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1 Introduction

In recent years, the research field of light-matter interaction has grown rapidly. Outstanding
progress in the field of ultracold atomic gases has made this possible, as they provide an extremely
well-controlled and tunable environment for simulating quantum systems [1]. The coupling of these
ultracold atomic gases to optical cavity modes has led to interesting and novel phenomena due to
various competing energy scales. In particular, atomic short-range interactions compete with cavity
induced long-range interactions leading to rich phase diagrams. This was already highlighted in
one of the early experiments performed in the research group of Tilman Esslinger [2], where a
transversely driven Bose-Einstein condensate inside an optical cavity showed a quantum phase
transition into a self-organized state. Since then, it was aimed for generalizations of these systems.
By using optical lattices for the confinement of the atoms, a variety of Hubbard models with cavity-
mediated long-range interactions were realized. One example for this is an extended Bose-Hubbard
model with long-range interactions. Its experimentally studied phase diagram showed besides a
superfluid and Mott insulating phase additionally a charge density wave and a supersolid phase [3].
However, this is still experimentally challenging for fermionic atoms. Recently, the superradiant
phase transition was observed for a Fermi gas inside an optical cavity [4] but the confinement of
the atoms still has to be realized in the future.

In general, ultracold atoms which are globally coupled to optical cavities are a paradigmatic ex-
ample for an open quantum system. However, the openness of the systems makes it theoretically
even more challenging to describe them [5]. Often, a mean-field decoupling of the cavity field and
the atoms followed by an adiabatic elimination of the cavity field is used [6-8]. Trying to find
theoretical methods which go beyond this mean-field approach is hence of great interest. In the
research group of Corinna Kollath and Achim Rosch, analytical and numerical methods were de-
veloped for a bosonic system considering effects of fluctuations beyond the mean-field level [9-13].
In this thesis, we want to apply part of the analytical methods on an analogous model for fermionic
atoms in order to investigate the self-organization phase transition.

We study a chain of (interacting) fermions globally coupled to a dissipative cavity mode. First
we introduce the framework of Markovian open quantum systems in Chapter 2 and then we give
a brief derivation of the theoretical model in Chapter 3. In Chapter 4, we perform a mean-field
decoupling between the atoms and the cavity field which sets the basis for the description of the self-
organization transition. We go beyond this approach by capturing the effect of fluctuations using
a many-body adiabatic elimination method presented in the same chapter. Since thermalization
plays a crucial role for the applicability of a thermal ansatz used within the many-body adiabatic
elimination, we investigate the level statistics of the atomic part of our Hamiltonian in Chapter 5,
which is essentially given by the ionic Hubbard model. Showing the non-integrability of this model
then justifies our ansatz.

With this theoretical tools at hand, we can then start the discussion of the self-organization
transition in Chapter 6 in the non-interacting limit of the model. There, we introduce the concept
of symmetries in open quantum systems since this model has a so-called strong symmetry leading
to multiple steady state solutions in the system. Thus, we study the self-organization transition
for each of these solutions and discuss emerging differences. In Chapter 7, we investigate the
interacting model by focusing on the differences in the resulting phase transitions of the mean-field
approach with and without fluctuations. We find significant deviations in particular in the nature
of the atomic state showing the essential influence of fluctuations onto our system. Additionally,
we again find strong symmetries present in this interacting model and discuss the influence of the
symmetries onto the self-organization transition.






2 Theory of open quantum systems

As the starting point for our theoretical description of ultracold atoms coupled to a dissipative
cavity mode, we give a short introduction to open quantum systems and an overview on the
derivation of the Lindblad master equation. For this, we follow Breuer and Petruccione [5].

An open quantum mechanical system S is a system which is in contact with an environment
E. Both systems have their own Hilbert spaces Hg and Hpg which give the Hilbert space of the
complete system

H=Hs®Hp. (2.1)

Analogously, the Hamiltonian for the total system can be decomposed out of the Hamiltonians of
the system S and the environment E as

H=Hs®1lp+1s® Hg + Hgp. (2.2)

The additional Hamiltonian Hgp describes the interaction between the two systems. Usually, it
is not feasible to study the full system because of the huge amount of degrees of freedom of the
environment. But under certain assumptions, one can capture the effective dynamics of the open
system S under the action of the environment E. In the following, we want to give a brief overview
on that.

We start by looking at the full system which is described by a density matrix p. The dynamics of
the density matrix are determined by the Liouville- von Neumann equation

%/m —%[H”O}- (2:3)

By performing the partial trace over the Hilbert space of the environment, we can define the
reduced density matrix of the system S as ps = Trg(p). Similarly, we define the reduced density
matrix of the environment as pg = Trg(p) by performing the partial trace over the Hilbert space
of S. With this definition and Eq. (2.3) we find that the reduced density matrix of the system S
is given by

pS(t) = TrE[U(tvtO)p(tO)U(tatO)TL (24)

where U is the unitary time-evolution operator of the full system. Again, in most situations, it is
not feasible to calculate the full evolution. Hence, we would like to first trace out the environment
and then perform the time evolution only for the reduced density matrix of S. For this, we first
make the assumption that initially at ¢ = ¢ty the system and the environment are decoupled from
each other and that the environment remains constant in time

p(to) = ps(to) ® pE. (2.5)

This is valid if the environment is large enough so that it will not be significantly effected by
the dynamics of S. Further, we assume that the evolution of the system S is Markovian. This
means that the future time evolution of this system only depends on its current state, i.e. the
past trajectory of the system S has no influence on the future time evolution. This is true if the
relaxation time scales of the environment are much shorter than the time scales of the system-
environment coupling. For systems in the field of quantum optics and ultracold atoms, the Markov
property is usually well-fulfilled, but note that in general this has to be checked carefully. Under
those assumptions, one finds the quantum master equation in Lindblad form
i

%Ps = L(ps) = h[Hs, ps]+D(ps) (2.6)



2 Theory of open quantum systems

with
1
D(ps) = 3 E i+ (2LipsL} — LI Lips — psL}L;). (2.7)

Here, the Lindbladian £ generates the Markovian time evolution and contains the dissipator D(pg)
with certain Lindblad or jump operators L. This models the effect of the environment on the
system S with coupling strengths ;. Without the dissipator, the time evolution would be given by
ps(t) = Us(t,to)ps(to)Us(t, to)! with Us corresponding to a unitary time evolution on Hg. This
unitarity is broken by the dissipator. Note that the Lindblad equation preserves the hermiticity,
the trace, and the positive semidefiniteness of the density matrix.



3 Fermi-Hubbard chain coupled to a dissipative cavity
mode

The system which we want to study in this thesis consists of interacting ultracold fermionic atoms
which are confined to a one-dimensional optical lattice. The atoms are coupled to the field of a
dissipative cavity mode and are driven by a transverse laser beam.

Following Maschler, Mekhov, and Ritsch [6] and Mivehvara et al. [8], we start the derivation of
our theoretical model by describing N two-level atoms with internal states {|g),|e)}, mass m and
transition frequency weq. These atoms are strongly interacting with a single standing wave cavity
mode of frequency w. and are coherently driven by a transverse pump beam at frequency wy. In
the rotating frame of the pump beam, this system can be described by the many-body Hamiltonian

H = H, + He + Hye + Hap, (3.1)

where the different parts will by analyzed in the following.

The atomic Hamiltonian H, is given by

h? h?

H, :/d% [qf;(x) (—va? - Vg(x)> T, (x) + Ul(x) (_mvz +Vo(x) — héa) \IIE(X)}

1 , (3.2)
+3 Z Grrr / B, (x) U (%)W, (x) ¥, (x)

T,7'=g,€e

with the atomic field operators ¥,(x) and ¥.(x) for annihiating an atom at position x in the
ground state and the excited state, respectively. V,; and V, are external trapping potentials for the
atoms. The detuning of the atomic transition frequency from the pump field frequency is given
by 0. = wp — wey. The second line describes the two-body interaction with gyy, gee and geg = gge
being related to the s-wave scattering lengths a,,/ by g, = 4wa . h?/m.

The cavity field is described as a harmonic oscillator with associated Hamiltonian
H, = hi.a'a, (3.3)
where the detuning of the cavity frequency from the pump field frequency is denoted by dc = we—wy,.

The coupling between the atoms and the cavity field reads
H,. = —ih/dgx [\Ilg(x)g(x)aT\IJe(x) — \I/l(x)g(x)a\llg(x)} (3.4)

with the cavity mode function g and the interaction between the atoms and the pump laser beam
is given by

H,, = —ih / A’z [ U] (x)h(x) Ve (x) — Tl(x)h(x)V,(x)], (3.5)
where the mode function of the transverse pump field is represented by h.

In order to describe the dynamics of this system, one can look at the Heisenberg equations of motion
for the atomic and photonic field operators. As we are interested in regimes with temperatures
close to T' = 0, heating processes such as spontaneous emission have to be avoided. Therefore, the
pump frequency is assumed to be far detuned from the atomic transition frequency such that there
is only weak atomic excitation. The shortest time scale in the system is then 1/|d,]. In this limit,
the excited states can be adiabatically eliminated from the dynamics by approximating

W () = — - (g(x)a + h(x)) ¥ (). (3.6)

a



3 Fermi-Hubbard chain coupled to a dissipative cavity mode

Inserting this expression in the equations of motion for ¥,(x) and a, one can find an effective
Hamiltonian capturing the dynamics of the system in our limit

Ho = [ 2 0)(x) {—i@v? P00+ (12 (x) + g*(x)ala + h(x)g(x)(a + am} W, (x)
a (3.7)

g
+ % d*z \Il;(x)\ll;(x)\llg(x)\llg(x) + hé.ala.

By using optical lattices, one can reduce the dimensionality of the system to a one-dimensional chain
along the cavity axis. The corresponding mode function of the cavity is given by g(x) = go cos(kzx)
with the cavity wavevector k. Because of the fact that the transverse pump beam is a broad
standing wave, which is perpendicular to the cavity axis, it is constant for all sites of the lattice.
Hence, h(zx) = hocos(kpy) with the pump wavevector k,. Furthermore, the trapping potential
along the cavity axis is given by V,(z) = Vo cos(kxz)?.

Finally, we expand the atomic field operator ¥ (x) in terms of single atom Wannier functions wy,
as
Ty(z) =Y cni wale —z:), (3.8)

where ¢, ; corresponds to the annihilation of a fermion in the n-th energy band at site i. Assuming
that the involved energies are much smaller than the excitation energies between the lowest band
and the second lowest band, we can restrict the Wannier expansion to the lowest energy band. We
then end up with the Hamiltonian'

H= Hcav + Hkin + Hint + Hac (39)
where now
Heaw = hda'a
L
Hyn = _JZ Z (C;,acj-‘rl,tf + C;’Jrl,acjvlf)
J=loe{t,l}

L
(3.10)
Hiw = U _njpng,
j=1

L
Hye = -hQa+a)0 with 0= 3 (~1)n,.
j=loe{t,{}

Here, n;, = c;r-ygcjﬁ, N is the total number of fermionic atoms and L stands for the number of
sites of the chain. Hy;, describes the tunneling process of the atoms with amplitude J and Hijy
includes the repulsive onsite interaction of the atoms of strength U. The coupling between the
cavity field and the total imbalance between the odd and even sites of the chain is represented
by H,. with amplitude Q. This imbalance is due to the periodicity of the cavity mode which has
twice the periodicity of the lattice spacing within the chain.

In order to capture the dissipative nature of the cavity, we use the Lindblad Master equation

o i

r
5%’ =" [H,p] + = (2apcfr —alap — paTa) , (3.11)

2

which was introduced in the previous chapter. The jump operator is the photonic annihilation
operator a which induces the decay of the cavity field through the cavity mirrors with strength T'.
Since photon losses take place fast compared to the time scale of the evolution of the system, the
assumption of Markovianity is valid. Hence, the Lindblad equation is well-suited for our purpose.
The presented model has a lot of interesting symmetries, which we want to investigate throughout
this thesis. One of them is the Zy symmetry related to the inversion of the sign of the cavity field

INote that the spin degree of freedom was added into the Hamiltonian. For more details, we refer to Mivehvara et
al. [8].



a and the atomic odd-even imbalance O. Since this transformation does not commute with the
jump operator a of the Lindblad equation, it is only a weak symmetry meaning that it does not
necessarily lead to conserved quantities. The concept of symmetries of open quantum systems will
be discussed in more detail in Sec. 6.2. The complete model is sketched in Fig. 3.1.

Mirror

Cavity mode

J T
.-[Oj-.-.-.-&-.-“-.-.
Atomic chain Photon losses

5 =

Pump beam

Figure 3.1: Illustration of the fermionic chain inside a single-mode cavity driven by a transverse
laser beam with amplitude 2. The atoms can tunnel to the nearest neighbour sites
with amplitude J and have on-site interaction of strength U. The loss rate of the
cavity is captured by I'. Due to the periodicity of the cavity mode, which has twice
the periodicity of the lattice spacing within the chain, the cavity field is coupled to the
total imbalance between the odd and even sites of the chain.






4 Methods

In this chapter, we first introduce a mean-field approach in order to find the steady state solutions
of the model described previously. Secondly, we present the many-body adiabatic elimination
method which we use in order to go beyond the mean-field approach by taking the fluctuations of
the latter into account.

4.1 Mean-field decoupling of H,.

Following Halati [13], we start by performing a mean-field decoupling of H,. by rewriting the
coupling between the subsystems in terms of the mean-fields A := (0), and \ := (a + a')., i.e.

(a+a"0 = (a+a')(0)a +Ola+al)e + (0= (0)a) (a+a' —(a+al)e) = (a+a)e(0)a, (4.1)

60 §(atat) const.

where the averages (), and (-). are taken with respect to the atomic and cavity mode density
matrices, respectively. Using this we find

H,. = H%F + 0H,. + const., (4.2)

with
HMY = —pQ(a +a")A — hQNO,

0H,. = —hQ(a+ af — N0 —A), (4.3)

where HMY gives us the mean-field contribution to the resulting Hamiltonian as it describes the
influence of the atomic system onto the cavity and vice versa. é H,. describes the fluctuations from
the mean-field values, which we are going to include within the many-body elimination method in
the next section. The constant term only leads to a shift of the energy and will drop out anyway.
With this, we can now define the following decoupled mean-field Hamiltonians

H,(\) = Hyin + Hing — RQAO,

H.(A) = Heay — Q(a + al)A. (44)

In order to find a relation between the two mean-fields, we consider the Heisenberg equation of
motion for the cavity field. The Lindblad master equation gives the equation of motion for an
operator A as

) i 1
ZA=—[H A+ = - (QLALT — LD A — ALTL, 4.
T h[ ; ]+22i:%( AL; — LiL; i Li) (4.5)

[5]. For the expectation value of the cavity operator a, this gives

m%@ = —Q(0) + (6 — iT/2)(a). (4.6)

Assuming that the dynamics of the cavity field are fast, we only consider the steady state of this
equation resulting in

Q
a=(a) = m<0> (4.7)

which relates the expectation value of the cavity field with the expectation value of the odd-even
imbalance. It is straight forward to check that in this steady state limit, the cavity is in a coherent
state. Using this relation, we can find the effective Hamiltonian for the atoms

Heff = Hkin + Hint - hQ(a + a*)O, (48)

11



4 Methods

which has to be determined self-consistently as o depends on the odd-even imbalance.

Before we use this as a starting point for the next treatment, we want to have a look at the solution
of this effective model. For this, we assume that the atoms are in the ground state of the effective
model which we determine by exactly diagonalizing the effective Hamiltonian. The solution for
the steady state is a pure state consisting of a tensor product between states of the atomic and
photonic sector

pMF = |a(AeH)a Aeff> <a(AeFf)7 AefT| 5 (49)
where Aqg is the effective imbalance defined as the expectation value of the odd-even imbalance
in the ground state of the effective Hamiltonian. The cavity is in a coherent state |a(Aeqg)) and
the atoms are in the ground state |Acg) of Heg where a(Acg) and Aqg fulfill the self-consistency
condition. Within the mean-field approach the self-organization transition is visible above a certain
threshold of the coupling strength 2. Then the cavity field takes a finite value and the atoms self-
organize into a density modulated pattern either on the odd or even sites of the chain. This
spontaneously breaks the Zs symmetry. The sudden occupation of the cavity can be seen in Fig.
4.1.

2.5

2.0r

1.5¢

(a"ay/N

0.5¢

0.0t

1.0 1.5 2.0 25 3.0
hQAIN /1

Figure 4.1: Dependence of the mean-field value of the scaled photon number (afa)/N on the coup-
ling strength 7Q/N/.J for N/L = 1/2. The parameters are hd/J = 2, U/J = 2 and
hT'/J = 1. The critical value of the self-organization transition is marked by the dashed
vertical line.

4.2 Many-body adiabatic elimination

The many-body adiabatic elimination method is a perturbation theory for density matrices. It
captures the effective dynamics of the density matrix in the decoherence free subspace, which is
spanned by the states of the unperturbed system which do not decay under the dissipation. This
approach is valid for long times because of the exponential decay of the contributions to the density
matrix from the other subspaces. Hence, by using this method, we can study the behavior of our
system close to the steady state. Here, we follow Sciolla, Poletti, and Kollath [14].

4.2.1 Derivation of the effective equation of motion

We start by giving a short overview of the derivation of the effective equation of motion for the
density matrix in the decoherence free subspace. For this, we consider a general Lindblad equation
given by
ngE(p) _ ! [Ho + H,, p] +EZ(2K pKl, — Kl Kpp — pK}, K, (4.10)
ot h v 2 meem mem mem

m

12



4.2 Many-body adiabatic elimination

with the jump operators K,, and the dissipation strength I'.  We assume that the Hamiltonian
has two contributions Hy and H,, where H), is weak and we define V(p) = —+[H,,p] as our
perturbation. Further, we can compute the eigenvalues and eigenstates of Ly = %[Ho, ], ie

Lopx = (=\E+ix)py, (4.11)

where A® > 0 and A’ are real numbers. For a large enough dissipation strength, A® either vanishes
or lies in bands separated by gaps of order O(y), where only H, couples states of the different
bands. We define A, as the subspace of right eigenvectors with the same A\. Besides, we call A
the decoherence free subspace for which Af = 0 holds. For the other higher subspaces Ao, one
gets an exponential decay of the states in time at a rate O(y). Hence, the dynamics is dominated
by an effective one in the decoherence free subspace for times ¢t > v~ !. A schematic illustration
of the spectrum of the Liouvillian £y can be seen in Fig. 4.2.

Ay T\ I\

'Y
AO .’_\'/;C'

0

Figure 4.2: Schematic illustration of the spectrum of the Liouvillian L£y3. The eigenstates of Lg
which have eigenvalues with the same real part span the different subspaces A,. The
decoherence free subspace Ay contains only states whose real part of the eigenvalues
vanishes. Ly gives the evolution within a subspace whereas V can induce transitions
between the different subspaces A,.

By adiabatically eliminating the decaying subspaces A0, one finds an equation describing the
effective dynamics with an effective Lindbladian £%0

P 5
7p1\0 — [N (pAO) ,

ot
LAO ZVAOA <EA> 1VAQAO'
a#0

(4.12)

Here, the projection of the density matrix to a subspace X was defined by pX = Px(p) and the
reduction of a superoperator @ as OX = PxOPyx, and OXY = PxOPy. Referring to Halati,
Sheikhan, and Kollath [10], by only taking the contributions from the lowest lying subspace, one
arrives at

) _
50" = Lor’ +h2 [ H,, (L) 'Py [pro]}, (4.13)

where p° = p”o and Py and P; are the projectors to the decoherence free subspace and the excited
subspace, respectively.

4.2.2 Perturbation in the fluctuations 6 H,

In this section, we want to apply the many-body adiabatic elimination method to our system after
performing the mean-field decoupling in Sec. 4.1. We are going to treat the fluctuations dH,.

13



4 Methods

as a perturbation around the dissipation free subspace referring to Bezvershenko et al. [11] and
Halati [13]. The free Lindbladian is then given by

; r
Lop = —% [Ho(N) + He(A), p] + 5 (2apa’ — a'ap — pa'a). (4.14)

For the dissipation free subspace, i.e. Re(Ag) = 0, a complete set of solutions to the eigenvalue
equation Lop° = A\gp" is given by elements of the form

P’ = pl®pl,
pa = 1 () (na(V)], (4.15)
pe = () (a(A)]

)

where the atomic part is determined by eigenstates |n(A)) of H, with energy E, (\). As discussed
previously, the cavity part p? is given by a coherent state with the field

Q
A)=—A 4.1
a(A) = 5—+ 7 (4.16)
A general state in the decoherence free subspace can thus be written as
P’ = la(Q)) ((A) @ p*(N), with p® = D e(n1,na) [n1(N)) (n2(V)]. (4.17)
ni,n2
As mentioned at the beginning, we treat d H,. as our perturbation. Hence, we have
)
V(p) = _ﬁ[éHacwo] (4.18)
and find for the time evolution the equation
0 1 1
8tp = Lop° + = =P [5H1C,/.3 Py [5Hqc, ]] , (4.19)

where we only consider the contributions from the lowest lying subspace as introduced in Eq.
(4.13). Important to note is that compared to the mean-field approach, we will now avoid the
arbitrary choice of just using the ground state of the effective model as our solution.

In order to derive the explicit form of the equation of motion, it is useful to first go to the shifted
oscillator basis for the cavity operator, where we use the following notations

a=a+a dad=a"+ao, a+d —N=a+al,

(4.20)
0y = |a), @l0)=0, |1)=a'|0), with (0[1) = 0.

In this basis, we can find some of the eigenstates of Lg, which we will need later

Lo(|n,0) (m,0]) = —iAE, ,,/|n,0) (m,0]

Lo(|n, 1) (m,0]) = [~i(AEpm/h+6) —T'/2]|n, 1) (m, 0,

Lo(|n,0) (m,1]) = [<i(AE,m/h—8) —T/2] |n,0) (m, 1], (4.21)
Lo(|n,0) (m, 2|) = [-i(AEym/h—26) — T|n,0) (m, 2|,

Lo(|n, 0) (m, 0] — |n, 1) (m, 1]) = (—iAEpm/h—T)(|n,0) (m,0] — [n, 1) (m, 1]),

with AE, », = E, — E,,,. We already see that the decoherence free subspace is spanned by states of
the form |n,0) (m, 0| and that the excited subspaces are spanned by states which have excitations
in the state of the cavity field.

14



4.2 Many-body adiabatic elimination

Now we can start by calculating the first commutator

[5Hac,p0] = —hQ [(d + dT) O,po]
= —hQ Z c(n1,ne) [(EL + ELT) 0, [n1,0) (nQ,OH

=12 3" e(ni,na) (Olna, 1) (n2,0] — |n1,0) (ns, 1] O) (4.22)
=—hQ Y c(n1,n2) Y (Onym [m, 1) (n2,0] = Oy [, 0) (m, 1])

where O = O — A = O — (O)a,. As the states |n, 1) (m,0] and |n,0) (m, 1| are already eigenstates
of Ly in an excited subspace, the projector P, becomes the identity and the action of L b will
give the inverse of the eigenvalues. In the next step, we need to compute the action of the second
commutator leading to

[(d + dT) Oa |ma 1> <n23 O” = Z (om,k |ka 0> <Tl2, O| + O~m7k ‘k’ 2> <n270| - Ok,nz |m7 1> <k7 ]-D )
k
[(@+a") O,[n1,0) (m, 1]] = > (O, [k, 1) (m, 1] = O 1, 0) (k0 = O 11, 0) (K, 2]) .

k
(4.23)

After that, we need to determine the action of the projector Py on the states which are not in the
dissipation free subspace. For this, we write |n, 1) (m, 1] = |n,0) (m,0|—(|n,0) (m, 0| —|n, 1) (m, 1]),
because we know that both of these two contributions are eigenstates of Ly, where |n,0) (m, 0| is
a state in the dissipation free subspace and |n,0) (m,0| — |n,1) (m, 1] is in an excited subspace.
Hence, we obtain that

Py n,1) (m, 1| = |n,0) (m,0]. (4.24)

The state |n,0) (m, 0] — |n, 1) (m, 1] is projected out by Py as this is an eigenstate of £y with non-
zero real part of the eigenvalue. The same argument holds for the state |n,0) (k, 2|. Thus we find
that Py |n,0) (k,2| = 0.

Using these results, Eq. (4.19) becomes

0 ,
h—p’ = —i Z AE,, n,c(n1,n2) |n1,0) (ne,0|

at’
ni,ng
1 - -
+ h2Q2 Z C(n17n2) Z (’L (AE — hé) — hr/20n17m07n,k |k, O> <n2, 0|
ny1,n2 m,k ng,m
1 ~ -
- i(AEnz,m - ha) - hF/2 Onl’mok’n2 |m’ O> <k’ 0|
1

~mn ~n k? b
= (BB —ho) — a2 02O uk [k, 0) {m. 0]

! O
—i (AEp, m — ho) — hT'/2

+ m,ngok,m |n1,0> <k,0|>

(4.25)
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4 Methods

If we want to solve for the steady state, we obtain

0=—i Z AE,, n,c(n1,n2)|n1,0) (ng, 0]

ni,ng
o2 n;;( (ko) 5 _1h5) 730k .0) (12,0
—c(m, k)- (Ao —1h5) — hF/2Om’nlo~"2’k |1, 0) (ng, 0| (4.26)
 clhm) - 57750 Ok . 0) ()
el ) g 7Ok O 11,0 (12,01 ).

which gives

1 ~ -
0 = —iAEp, nyc(ny, na) + K20 ; (e(kmo)- BE ) 2 OkmOmans
el ) hr/zo’”’"l@””’“ (4.27)
— olk,m) = (AEjn, i hd) — hL /2 Ona Ok
el b R 1— gy = 2 Ok Onaim )

Important to note here is that these equations no longer ensure that the solutions are positive
semi-definite because they are obtained via a perturbative expansion.

Solving these equations for the full density matrix can be difficult simply because of the number
of parameters c(n1,ns2) one has to solve for. Therefore, we present an ansatz for the atomic part
of the density matrix, which reduces these degrees of freedom significantly in the following. We
first calculate the evolution of the atomic energy H,,

%<H> Tr( 6815 0)

=h0* 3 c(mnz) 3 ( - #3) ALz Omm Omns B
™ n2,m

1 ~ ~
_ E 4.28
i (AE,, m — hé) — hT'/2 O mOrmnz B (4.28)
1 ~ ~
- m,na2“ny mEm
—i (AEy, m — 1) — hF/2O 2 Ons,
1 - -
m,na ni mEn1 b
T A B = o) — A2 mm= O, )

which simplifies to

9 1
gp (Hah = hQ% 37 e(mima) 3 (Z (BB, — 3y~ hrjz e

ni,n2 m

(4.29)
1

AEu, m
i (AEp, m —hé) + hL/27 "0 >

Om,"zOnhm’

If we now assume that the density matrix is well described by a thermal state p® ~ exp(—8H,(A)),
then the energy transfer can be simplified a lot more. This assumption is valid if the atomic
system is interacting such that it can thermalize and if the thermalization time of the atomic
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4.2 Many-body adiabatic elimination

system is short compared to the time-scale induced by scattering from photon fluctuations. For
c(n1,m2) = ny 0, .my With ¢, = e PP /7 the energy transfer becomes

d hO2 - 1 1
- H.I - ~BEn m,n 2AEnm -
gt (Ha) = 2" [Om.n|" A, <z'(AEn,m—h5)—hr/2 i(AEn,m—mHhr/z)
h2Q? r
=— n| O = (0), |m) [2e PEr AE,, 4.30
> ;ﬂHI (O)a|m)| T AE — 17 1 (T2 (4.30)
h20? r
= n|O — (O a | 267ﬁEmAEn m '
z ;H 07 O] " (AE, g + h6) + (hT/2)°

In the steady state, the left hand side vanishes and we only have to solve for the temperature
T = 1/kp by additionally fulfilling the self-consistency condition Eq. (4.7). The eigenstates |n) of
H, with the corresponding energies F,, are obtained via exact diagonalization of H,. Further, note
that the thermal state ansatz automatically fulfills the positive semi-definiteness of our solution.
In Chapter 6 and Chapter 7, we will use the equations derived in this section in order to find the
steady state solution of our system.
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5 Integrability of the atomic mean-field Hamiltonian

Before we go on with our study of the self-organization transition, we first want to investigate the
atomic mean-field Hamiltonian further, which is also called ionic Hubbard model in the literature.
In Chapter 4, we introduced a thermal ansatz for the atomic part of the density matrix. Important
for the applicability of this ansatz is that the underlying system thermalizes. According to Kollath
et al. [15] and references therein, it is believed that this requires the system to be non-integrable
which motivates the following analysis!.

5.1 Theory of level-statistics and symmetries

The ionic Hubbard Hamiltonian consists of that of the one-dimensional Hubbard model, which is
an integrable model as shown by Lieb and Wu in 1968 [17], and an additional alternating potential
term, i.e.

:_JZ Z gacj+10+cg+1acjo' +UZ”JT”J¢ hnz Z Y1, (5.1)

i=loe{t.4} i=loe{t )

where we now define 7 as the strength of the potential. Note that we use periodic boundary
conditions, i.e. L +1=1. Now we want to investigate whether this additional alternating potential
term breaks the integrability of the Hubbard model. For this, we follow Poilblanc et al. [18]
and Kollath et al. [15] and use an approach which is based on the spectral properties of the
Hamiltonian. One considers the set of energies F,, in ascending order and defines the gap between
adjacent energies as

5n = n+1 — En (52)

If the underlying model is integrable, then these level-spacings exhibit a Poissonian distribution,
ie. P(0/A) = exp(—d§/A). In contrast, the distribution of the level-spacings takes the form

P(§/A) = T2 exp 72% if the model is non-integrable meaning that the model has similar

universal features as the Gaussian orthogonal ensemble (GOE). In both cases, A is the mean
level-spacing. In our disscusion of the integrability, we use another quantity defined by

ryp, = min(dy,, 6p—1)/max(dy, 0n_1). (5.3)

Since these ratios of consecutive level-spacings are independent of the local density of states, this
quantity does not require an unfolding procedure. The probability that these ratios of consecutive
level-spacings lie between r and r + dr is given by P(r)dr. For a Poissonian distribution, one finds

P(r) =1/(1+r)2. For the GOE, one finds P(r) = %W (see Atas et al. [19]).

For our analysis, we need to take the symmetries of our model into account and restrict the
computation of the distribution P(r) to the different symmetry sectors. Note that remaining
symmetries influence the resulting distribution which will be discussed in more detail in the case
of half-filling (see Giraud et al. [20]). The Hamiltonian has the following symmetries:

Particle number conservation The particle number operator is given by N = Z Z Ci oCiyo-

=
The corresponding symmetry sectors are given by a fixed particle number N and are 1abled ac-
cordingly.

INote that Hosseinzadeh and Jafari [16] have recently claimed that the ionic Hubbard model is integrable.
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5 Integrability of the atomic mean-field Hamiltonian

SU(2) symmetry The SU(2) symmetry is generated by the operators

L
h C;
So =5 (cly.cl)oa ( W) (5.4)
i=1

Ci,l

for « = x,y, 2z, where o, are the Pauli matrices. For the different symmetry sectors, we fix the
quantum number j of the total spin S? and the quantum number m of the S, operator. Note that,
by abuse of notation we write S = j and S, = m.

Translation symmetry The translation symmetry 7" is defined as the unique unitary operator
that leaves the vacuum invariant and acts on the annihilation operators by T chJf = Cij4+2,0- The
eigenvalues of this operator are given by exp(2mik/(L/2)) with k =0,...,L/2 —1 and we use k to
label the symmetry sector.

Reflection symmetry The reflection? symmetry R is defined as the unique unitary operator
that leaves the vacuum invariant and acts on the annihilation operators by Rcl-’,,RT =c2—i 5. The
associated symmetry sectors are labeled by R = =+.

It is straight forward to see that all of these operators commute with the Hamiltonian. We further
see that all pairs except for (T, R) commute with each other. However, the action of R can be
restricted to the eigenspaces with T' = 41 and hence in these eigenspaces we can consider the
action of both T" and R simultaneously.

For the calculation of the eigenvalues of our Hamiltonian in the different symmetry sectors, a code
provided by Prof. Dr. Andreas Léuchli was used. Note that this code does the decomposition only
into symmetry blocks with respect to the symmetries N, S,, T and R (for T = 41). This is
sufficient since the S? quantum numbers can be reconstructed as follows. The highest S, quantum
number tells us how many multiplets with maximal S? occur. For each of these multiplets, we then
remove the associated energy eigenvalue once from each symmetry block with lower .S, quantum
number. We repeat the procedure until we have reconstructed all S? quantum numbers together
with their multiplicities.

Since the behavior of the level-statistics is independent of the chosen symmetry sector, we use the
one containing the largest number of eigenenergies for our analysis® [18].

2We make the arbitrary choice of reflecting around the first site. All other reflections can be generated by invoking
translations.
3Note that we confirmed this by looking at the level-statistics in every symmetry sector for several examples.
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5.2 Level-statistics for quarter-filling

5.2 Level-statistics for quarter-filling

Starting with the case of quarter-filling, i.e. N/L = 1/2, we first want to benchmark our results.
For this, we go into the limit of n — 0, where we expect to see a Poissonian distribution since
the one-dimensional Hubbard model is integrable [17]. Fig. 5.1 shows the resulting distribution in
comparison to the Poissonian distribution and the GOE distribution®.

90 L = GOE == Poisson
“IN
\\x
s
N
= )
10 ///T I~
1 B
0.5 H = D=
0.0t H (H
0.0 0.2 0.4 0.6 0.8 1.0

r

Figure 5.1: Distribution of the ratios of consecutive level-spacings for N = 6, L = 12 for the
symmetry sector S =1, 5, =0, k = 1 by using 30 bins. The parameters of the system
are U/J =2 and hn/J = 0. The mean value is given by (r) = 0.3756.

One clearly sees that the ratios of consecutive level-spacings follow a Poissonian distribution as
expected. One can verify this even more by looking at the mean value of r. For the Poissonian
distribution, it is given by (r)p = 0.386 [15] and for the GOE, it is (r)cor = 0.531 [15]. Our
statistics yield (r) = 0.3756 which is also in good agreement with the mean value of the Poissonian
distribution.

Now we want to see whether the situation changes if we start to increase the strength of the
staggered potential. This can be seen in Fig. 5.2 for Ain/J = 1.

2.0r
= GOE = Poisson
1.5¢
7;77i —
= AN T T
£ 10 % ~L T T T
\\\\\ [
0.5+
0.0t
0.0 0.2 0.4 0.6 0.8 1.0

r

Figure 5.2: Distribution of the ratios of consecutive level-spacings for N = 6, L = 12 for the
symmetry sector S =1, S, =0, k = 1 by using 30 bins. The parameters of the system
are U/J =2 and hn/J = 1. The mean value is given by (r) = 0.5149.

4Note that for the following discussion the binning was choosen such that every bin contains at least one value.
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5 Integrability of the atomic mean-field Hamiltonian

We can observe a very distinct behavior, i.e. the ratios of consecutive level-spacings follow a GOE
distribution. Again, we can also have a look at the mean value given by (r) = 0.5149 which is now
in good agreement with the one of the GOE, which is (r)gor = 0.531. This already shows that
the staggered potential breaks the integrability of the one-dimensional Fermi-Hubbard model and

causes a GOE like level statistics.

In order to support this, we performed this analysis for a variety of different parameter sets. Fig.
5.3 shows the calculated mean values of r for different parameter sets in comparison to the mean

values of the Poissonian distribution and the GOE distribution.
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Figure 5.3: Evolution of the mean value (r) of the ratios of consecutive level-spacings with the
interaction strength U or with the strength of the staggered potential 7. For the
Poissonian distribution, the mean value is given by (r)p = 0.386 and for the GOE

For most of the parameters, in particular in the case of fixing the strength of the potential to
hn/J = 1 and varying the interaction strength U, we see a good agreement with the value predicted
for a GOE distribution. While the behavior is very stable against variations of U deviations can
especially be seen for small and large values of 7. In these cases, we assume that the deviations
are due to finite size effects. In order to verify this, we consider a bigger system, i.e. N = 8 and
L = 16, and calculate the mean values (r) of the ratios of consecutive level-spacings in a parameter

distribution, the mean value is (r)gor = 0.531 [15].

regime in which the deviations were most prominent. The result can be seen in Fig. 5.4.
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5.3 Level-statistics for half-filling
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Figure 5.4: Evolution of the mean value (r) of the ratios of consecutive level-spacings with the
strength of the staggered potential n. For the Poissonian distribution, the mean value
is given by (r)p = 0.386 and for the GOE distribution, the mean value is (r)gor = 0.531
[15].

One observes that the mean values (r) for the bigger system are closer to the mean value of the
GOE distribution than the ones for the smaller system. Hence, one can expect that the mean
values of bigger system sizes will tend even more to the mean value of the GEO distribution and
that the origin of the deviations are finite size effects.

In summary, this analysis confirms our previous observation and leads to the conclusion that the
model is non-integrable.

5.3 Level-statistics for half-filling

In contrast to the case of quarter-filling, the situation changes for half-filling, i.e. N/L = 1. One
example for the distribution P(r) is depicted in Fig. 5.5. The distribution neither follows a GOE
distribution nor a Poissonian distribution.
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Figure 5.5: Distribution of the ratios of consecutive level-spacings for N = 10, L = 10 for the
symmetry sector S =1, 5, =0, k = 1 by using 30 bins. The parameters of the system
are U/J =2 and hn/J = 1. The mean value is given by (r) = 0.4190.

23



5 Integrability of the atomic mean-field Hamiltonian

Note that the same parameters were used as in the example shown in Fig. 5.2 for quarter-filling,
where the distribution clearly follows a GOE distribution. We attribute this behavior to the
presence of another symmetry in the case of half-filling, which is a particle hole symmetry associated
with the transformation ¢;, — (—l)iczT +1,0- This symmetry is not implemented in the exact
diagonalization code yet. Referring to Giraud et al. [20], the distribution related to the GOE
changes according to the number of symmetries that were not taken into account. In particular,
the number of symmetry blocks can be determined by the mean value (r) of the distribution. As
we already know that the particle hole symmetry is missing so far, which would lead to a further
splitting into two blocks of equal size, we can see whether this is the only symmetry which is missing
in our analysis. Moreover, this would then mean that we can expect to find a clear GOE behavior
if one would implement this additional symmetry showing again the non-integrability of the ionic
Hubbard model. Because of the fact that the parameter regime for in/J = 1 and U/J € (0, 6]
was suffering at least under finite size effects in our previous analysis, we use this regime in the
following. Fig. 5.6 shows the resulting evolution of the mean value of the ratios of consecutive
level spacings (r) with the interaction strength. If a further splitting into two blocks of equal
size, labled by m, is possible, the mean value should be (r)cogm=2 = 0.4234 [20]. If one could
divide further into three blocks of equal size, the mean value should be (rycor,m=3 = 0.4033 [20].
For more missing symmetries, the mean value approaches the one of the Poissonian distribution.
Our data is in good agreement with (r)cog,m=2 = 0.4234 which suggests that the particle hole
symmetry mentioned at the beginning is the only one missing in our analysis. Going back to Fig.
5.5, we can also compare the resulting distribution P(r) to the one of the GOE with m = 2 and
m = 3. Especially at P(0), we see that the distribution agrees well with the GOE distribution
for m = 2, where P»(0) = 1.4081 [20], and hence disagrees with P5(0) = 1.7159 for the GOE
distribution for m = 3 [20]. All in all, this suggests also the conclusion that the ionic Hubbard
model is non-integrable.
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Figure 5.6: Evolution of the mean value (r) of the ratios of consecutive level-spacings with the
interaction strength U. For the Poissonian distribution, the mean value is given by
(r)p = 0.386 and for the GOE distribution the mean value is (r)cog,m=1 = 0.531 [15].
For m = 2 symmetry blocks, the mean value is (r)cog,m=2 = 0.4234 and for m = 3,
the mean value is given by (r)cor,m=3 = 0.4033 [20].

Another possibility of showing that the particle hole symmetry prevents us from obtaining a clear
GOE distribution is given by a small change in the Hamiltonian. By changing the interaction term
to

L/2 L/2
Hine = Uo Y ngjanzjy + U1 nojeipnzjes (5-5)
j=1 j=1

one breaks the particle hole symmetry but the other symmetries remain valid. Fig. 5.7 shows an
example of the resulting distribution using a finite difference of the interaction strengths Uy — Uy =
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5.3 Level-statistics for half-filling

1. The resulting mean value of the distribution is given by (r) = 0.5297. This is now again in good
agreement with the distribution of the GOE.

2.0t
= GOE = Poisson

1.5¢

W l\*
1.0f S~ [ u

. \\\\\ \-
'\\\
0.5¢
0.0t
0.8

0.0 0.2 0.4 0.6
r

/1

P(r)

Figure 5.7: Distribution of the ratios of consecutive level-spacings for N = 10, L = 10 for the
symmetry sector S =1, 5, =0, k = 1 by using 30 bins. The parameters of the system
are Uy/J =1, U;/J =2 and hn/J = 1. The mean value is given by (r) = 0.5297.

Again, we have a look at a few more examples by comparing the resulting mean values (r) of the
ratios of consecutive level-spacings with the mean values of the different possible distributions.
In the limit of Uy — Uy — 0, we expect to see an agreement with the mean-value of the GOE
distribution for m = 2 since the particle hole symmetry is not broken anymore. Fig. 5.8 shows the
resulting evolution of the mean value (r) with the difference of the interaction strengths U; — Up.
For most of the differences of the interaction strengths, we see a good agreement with the mean
value of the GOE distribution. Only in the limit of U; — Uy — 0, we observe that the mean value
approaches the one of the GOE distribution for m = 2, as expected.
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Figure 5.8: Evolution of the mean value (r) of the ratios of consecutive level-spacings with the
difference of the interaction strengths U; — Uy. For the Poissonian distribution, the
mean value is given by (r)p = 0.386 and for the GOE distribution, the mean value is
(r)cor,m=1 = 0.531 [15]. For m = 2 symmetry blocks, the mean value is (r)cog,m=2 =
0.4234 and for m = 3, the mean value is given by (r)cog,m=3 = 0.4033 [20].

To conclude, we expect a distribution, which follows the one of the GOE after implementing the
particle hole symmetry. This suggests again the non-integrability of the ionic Hubbard model.
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6 The non-interacting system

We start our study of the self-organization transition for the system introduced in Chapter 3 in
Eq. 3.9 in the non-interacting case, i.e. U = 0. Thus, in the following we can also neglect the
spin degree of freedom. Here, we will first introduce the concept of symmetries in the case of open
quantum systems. This will then allow us to study the influence of a strong symmetry on the
nature of the steady state of this system.

6.1 Solving the eigenvalue equation for the atomic part

In the case of non-interacting fermions, we are able to analytically solve the eigenvalue equation
H,(\) |n(N) = E,(A) In(N\)) for the atomic mean-field Hamiltonian. We start by using a Four-
ier transformation to write the Hamiltonian in momentum space. Assuming periodic boundary
conditions, the transformation reads

L
1 o
b= 3o Tl (6.1)
m=1

One finds

Ho(N) = =27 ) cos(k)cfer — RN D clersn, (6.2)
k k

where the momentum of the atoms is given by k,, = %Tm with m = 1,..., L. In this basis, one

sees that the coupling between the atoms and the cavity field introduces a coupling only between
the atoms with momentum k and k 4+ w. We can now diagonalize this Hamiltonian by using the

canonical transformation .
CL = ukaL + vkb,t,

CL_W = vkaL - uk‘b;, (6.3)
ui + v =1,
where we restrict to the momenta k,,, = Q’TTm with m = 1,...,L/2 and ug, vpy € R. Then the

operators a and b fulfill the usual fermionic anti-commutation relations. Choosing

_— 1 1 2J cos(k)
T2 V(RON)Z £ (27 cos(k))? 6
1 14 2J cos(k) .
v = ——— .
N VRON2 + (27 cos(k))2
the Hamiltonian has the diagonal form
Ho(\) = Ep(afar — bibr) with By = /(2] cos(k))2 + (hQN)2. (6.5)
k
In this basis, the imbalance operator O reads
0= Z(Qukvkalak — Zukvkbibk + (vi — ui)(albk + blak)) (6.6)
k
and hence O is given by
~ 24T2/4
0 = (2upvealar — 2urveblbr + (v — uf)(afbi + bax)) — %A 1. (6.7)

k
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6 The non-interacting system

6.2 Symmetries of the Lindblad master equation

In closed quantum systems with a unitary time evolution, a symmetry of the Hamiltonian implies
a conserved quantity. For a hermitian, not explicitly time-dependent observable S, the following
statements are equivalent

d

[S,H| =0 U'HU < 9 =0 (6.8)

where a continuous symmetry is given by U = ¢'*S for ¢ € R. Following Albert and Jiang [21],
and Buca and Prosen [22], in an open quantum system described by the Lindblad master equation,
a symmetry of the Liouvillian does not always imply a conserved quantity. One distinguishes in
this case between a weak and a strong symmetry. A weak symmetry is classified by the condition
L(UpUT) = UL(p)UT with O being a hermitian operator generating the symmetry U = ¢ for
¢ € R. In contrast to the situation before, this does not imply the existence of a conserved quantity.
A strong symmetry, which implies the existence of a conserved quantity, additionally requires that
the operator O is commuting with the Hamiltonian and all jump operators J,,,. Hence, the following
holds

LWUpUNY =UL(p)U < [0,H] =0=10,J,,] Vm = %<0> =0. (6.9)

In contrast to a weak symmetry, a strong symmetry further gives rise to multiple steady states in
the system.

In the non-interacting case, we have written down the atomic mean-field Hamiltonian in momentum
space in Eq. (6.2) showing us that we only have a coupling between the momentum states k and
k + . Based on this, we find that the operator

Oy, = cicjckj + cL],+,rckj+,r for j=1,...,L/2 (6.10)

leads to a strong symmetry in our system because [H., O] = [Hqa, Oy,] = [a, Ok,;] = 0 holds. This
means that the expectation values (O,) = my, are conserved quantities. This is in contrast to the
interacting case, were the atomic Hamiltonian does not commute anymore with this operator since
[Hint, O;] # 0. In the presence of this symmetry, we can now block diagonalize the Liouvillian
in different symmetry sectors, were each of these sectors will contain at least one steady state. In
the single particle case, these symmetry sectors will be spanned by the momentum states |k;) and
|k; +m) for j =1,...,L/2 leading to L/2 independent symmetry sectors. For N atoms, we can
generalize this and label each symmetry sector by (my,, mk,, ..., mk, ,) with Zf:/f mg, = N. This
means that the symmetry sectors in the multi-particle case are given by the different combinations
in which the atoms can be arranged in the single particle sectors. Based on this observations, we
will study the different steady states which arise in our non-interacting system in the following.
Note that the introduced strong symmetry was already investigated for bosonic atoms coupled to
a cavity by Halati, Sheikhan, and Kollath [12].

6.3 Steady state solutions

In order to find the solutions for the density matrix in the steady state, we use Eq. (4.27) as our
starting point, meaning that we include the fluctuations of the mean-field approach within the
many-body adiabatic elimination. Further, we solve for every entry of the density matrix since
no interactions are present in our current model making the thermal ansatz p®* ~ exp(—FH,(\))
inapplicable. For this, we rewrite Eq. (4.27) into a matrix equation of the form

M-p=0, (6.11)

28



6.3 Steady state solutions

where p now represents a vector containing the components of the density matrix. The components
of the resulting matrix M are given by

1 ~ -
i (AEp, m — hé) — AT /2 Ossm Ominy

1 ~ ~
—i (AEy, m — ho) — hr/zO’"’jOW"

1 - -
— K202 Oin:On, i
i (AE;,, —hd) — hD/2 0 7ned

1 -
— h202 .
f —i(AE; n, —ho) — hI'/2 Onayy

My ij = —1AER, ny0in, 0j,n, + h2926j’n2 Z

m

+ R0, Y

m

(6.12)

Oi,nl .

We further use the basis in which the atomic Hamiltonian is diagonal as derived in Sec. 6.1. The
steady states of the system can now be found by first restricting this matrix M to the symmetry
sectors introduced in the previous section. After that, one calculates the kernel of M in each
sector which yields our solution. Since we also need to fulfill the self-consistency condition (see
Eq. 4.7), we vary the input \j,, i.e. the passed mean-field value of the cavity field, for a fixed set of
parameters (hd/J, hl'/J, A2/ J) until the output Aoy, i-e. the mean-field of the cavity calculated
with the obtained steady state solution, matches the input A\y,. Fig. 6.1 depicts the procedure for
different 2. One can see that for low coupling strengths, e.g. for i2/J = 1, the self-consistency
equation is only fulfilled at A = 0. For higher coupling strengths, the self-consistency equation is
also fulfilled for a finite A\, which marks the transition to the self-organized phase. In this case, the
solution for A = 0 is unstable and will hence be discarded [23].
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Figure 6.1: Illustration of computing the value of X in order to fulfill the self-consistency equation
for different coupling strengths Q. The other parameters are id/J = 2 and Al'/J = 1.
For small coupling strengths, the self-consistency equation is only fulfilled at A = 0. For
higher coupling strengths, a finite value for A\ also fulfills the self-consistency equation
marking the transition to the self-organized phase.

We now start to analyze the different steady states regarding their dissipative phase transition to
self-organized states and how this differs for different system sizes and particle numbers.

29



6 The non-interacting system

One Particle

We begin with the simplest model given by N =1 and L = 2. Hence, we only have one symmetry
sector spanned by the states with momentum 7 and 27 and obtain only one steady state solution.
Using this solution, we first calculate the cavity occupation as a function of the coupling strength
Q which is depicted in Fig. 6.2.
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Figure 6.2: Dependence of the scaled photon number (a'a)/N on the scaled coupling strength
QVN for N =1 and L = 2. The parameters are i6/J = 2 and il'/J = 1.

For low coupling strengths, the cavity occupation is zero. After passing the critical coupling
strength of A2V N/J =~ 1.5, the cavity occupation becomes finite and the system is in the self-
organized phase.

The transition can be further analyzed by looking at different atomic observables shown in Fig.
6.3. The odd-even imbalance depicted in Fig. 6.3a gets finite in the self-organized phase meaning
that the particle occupies the deeper lattice site. Additionally, we find that the off-diagonal terms
of the density matrix of the steady state solution, i.e. the coherence, rise in the self-organized
phase which is depicted in Fig. 6.3b. Further, we see in Fig. 6.3c that below the phase-transition,
the momentum state 7w corresponding to a lower energy state of the Hamiltonian compared to
the state with momentum 27 is mostly occupied, which starts to change above the threshold. In
the following, we study how this behavior changes for other steady state solutions in different
symmetry sectors by increasing the length L of the atomic chain.
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Figure 6.3: (a) shows the dependence of the odd-even imbalance on the scaled coupling strength
QV/N. (b) shows the dependence of the coherence on the scaled coupling strength
QV/N. (c) shows the dependence of the occupation of the possible momenta on the
scaled coupling strength Qv/N. All results are for N = 1 and L = 2 and the parameters
are io/J =2 and Al'/J = 1.

For N =1 and L = 4, we have two symmetry sectors. The first one is spanned by the states with
momentum 7/2 and 37/2 and the second one is spanned by the states with momentum = and 2.
In the first sector mz = 1, we get a two-dimensional solution space instead of one unique steady
state. Because of the fact that cos(r/2) = 0 and cos(37/2) = 0, the solutions in this sector do not
depend on any parameters of the system. Hence, we can write down a general basis of this space

which is given by the density matrix
1 0

which can be rewritten in momentum space

u? Ur 20 05 —0.5
o /2 7 /2Vm /2 o . .
P= < Ur/2VUnjz V2 > a ( 05 05 >’ (6.14)
and by the second density matrix

p=<8 ?) (6.15)
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6 The non-interacting system

which can also be rewritten in momentum space
v2 — Uz 2V 0.5 0.5
_ /2 w/2Vm /2 _ . .
P= < —Ur /207 /2 ufr/Q ) o ( 0.5 0.5 )’ (6.16)
where the basis is defined by
1 0
CL/Q |0) = ( 0 ) and c;W/Q |0y = ( 1 ) . (6.17)
The second sector m, = 1 has a unique solution, which leads to the same behavior as in the two

site case because the occupied momenta are the same. The cavity occupation as a function of the
coupling strength € for N =1 and L = 4 can be seen in Fig. 6.4.
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Figure 6.4: Dependence of the scaled photon number (afa)/N on the scaled coupling strength
QV/N for N =1 and L = 4. The parameters are id/J = 2 and hiT'/J = 1. The solution
space in the case mz = 1 is two-dimensional. Hence, a basis of this space consisting of
two solutions was used for the phase diagram.

In contrast to the sharp phase transition of the steady state of the second sector m, = 1, the
solutions of mz = 1 are smooth and show a continuous increase of the cavity occupation by
increasing coupling strength.

Again, we have a look at different atomic observables depicted in Fig. 6.5. Since we already
discussed the solutions for the symmetry sector mz = 1 explicitly by writing down the density
matrices, we do not really gain any new insights there. Additionally, we saw and discussed the
behavior of the solution corresponding to the symmetry sector m, = 1 already in the two site
case. All in all, we see that the steady state solutions of different symmetry sectors can have a
very different nature, which in particular influences the phase transition.
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Figure 6.5: (a) shows the dependence of the odd-even imbalance on the scaled coupling strength
QV/N. (b) shows the dependence of the coherence on the scaled coupling strength
QVN. (c) and (d) show the dependence of the occupation of the possible momenta
on the scaled coupling strength Qv/N. All results are for N = 1 and L = 4 and the
parameters are iid/J = 2 and Al'/J = 1.

Next we consider N =1 and L = 6. In this case, we have three symmetry sectors. The first one
is spanned by the states with momentum 7/3 and 47 /3, the second one is spanned by the states
with momentum 27 /3 and 57/3 and the third one is spanned by the states with momentum 7 and
2. Every symmetry sector has a unique steady state. The cavity occupation as a function of the
coupling strength € can be seen in Fig. 6.6. Again, the steady state solution of the third sector
my, = 1 is equal to the one in the two site case because the occupied momenta have the same
values. The solutions of the other two sectors are matching. The reason for that is that in both of
these sectors, we obtain the same eigenenergies of the Hamiltonian because cos(7/3) = cos(57/3)
and cos(47/3) = cos(27/3). The critical coupling strength is in this case iQv/N/J ~ 1.2. In this
example of N = 1 and L = 6, we see in every symmetry sector a sharp increase of the cavity
occupation in contrast to the previous situation. However, these transitions differ significantly in
their critical coupling strengths. We can explain these different thresholds by looking at the kinetic
energy. Since the transition is a competition between the kinetic term and the coupling term, we
expect that the threshold depends on the value of the kinetic energy (cos(k)). Thus, the symmetry
sector corresponding to a smaller kinetic energy (here mz =1and m 2 = 1 compared to m, = 1)
has a smaller transition threshold. Fig. 6.7 shows the corresponding atomic observables. Apart
from the difference in the critical coupling strength of the symmetry sectors, a similar behavior
can be observed in all sectors. In Fig. 6.11c and 6.11d, it seems that the behavior in the symmetry
sector m, /3 = 1 is opposite. But since cos(m/3 4 ) > cos(7/3), we still observe that below the
phase transition the states with a lower energy are mostly occupied in all symmetry sectors.
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Figure 6.6: Dependence of the scaled photon number (afa)/N on the scaled coupling strength
QV/N for N =1 and L = 6. The parameters are hd/.J = 2 and hl'/J = 1.
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Figure 6.7: (a) shows the dependence of the odd-even imbalance on the scaled coupling strength
QV/'N. (b) shows the dependence of the coherence on the scaled coupling strength
QVN. (c) and (d) show the dependence of the occupation of the possible momenta,
on the scaled coupling strength Qv/N. All results are for N = 1 and L = 6 and the

parameters are id/J = 2 and Al'/J = 1.

We go on by considering N = 1 and L = 8. Here, the four symmetry sectors are spanned by the
states with momentum 7 /4 and 57 /4, 7/2 and 37/2, 37 /4 and 77 /4 and 7 and 27. For the second
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6.3 Steady state solutions

symmetry sector, we observe the same behavior as in the four site case for these momenta. Again,
we find the same two-dimensional solution space and use the same basis as before for the following
results. All other sectors have a unique steady state. Using these solutions, we calculate the cavity
occupation as a function of the coupling strength Q which is depicted in Fig. 6.8.
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Figure 6.8: Dependence of the scaled photon number (afa)/N on the scaled coupling strength
QV/N for N =1 and L = 8. The parameters are /id/.JJ = 2 and hil'/J = 1. The solution
space in the case mz = 1 is two dimensional. Hence, a basis of this space consisting of
two solutions was used for the phase diagram.

New in this particular case are the symmetry sector m,,4 = 1 and the symmetry sector msz, /4 =
1 leading to another critical coupling strength of EQvVN /J =~ 1.35. Both sectors lead to the
same critical coupling strength and are further completely matching because we obtain the same
eigenenergies of the Hamiltonian for both. We have already seen this in the case of N = 1 and
L = 6 for the sectors my /3 = 1 and mgy, /3 = 1. The corresponding atomic observables can be seen
in Fig. 6.9. Again, we discussed most of the symmetry sectors already previously and the general
features of the solutions of the symmetry sector m,,4 = 1 and the symmetry sector mz, /4 = 1 are
apart from the different critical coupling strength very similar.

As a last example in the single particle case, we have a look at N =1 and L = 10, where the five
symmetry sectors are spanned by the states with momentum = /5 and 67/5, 27/5 and 77/5, 37 /5
and 87/5, 4w /5 and 97/5 and 7 and 2w. All of these sectors have a unique steady state. The
cavity occupation as a function of the coupling strength Q can be seen in Fig. 6.10. Except for
the symmtery sector m, = 1, all of the momenta of the other symmetry sectors were not present
in the examples discussed so far. The steady state of the symmetry sector m /5 = 1 leads to the
critical coupling strength of AQVN /J =~ 1.4 as well as the steady state of the symmetry sector
Myr /5 = 1. Furthermore, the steady state of the symmetry sector my,/5 = 1 leads to the critical
coupling strength of hQ\/N/J ~ 1.1 as well as the steady state of the symmetry sector ms, /5 = 1.
The same behavior in these symmetry sectors is again due to the fact that the states have the
same eigenenergies of the Hamiltonian. By looking at some atomic obervables depicted in Fig.
6.11 we do not see any new special features apart from the different critical coupling strengths in
the different symmetry sectors.
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Figure 6.9: (a) shows the dependence of the odd-even imbalance on the scaled coupling strength
QOV/N. (b) shows the dependence of the coherence on the scaled coupling strength
QV/N. (c) and (d) show the dependence of the occupation of the possible momenta
on the scaled coupling strength Qv/N. All results are for N = 1 and L = 8 and the
parameters are id/J = 2 and Al'/J = 1.
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Figure 6.10: Dependence of the scaled photon number (afa)/N on the scaled coupling strength
QVN for N =1 and L = 10. The parameters are hd/J = 2 and hl'/J = 1.
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Figure 6.11: (a) shows the dependence of the odd-even imbalance on the scaled coupling strength
QV/N. (b) shows the dependence of the coherence on the scaled coupling strength
QVN. (c) and (d) show the dependence of the occupation of the possible momenta
on the scaled coupling strength Qv/N. All results are for N = 1 and L = 10 and the
parameters are id/J = 2 and Al'/J = 1.

Two Particles

We now start to increase the particle number and consider N = 2 and L = 4. This situation offers
two possibilities. We can either put both particles in one of the single particle symmetry sectors
or we put one particle in the first sector and the other one in the second sector. If we put both
of these particles in the same single particle sector, we expect no dynamics to occur. In the other
situation, we get a two-dimensional solution space. The cavity occupation as a function of the
coupling strength €2 can be seen in Fig. 6.12. One sees that the cavity occupation stays zero in
the case where both particles are in the same single particle sector, i.e. either mz =2 or m, = 2.
We can also show analytically that a completely filled symmetry sector does not contribute to the
dynamics in our system, i.e. to the cavity occupation. The occupation of the cavity is given by

Q2

_ 2
- 52+1—\2/4Tr(p O) ’

(a'a) (6.18)

with the imbalance operator O = Zk ch;H,T. Now we consider the situation that we have two
particles which occupy the same single particle symmetry sector spanned by the states with mo-
mentum p and p + 7. The density matrix can then be written as p = c;+7rc;;AT |0) (0] Acpcpin,
where At contains linear combinations of products of creation operators associated with the other

symmetry sectors. In particular, A" does not contain the operators c;f) and c;r) - We then find for
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6 The non-interacting system

the trace
Tr(ch nch AT 10) (0] Acycpin D chenin)
k
= Tr(ch i chAT(0) (0] A{cpCpin, chenin}) = Y Tr(chyrchAT0) (0] Acfcrsncpepin)
k k

= Z ’I‘r(cL+7rc;AT [0) (O] A(dp+r,kCpChtr — Op kCptrCltr + 2c£ck+,rcpcp+7r))

g ) . (6.19)
- Z Tr(cp_”c;AT |0) (O] Acy.ChqrCpCpin)

k
= Z T1°(c;_~_7rc;AJr |0) (0] Ac,zck+,rcpcp+ﬂ)
k

=> "Tr(AT10) (0] Acfcrin),
k

where the trace in the last line stands for the trace over the (N — 2)-particle states. Therefore, a
completely filled symmetry sector does not contribute to the cavity occupation. Hence, we will not
further analyze the two cases of mz = 2 and m,; = 2. In the situation mz = m, =1, one of the
two solutions looks similar to the solutions which we have seen in the single particle case for the
symmetry sector mz = 1. For the other solution, we find a very quick saturation of the increasing
photon number which then starts to decrease. To get a better understanding for that we look at
some atomic observables depicted in Fig. 6.13. In Fig. 6.13a, we see that the odd-even imbalance
tends to go to zero for the solution which showed only a weak increase followed by a decrease in
the photon number. In Fig. 6.13b, Fig. 6.13c and Fig. 6.13d, we encounter for the momentum 7/2
the same behavior as in the single particle case for this momentum. Hence, the interplay between
the two involved single particle symmetry sectors leads to the observed behavior.

3.00

hQAIN /I

Figure 6.12: Dependence of the scaled photon number (afa)/N on the scaled coupling strength
QVN for N = 2 and L = 4. The parameters are hd/J = 2 and Al'/J = 1. The
solution space in the case mz = m, = 1 is two-dimensional. Hence, a basis of this
space consisting of two solutions was used for the phase diagram.
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Figure 6.13: (a) shows the dependence of the odd-even imbalance on the scaled coupling strength
QV/N. (b) shows the dependence of the coherence on the scaled coupling strength
OVN. (c) and (d) show the dependence of the occupation of the possible momenta
on the scaled coupling strength Qv/N. All results are for N = 2 and L = 4 and the
parameters are hd/J = 2 and Al'/J = 1. Note that we use the notation that the
squares correspond to one solution and the circles to the other one.

Three Particles

Next we increase the particle number further and consider N = 3 and L = 6. Here, we have six
different combinations of filling one symmetry sector completely with two particles and having the
other particle in one of the two remaining sectors. Moreover, we can put one particle in every
single particle symmetry sector. Referring to our previous analysis, the completely filled symmetry
sectors do not contribute to the cavity occupation. Hence, we expect that we get the same dynamics
as in the case for N =1 and L = 6. Fig. 6.14 shows the the cavity occupation as a function of the
coupling strength 2 for all six possible combinations. One sees that the completely filled single
particle sector does not contribute to the result as the occupation of one of the single particle
sectors does not change by the choice of the completely filled sector. Furthermore, the results are
the same as in the one particle case for six sites up to rescaling with the particle number, which
were shown in Fig. 6.6.

If we put one particle in every single particle symmetry sector, we get a two-dimensional solution
space, because two of the single particle sectors have the same energy and in this case both are
occupied simultaneously.
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Figure 6.14: Dependence of the scaled photon number (afa)/N on the scaled coupling strength
QVN for N =3 and L = 6. The parameters are i6/J = 2 and il'/J = 1.

Four Particles

As a last example of this analysis, we want to comment on the system with N = 4 and L = 8.
Here, we have 19 different subspaces for which we want to find the steady states. Six subspaces
cover the situation where two single particle sectors are completely filled, 12 of them capture that
one single particle sector is completely filled and in the last subspace every particle is in one of the
single particle symmetry sectors. The latter leads to a four-dimensional solution space because of
the fact that two of the single particle sectors have the same energy (the ones spanned by the states
with momentum 7/4 and 57/4 and with momentum 37 /4 and 77 /4) and the 7/2 sector is also
occupied. Depending on which one particle sector is entirely filled and which single particle sectors
are occupied by the remaining two particles, the solution space is either one or two-dimensional.
If two single particle sectors are totally filled, the solution space is one-dimensional and as shown
before, the cavity occupation stays zero.

For larger systems especially regarding the number of atoms, it becomes computationally more
difficult to find the steady state solutions since we are solving for every entry of the density matrix
separately. Therefore, we focus on the interacting model in the next chapter, where we can use
a thermal ansatz to describe the atomic part of the density matrix which reduces the degrees
of freedom in our computation significantly. There, we will also compare the results obtained
within the mean-field approach without any fluctuations with the one of the many-body adiabatic
elimination. The goal here was to understand the influence of a strong symmetry of the Liouvillian
on the nature of the steady state solutions. We have seen that we obtain multiple steady state
solutions for which the resulting phase transitions differ in their critical coupling strength or do
not show a sharp phase transition at all. These different thresholds imply a coexistence of states
of different natures for the same parameters depending on the chosen symmetry sector.
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7 The interacting system

In this chapter, we study the self-organization transition for the full model introduced in Chapter
3 in Eq. 3.9. For this, we use the steady state solutions obtained by using the ground state of the
effective mean-field Hamiltonian (see Eq. 4.8) as well as the ones from the many-body adiabatic
elimination (see Eq. 4.30). For the latter, we describe the atomic part of the density matrix
by a thermal state and solve for the effective temperature in contrast to the situation discussed
previously in the non-interacting limit of the model. As we have seen there, symmetries play a
crucial role in the analysis of the steady state solutions and the resulting phase transition. In
the interacting system, we can find again strong symmetries of the Liouvillian, i.e. a translation
symmetry and a reflection symmetry, if we assume periodic boundary conditions for our atomic
chain. In contrast, these symmetries are not present for open boundary conditions. We will discuss
both cases in the following. In the analysis, we restrict to a fixed particle number N and we fix
S, = 0. It is important to note that we showed the non-integrability of the ionic Hubbard model
in Chapter 5, which we need for the applicability of the thermal ansatz for the atomic part of the
density matrix. But this is only valid as soon as the cavity is occupied. We will nevertheless also
use this ansatz below the phase transition for our results. However, the behavior in this regime
would actually have to be investigated separately.

7.1 Steady state solutions for open boundary conditions

We start by using open boundary conditions for the atomic chain. In order to investigate the
behavior of the system across the self-organization transition, we have a look at the occupation of
the cavity (a'a) and at the contrast in the density-density correlations

L—2
m Z((nlnz+2> — <7’LZ"I’LZ'+1>) With n; = Zni,o’. (71)
i=1 o
The latter is the measure of the density wave character. Further, we calculate these observables
by either varying the coupling strength Q for a fixed dissipation strength I' or by varying the
dissipation strength I' for a fixed coupling strength .

For quarter-filling, i.e N =2 and L = 4, Fig. 7.1 depicts the results obtained by using the ground
state of the effective mean-field Hamiltonian. In Sec. 4.1, we already discussed the behavior of
the cavity field within this approach taking a finite value in the self-organized phase. This can be
seen in Fig. 7.1a. Additionally, we now see in Fig. 7.1c that the atoms self-organize into a density
modulated pattern either on the odd or even sites of the chain. The contrast takes the value 1/2 in
the self-organized phase showing that within this mean-field approach the atomic state approaches
a total population imbalance where no defects are present. In Fig. 7.1b and 7.1d, we can observe
a transition back into the normal phase by increasing the dissipation strength in the system.

We can compare these results with the ones obtained within the many-body adiabatic elimination.
Thus, we can see how the fluctuations change the previously seen behavior. Starting with Fig.
7.2a and Fig. 7.2c for low I', we see that the position of the phase transition does not really
change (hQ\/ﬁ /J = 1.35) but we encounter a small jump at the phase transition in the photon
number and in the contrast, which was not present in the mean-field results. Further, we see that
the fluctuations lead to a significant decrease of the amount of photons inside the cavity which
even starts to saturate for higher coupling strengths 2. This effect is also visible in the contrast
which clearly shows the different nature of our atomic state compared to the pure state within
the mean-field approach without fluctuations. The fluctuations lead to a mixed state including
states without a total population imbalance, which significantly reduces the contrast. We also see
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7 The interacting system

that the contrast starts to decreases as we go to larger €) in the self-organized phase. This can be
explained by looking at the inverse temperature 5 = 1/kgT depicted in Fig. 7.2e. The temperature
increases strongly in the self-organized phase and is also finite below the transition threshold due
to the fluctuations. This is in contrast to the mean-field solution without fluctuation which is a
zero temperature state. The temperature further leads to excitations in the atomic sector which
explains the decreasing contrast and also the suppressed photon number.
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Figure 7.1: Results of the zero temperature mean-field approach. (a) and (c) show the dependence
of the scaled photon number (afa)/N and of the contrast on the scaled coupling strength
QV/N for N = 2 and L = 4. The parameters are hd/.J = 2, U/J = 2 and il'/J = 1. (b)
and (d) show the dependence of the scaled photon number {a'a)/N and of the contrast
on the dissipation strength T for N = 2 and L = 4. The parameters are hd/J = 2,
U/J =2 and B/ N/J = 3.

Switching to the situation where we observe the transition back into the normal phase as we
increase I' in Fig. 7.2b, Fig. 7.2d and Fig. 7.2e, we first see that we do not see a jump at the
transition point in all observables. Moreover, we obtain in this regime of strong dissipation a very
different transition threshold (il'/J = 5.6) compared to the zero temperature mean-field solution
(hT'/J = 8.4). We expected this significant deviation for strong dissipation stengths referring to the
analysis done for an analogous model for bosonic atoms by Bezvershenko et al. [11] and Halati [13].
Apart from that, we find a very similar behavior to the situation before, as the photon number
and contrast are much below the ones from the zero temperature mean-field solution.
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Figure 7.2: Results of the finite temperature many-body adiabatic elimination approach. (a), (c)
and (e) show the dependence of the scaled photon number (afa)/N, of the contrast
and of the inverse temperature 8 on the scaled coupling strength Qv/N for N = 2 and
L = 4. The parameters are id/J = 2, U/J = 2 and Al'/J = 1. (b), (d) and (f) show
the dependence of the scaled photon number (a'a)/N, of the contrast and of the inverse
temperature 8 on the dissipation strength I' for N = 2 and L = 4. The parameters are
ho/J=2,U)J =2 and KW N/J = 3.
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7 The interacting system

As a second example, we have a look at a half-filled chain, i.e. N =4 and L = 4. Again, we first
consider the zero temperature mean-field solution shown in Fig. 7.3.
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Figure 7.3: Results of the zero temperature mean-field approach. (a) and (c) show the dependence
of the scaled photon number (afa)/N and of the contrast on the scaled coupling strength
QV/N for N = 4 and L = 4. The parameters are hd/.J = 2, U/J = 2 and hl'/.J = 1. (b)
and (d) show the dependence of the scaled photon number (a'a)/N and of the contrast
on the dissipation strength T for N = 4 and L = 4. The parameters are hd/J = 2,
U/J =2 and B/ N/J = 3.

Here we observe a jump at the transition point in all cases. Compared to the quarter-filled case, the
transition point is now at a higher coupling strength #QvN/J & 1.75 and at a lower dissipation
strength Al'/J ~ 5.8. Apart from that, we do not observe any new features here.

Comparing this to the results of the mean-field solution including the fluctuations reveals the same
major differences as we have already seen in the case of quarter-filling. Due to the strong increase
of the effective temperature (see Fig. 7.4e), the photon number (see Fig. 7.4a) and the contrast (see
Fig. 7.4c¢) are significantly suppressed but the transition threshold again does not really deviate
from the zero temperature mean-field solution at low I'. Furthermore, the jump at the transition
point is now even more pronounced compared to the case of quarter-filling (see Fig. 7.2a and Fig.
7.2c). However, the jump disappears at the transition back into the normal phase shown as a
function of I' in Fig. 7.4b, Fig. 7.4d and Fig. 7.4f. In this regime of strong dissipation strengths,
the deviation of the transition threshold (Al'/J = 4.2) to the zero temperature mean-field solution
(A'/J = 5.8) is substantial as we have also seen in the case of quarter-filling.
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Figure 7.4: Results of the finite temperature many-body adiabatic elimination approach. (a), (c)

and (e) show the dependence of the scaled photon number (a'a)/N, of the contrast
and of the inverse temperature 3 on the scaled coupling strength Qv/N for N = 4 and
L = 4. The parameters are id/J =2, U/J = 2 and Al'/J = 1. (b), (d) and (f) show
the dependence of the scaled photon number (afa)/N, of the contrast and of the inverse
temperature 8 on the dissipation strength I' for NV = 4 and L = 4. The parameters are
ho/J=2,U)J =2 and KW N/J = 3.

All in all, we have seen that the influence of fluctuations onto the nature of our states is enormous.
Fluctuations lead to a finite temperature mixed atomic state in the self-organized phase meaning

that states

without a total population imbalance do also contribute to our steady state. This was

in particular visible in the suppressed photon number inside the cavity and the saturation of it
and also in the smaller contrast and the decrease of it.
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7 The interacting system

7.2 Steady state solutions for periodic boundary conditions

The strong symmetries which are now present for periodic boundary conditions, where already
mentioned in Sec. 5.1. There we saw that the atomic mean-field Hamiltonian has a translation
symmetry and a reflection symmetry. Since the transformations associated to these symmetries
only act on the fermionic operators, it is straightforward to show that these commute with the
annihilation operator a and thus also with the coupling term H,. without performing the mean-
field decoupling. Therefore, these two spatial symmetries are strong symmetries of the Liouvillian
and we analyze the steady state solution in every of the resulting symmetry sectors'. The labeling
of these sectors will be the same as introduced in Sec. 5.1. For L = 4, we have four different
symmetry sectors. The translation symmetry leads to a splitting into two symmetry sectors which
we label by £ = 0 and k = 1. The reflection symmetry leads to a further splitting of each of
these blocks into two more symmetry sectors labeled by + and —. Thus, all together we have four
different symmetry sectors, which we label by (0,—), (0,+), (1,—) and (1,+).

We start with a quarter-filled atomic chain, i.e. N = 2 and L = 4. Fig. 7.5 shows the results
obtained by using the zero temperature mean-field state.
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Figure 7.5: Results of the zero temperature mean-field approach. (a) and (¢) show the dependence
of the scaled photon number (afa)/N and of the contrast on the scaled coupling strength
Qv/N for N = 2 and L = 4. The parameters are hd/J = 2, U/J = 2 and il'/J = 1. (b)
and (d) show the dependence of the scaled photon number (a'a)/N and of the contrast
on the dissipation strength I" for N = 2 and L = 4. The parameters are hd/J = 2,
U/J =2 and QN /J = 3.

INote that this is also true for the particle hole symmetry present in the half-filled case. However, since this
symmetry has not been implemented, it will not be discussed further.
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7.2 Steady state solutions for periodic boundary conditions

The solution in the symmetry sector (0,+) is essentially the same as the solution obtained with
open boundary conditions, since the lowest energy regarding all symmetry sectors is in the (0, +)
sector. There is a small shift in the transition threshold because of the influence of the different
boundary conditions. Going to larger system sizes should reduce this effect. Completely new are
now the solutions in the symmetry sectors (0, —), (1,—) and (1,+). Since the Hamiltonian vanishes
in the (0, —) symmetry sector, it is clear why we do not see any dynamics in the photon number.
Therefore, we will neglect this sector in the discussion of the other observables. The solutions in
the sectors (1,—) and (1,+) show a very different behavior compared to the solutions we have
seen so far for the interacting model. In contrast to a sharp phase transition, we see a smooth
and continuous increase of the cavity occupation by increasing coupling strength, which is similar
to the behavior seen in the non-interacting model in the 7/2 symmetry sector. If we look at the
contrast depicted in Fig. 7.5¢ and 7.5d, we see again that the states in the sectors (0,4) and
(1, —) approach a total population imbalance in the self-organized phase whereas the contrast in
the symmetry sector (1,+) is just constant across both phases.

Comparing this to the results of the mean-field solutions including fluctuations shown in Fig. 7.6,
we see the same differences across the symmetry sectors which we already observed in the case of
open boundary conditions. The increase of the effective temperature in the self-organized phase
(see Fig. 7.6e) leads to a suppressed photon number (see Fig. 7.6a) and a suppressed contrast (see
Fig. 7.6¢). The latter means that the atomic state is not just given by a pure state with perfect
population imbalance. It includes also states with defects in the population imbalance. In contrast
to the situation for open boundary conditions, we do not see a jump at the phase transition in Fig.
7.6a, Fig. 7.6c and Fig. 7.6d. Regarding the solution in the symmetry sector (1,+), we see that
the temperature stays also constant across the phase transition. However, in the strong dissipation
regime, the contrast (see Fig. 7.6d) and the temperature (see Fig. 7.6f) slightly change and are not
constant anymore.

(a)
2.5
0,- -1
2.0 =0+ =1,+
é 1.5
S
S 1.0
0.5
0.0 —
0 8 10
(c) (d)
0.5 0.5
=0+ =1,— -0+ =1,—
04 —1+ 0.4 T
- 03 _ 03
502 502
© O
0.1 0.1 =
0.0 ) — =
0 1 2 3 4 5 6 0 2 4 6 8 10
HOAN /1 Al

47



7 The interacting system

(e) ®)
1.2 3.0
Lol =0F =1 —0+ —1,-

0.8

3 0.6

0.4

0.2

0.0 =
0 1 2 3 4 5 6

hQ\W/J

Figure 7.6: Results of the finite temperature many-body adiabatic elimination approach. (a), (c)
and (e) show the dependence of the scaled photon number (afa)/N, of the contrast
and of the inverse temperature 3 on the scaled coupling strength Qv/N for N = 2 and
L = 4. The parameters are hd/J = 2, U/J =2 and hil'/J = 1. (b), (d) and (f) show
the dependence of the scaled photon number (aa)/N, of the contrast and of the inverse
temperature 8 on the dissipation strength I' for N = 2 and L = 4. The parameters are
hé/J=2,U/J=2and hQVN/J = 3.

In the half-filled case, i.e. N = 4 and L = 4, we can see the solutions of the zero temperature
mean-field approach in Fig. 7.7. Here, we also discuss the (0, —) symmetry sector since this time
dynamics are present in this sector. Comparing the results to the ones for open-boundary conditions
(see Fig. 7.3), we observe no jump at the phase transition. In comparison to the results of the
zero temperature mean-field solutions for periodic boundary conditions for quarter-filling shown
in Fig. 7.5, we now observe a sharp phase transition in the symmetry sectors (1,—) and (1,+)
and a smoother increase of the photon number in the sector (0,+). Moreover, the solutions of the
symmetry sectors (1, —) and (1,+) are matching. If we further look at the contrast depicted in
figure 7.7c and 7.7d, only the solution in the symmetry sector (0,+) reaches a total population
imbalance.

Fig. 7.8 shows how the behavior for half-filling changes after including fluctuations. First of all,
there is no jump at the phase transition in contrast to the prominent one for open boundary con-
ditions shown in Fig. 7.4. Secondly, the fluctuations lead to a sharp increase of the photon number
in the symmetry sector (0,4) in contrast to the zero temperature mean-field solution for the same
filling. Furthermore, this solution has some small wiggles in the curves of all observables, which we
do not saw previously in any situation. It might be that these are finite size effects. The solutions
of the sectors (1, —) and (1,4) are again matching like the ones obtained in the zero temperature
mean-field approach. The solution in the sector (0, —) seems to fluctuate in some regions, especially
in the inverse temperature in Fig. 7.8f. Increasing the accuracy in the calculation of this solution
has not removed these fluctuations. These might be finite size effects. Again, the photon number
and the contrast are much below the ones from the zero temperature mean-field solutions in all
of the four symmetry sectors. Apart from the solutions in the symmetry sectors (1,—) and (1,+)
for a fixed dissipation strength I', the transition thresholds compared to the ones from the zero
temperature mean-field solutions deviate a bit.

In conclusion, likewise to the case of open boundary conditions we have seen that fluctuations
play a crucial role for the steady state solutions in our system. Moreover, we investigated the
influence of strong symmetries onto the nature of these steady states. In each of the resulting
symmetry sectors we found a steady state solution and studied the resulting phase transitions into
a self-organized phase. The results were very different regarding the transition threshold and the
general behavior.
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Figure 7.7: Results of the zero temperature mean-field approach. (a) and (¢) show the dependence
of the scaled photon number (afa)/N and of the contrast on the scaled coupling strength
QV/N for N = 4 and L = 4. The parameters are hid/J =2, U/J = 2 and hil'/J = 1. (b)
and (d) show the dependence of the scaled photon number (a'a)/N and of the contrast
on the dissipation strength I" for N = 4 and L = 4. The parameters are hd/J = 2,
U/J=2and KOVN/J = 3.
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Figure 7.8: Results of the finite temperature many-body adiabatic elimination approach. (a), (c)
and (e) show the dependence of the scaled photon number (a'a)/N, of the contrast
and of the inverse temperature 3 on the scaled coupling strength Qv/N for N = 4 and
L = 4. The parameters are io/J =2, U/J = 2 and Al'/J = 1. (b), (d) and (f) show
the dependence of the scaled photon number (a'a)/N, of the contrast and of the inverse
temperature 8 on the dissipation strength I' for N = 4 and L = 4. The parameters are

ho/J=2,U)J =2 and KW N/J = 3.
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8 Conclusion

In this thesis, we investigated the self-organization transition present in our system consisting of
fermionic atoms which are confined to an optical lattice and which are globally coupled to the
field of a dissipative optical cavity. Using a newly developed many-body adiabatic elimination
method [11,13], we captured the dissipative nature of the quantum light field as well as the global
coupling to the cavity mode beyond the mean-field decoupling. Within this approach, we described
the atomic part of the density matrix of the interacting model by a thermal state. In order to justify
the applicability of this ansatz, we checked the non-integrability of the ionic Hubbard model. For
this, we discussed the different symmetries which are present in the system, i.e. particle number
conservation, SU(2) symmetry, translation symmetry and refelction symmery. By analyzing the
level statistics in the different symmetry sectors, we found a GOE distribution in the quarter-filled
case for a broad range of parameters showing the non-integrability of the model. Because of an
additional symmetry in the half-filled case, i.e. a particle hole symmetry, we did not saw a clear
GOE behavior in the level statistics. In this case, we showed that the distribution agrees well
with the one of a GOE where a further splitting into two symmetry blocks is still possible, which
suggested again that the ionic Hubbard model in non-integrable. To support this even more, we
changed the interaction term so that the interaction strength is different on even and odd sites of
the chain. This breaks the particle hole symmetry while the others remain valid. Here we obtained
again a GOE distribution. We concluded that the ionic Hubbard model in non-integrable.

We proceeded by first investigating the non-interacting model. This was done by calculating the
steady state solutions within the many-body elimination method by solving for every entry of the
atomic density matrix. For this, we introduced the concept of symmetries in open quantum systems
and found a strong symmetry for our non-interacting model. In the presence of this symmetry, we
obtained multiple steady state solutions in the different symmetry sectors. By looking at the cavity
occupation as a function of the coupling strength, we observed the self-organization transition. This
transition changed for the different steady state solutions regarding the transition threshold. Some
solutions were completely different in their nature meaning that they showed a smooth increase of
the cavity occupation.

In the interacting model, we focused on the differences between the zero temperature mean-field
solutions and the solutions calculated by including the fluctuations of the mean-field decoupling
within the many-body adiabatic elimination. We observed that fluctuations really change the
behavior of the phase transition. We saw this in the suppressed photon number and also in the
suppressed density-density correlations. Without fluctuations the atomic state in the mean-field
treatment approaches a total population imbalance where no defects are present. Fluctuations lead
to a finite temperature and a mixed atomic state in the self-organized phase meaning that states
without a total population imbalance do also contribute to the state. Furthermore, we studied the
influence of strong symmetries in this interacting model for periodic boundary conditions, where the
strong symmetries were given by a translation symmetry and a reflection symmetry. Similar to the
non-interacting model, the transition threshold of the dissipative phase transition changed for the
different sectors. Moreover, some solutions did not showed a sharp onset of the cavity occupation
at all. Since the thermal ansatz of the atomic density matrix is only valid for a non-integrable
model which corresponds to the regime above the transition, one has to further investigate how
one could appropriately describe the regime below the transition. Another objective for the future
would be to investigate more parameter regimes and to improve the numerical implementations in
order to be able to go to larger system sizes.
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