives at Eq. (6.21)
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Appendix

Appendix "Time evolution with tensor
network methods and comparison to the
steady state"

D.1 Numerical parameters of long-time values

hg/J | TJ/h | tenaJ/h | Nphomax | m | method | comment
5 0.01 200 25 600 | trotter
6 0.01 200 40 600 | trotter
7 0.01 200 35 600 | trotter
8 0.015 250 40 500 | trotter
9 0.01 200 50 600 | trotter
10 0.015 250 50 500 | trotter

11 0.005 100 40 500 tdvp Niter = 3
11.5 0.015 250 50 600 | trotter
12.25 | 0.015 250 50 600 | trotter
12.25 0.01 100 60 600 | trotter
13 0.015 250 50 500 | trotter
13.5 0.015 250 50 500 | trotter
14.25 0.01 50 80 650 | trotter
14.7 0.01 50 80 650 | trotter
16 0.0075 100 90 650 | trotter
17 0.0075 100 95 650 | trotter
18 0.005 50 120 800 | trotter

Table D.1: Convergence parameters for individual points in Fig. 7.15. For all points the system parameters are,
L =12, quarter filling, U/J =40, 16 /J =5, hI'/J =3. The average is built from 500 trajectories.
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