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CHAPTER 1

Introduction

Floquet systems became increasingly popular during the last decade. They describe all systems with
an external time-periodic drive, a situation which is often encountered in experiments. Especially
by applying external time-periodic fields to cold atom systems one is able to induce a variety of
interesting effects in them (see [1] for a good introduction) like dynamical localization [2], artificial
magnetic fields [3] and even phase transitions [4, 5]. In most situations one tries to apply the external
drive homogeneously to the entire system to manipulate the system as a whole. But of course there is
also the other option, namely to apply the driving only to small parts. This results in driven impurities
which can have interesting properties.

In 2016 Thuberg et al. [6] considered a non-interacting chain with a single driven site 0 at which
the local chemical potential oscillates as µ0 = µ cosωt. For the transmission through the impurity,
depending on the parameters, there exists a wide range of scattering situations. In particular they
found that the system possesses a Fano resonance [7], an unusual resonance which is based on bound
states inside the continuum. This system can be extended [8] with a spin dependent coupling (i.e. a
driven magnetic field) and one can find parameters for which one spin species is fully blocked while
the other is fully transmitted. Such a spin filter device could be used in cold atom experiments to
manipulate the atoms depending on their spin.
While a non-interacting chain already describes fermionic cold atom systems quite well it still

misses an important effect: the on-site Hubbard interaction U between particles [1]. This interaction
allows for a completely new physical situation: Bound pairs of particles with opposite spin. In recent
years there has been growing interest in observing and studying these bound pairs experimentally [9,
10, 11, 12]. In this thesis we would like to study how these bound pairs scatter at a driven impurity,
thereby extending the work of Thuberg et al. [6] to the more general Fermi-Hubbard chain.
The general description of Floquet systems is relatively complicated, especially in scattering

situations. Due to the external driving particles can absorb (or deposit) energy quanta corresponding
to the driving frequency ω. Already in the non-interacting chain [6] this can lead to many possible
final states of the scattering, especially if ω is small. Luckily once ω exceeds the band width, the
absorption of energy quanta ω is no longer energetically allowed (i.e. only possible for short times
during the scattering). One can use this to derive effective static Hamiltonians for the driven system in
the large frequency limit ω → ∞. For pairs, if U is close to an integer multiple of ω, there is also
the possibility of a pair breaking into two single particles by multiple absorption of energy quanta ω.
This is not desirable when trying to work with pairs and we will therefore first focus on parameter
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Chapter 1 Introduction

ranges where pair breaking is not possible. We will derive an effective Hamiltonian in this regime and
use it to calculate the transmission. We will compare the result to the single particles and find that it
behaves quite differently. This is great as it opens the possibility to manipulate pairs independent from
the single particles, for example to build a pair filter, which blocks single particles but lets pairs pass.
In the second chapter we give a short introduction into all necessary theoretical prerequisites. We

introduce the Fermi-Hubbard model, its exact eigenstates for one and two particles and how one can
derive an effective Hamiltonian for the pairs. We give a quick overview over Floquet theory with a
specific emphasis on how to think about Floquet systems in the scattering scenario. Also we introduce
the numerical method we will later use to validate the results of our effective model.
The third chapter then treats the scattering at the driven impurity in the non-resonant case. We

derive an effective Hamiltonian for both single particles and pairs in the limit of J/ω→ 0 and discuss
their resulting transmission amplitudes. We compare the pair transmission to numerical results and
find that they are in good agreement even for finite J/ω as long as the driving is still non-resonant.

In the fourth chapter we compare the transmission of single particles and pairs and discuss possible
applications. By tuning the parameters one can achieve impurities which transmit pairs but block
single particles and vice versa.

In the last chapter we complete the discussion of the impurity by also considering the resonant case,
i.e. where pair breaking can occur. Although this case is probably not experimentally relevant it is
still theoretically interesting. In particular we will find that in the limit of small J/ω pair breaking is
actually suppressed. This is an unintuitive finding as we would have expected exactly the opposite,
namely that pair breaking is the dominant process. In addition to the rather complex calculations for
the pairs we also discuss this behaviour and its implications in a simpler toy model.
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CHAPTER 2

Description of the model and techniques

The model we will consider in this thesis is given by a Fermi-Hubbard chain (for a comprehensive
introduction see [13]) with an additional impurity given by a shaken chemical potential at site 0. The
Fermi-Hubbard model describes spin 1

2 fermions on an infinite chain of lattice sites1. The Hamiltonian
consists of three parts

H = −JHH +UHU + λωV cos(ωt). (2.1)

The first part is the hopping Hamiltonian with hopping parameter J. The second one describes the
on-site Hubbard interaction with interaction parameter U. Their formal definitions are

HH =

∞∑
n=−∞

∑
σ∈{↑,↓}

c†nσcn+1σ + c†
n+1σcnσ (2.2)

HU =

∞∑
n=−∞

nn↑nn↓. (2.3)

Here cnσ is the (fermionic) annihilation operator and nnσ = c†nσcnσ is the number operator at site n
with spin σ. The third part adds the impurity. Here λ is the driving strength (in units of ω), ω is the
driving frequency and V describes the impurity:

V = n0↑ + n0↓. (2.4)

We give a sketch of the model in figure 2.1. Our aim is to study scattering at this impurity which we
will do in chapter 3. Before we can do that we first need to understand the plain Fermi-Hubbard chain
without the impurity, as it is going to be the reference model for the scattering process.

1 Note that we will set ~ = 1 throughout the thesis. Also the lattice spacing is 1.
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-4 -3 -2 -1 0 1 2 3 4

J J J J J J J J

Figure 2.1: Sketch of the model: It is a Fermi-Hubbard chain with hopping parameter J and on-site Hubbard
interaction U (not shown). The impurity consists of a single site which local chemical potential is periodically
shaken (blue).

2.1 The Fermi-Hubbard chain

In this section we will consider the plain Fermi-Hubbard chain:

HFH = −JHH +UHU. (2.5)

The Fermi-Hubbard chain conserves the particle numbers for each spin separately. We will mostly
consider either one or two particles of opposite spin.

2.1.1 One particle

For one particle the Hubbard interaction vanishes and the model reduces to the standard tight-binding
model. This case together with a driven impurity was already analyzed in [6]. We are going to drop
the spin index2. The Hamiltonian can be diagonalized by a Fourier transform and has a continuous
spectrum. The eigenstates are given by plane waves��ψk

〉
∼

∑
n

eikn |n〉 (2.6)

where the momentum k is a real number between −π and π. Here we denote |n〉 = c†n |Ω〉 which
describes a particle at site n (|Ω〉 is the vacuum state). The eigenenergy of the eigenstate is
E = −2J cos k.

2.1.2 Two particles of opposite spin

For two particles of opposite spin the analysis of the Hamiltonian is more complicated. We will denote
a state with the first particle at n and the second one at m as |n,m〉 = c†

n↑
c†
m↓
|Ω〉. Instead of thinking

about the system as a 1D system with two particles on it, it is actually more intuitive to think of the
system as a single particle on an infinite 2D lattice. The position along the x-axis (y-axis) corresponds
to the position of the first (second) particle. We will make frequent use of this picture and call the 2D
system a layer. The Hamiltonian on this layer is given by an usual 2D hopping Hamiltonian with an
extra potential U acting on the diagonal n = m (see figure 2.2(a)).
From this picture it is clear that the system will factorize into the degrees of freedom along the

diagonal (center-of-mass coordinate) and perpendicular to it (relative coordinate). Along the diagonal
an eigenstate will be given by a plane wave. Perpendicular to the diagonal we can either have a
symmetric or antisymmetric wavefunction. In the antisymmetric case the wavefunction vanishes at the
diagonal and therefore describes two non-interacting particles. Thus this case is not interesting for us.

2 Since both types of spin are treated equally by the Fermi-Hubbard model the spin of the particle is irrelevant.
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2.1 The Fermi-Hubbard chain

(a)

4J

0

−4J

−|U |

−

√
|U |2 + (4J)2

(b)

Figure 2.2: Fermi-Hubbard chain (2.5) for two particles: a) View from top onto the layer for two particles. The
x and y components are the position of the first and second particle respectively. The sites are linked by hopping
parameter J (solid lines). The Hubbard interaction U acts on the sites marked in red. b) Sketch of the energy
bands of the two particle Fermi-Hubbbard chain. There are two bands: A free particle band (upper band) with

energies between −4J and 4J and a bound pair band (lower band) with energies between −
√
|U |2 + (4J)2 and

−|U |. For |U | < 4J both bands merge.

For the symmetric case an ansatz for the wavefunction is given by��ψK ,γ

〉
∼

∑
n,m

eiK(n+m)e−γ |n−m | |n,m〉 . (2.7)

Here K (half of the center-of-mass momentum) is between −π/2 and π/2 and γ (the relative
momentum3) can either be a real positive or a purely imaginary number4. The later case describes
an incoming plane wave scattering at the diagonal and escaping to infinity (this corresponds to the
scattering of two particles). The energy of such a state is

E = −4J cos K cos |γ |. (2.8)

This is a continuum of states with energies ranging from −4J up to 4J. We will call this band the free
particle band because (away from the diagonal n = m) it is a superposition of two free particle states.
Note that this also means that scattering at an impurity at site 0 is not different from the single particle
case (unless the improbable case, that both particles are simultaneously at site 0). Therefore we are
also not interested in the free particle band.
The case which adds a new phenomenon is when γ is actually a positive real number. The state

then corresponds to a bound pair of the two fermions with center-of-mass momentum 2K . The energy
of the bound pair is given by

E = −4J cos K cosh γ. (2.9)

3 If γ is imaginary it describes the relative momentum. Otherwise it describes the size of a bound pair.
4 In fact in this case the wavefunction is a superposition of two waves with γ and −γ
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Chapter 2 Description of the model and techniques

Furthermore as described in [14] by solving the Schroedinger equation at the diagonal n = m one
obtains (see [14] (17a)):

E = −
√

U2
+ (4J cos K)2 (2.10)

for attractive U < 05. For simplicity and because it is much more intuitive we will only consider the
attractive case U < 0. The repulsive case U > 0 can be mapped onto the attractive case by setting
γ → γ + iπ.
To summarize in the attractive case U < 0 the spectrum of the Hamiltonian for two particles with

opposite spin consists of two (possibly overlapping) bands. A band for free single particles with
energies between −4J and 4J and a second band for bound pairs with energies between −

√
U2
+ 16J2

and −|U | (see figure 2.2(b)).

2.1.3 What about more particles?

For more particles the Fermi-Hubbard model becomes more complicated. In principle one can still
solve it exactly using the Bethe ansatz [13]. The full solution will include many particles and pairs
all scattering from each other. However we are not interested in studying the Fermi-Hubbard model,
but want to study scattering at the impurity. To study this one single particle or one pair is enough.
For more particles or pairs the overall scattering will be given by a complicated interference between
scattering at the impurity as well as scattering between the particles away from the impurity. However
as long as long as no two particles are simultaneously at the impurity the scattering factorizes and
therefore reduces to the single particle or pair case. The scattering is only influenced if two particles
are simultaneously at the impurity. As long as the particle density is not too high this happens only
rarely. Therefore it is enough to restrict our attention to single particles or pairs.

2.1.4 The limit U/J → −∞

In order to get a better understanding of the bound pair states it is instructive to look at the limit
U/J → −∞. As we will see this limit is the ‘natural’ limit to realize and study pairs. We are first
going to discuss how the energy and wavefunctions of the Fermi-Hubbard model behave in this limit.
After that we will show we can arrive at the same results using perturbation theory. The perturbative
treatment is instructive for later calculations where the impurity will also be included. In that case we
do not know the full solution to the Schrödinger equation and so we will have to rely on perturbation
theory.

Wavefunctions and energies

Before we start let us note that the single particle case is not affected by this limit because the Hubbard
interaction U is irrelevant here. For two particles we get well separated energy bands, one for free
particles and one for pairs. The energies for pairs E ∼ −|U | are much lower than the energies for free
particles E ∼ J. Due to the huge energy difference between both bands they fully decouple in the

5 Note that [14] considers a pair of bosons. However the result is the same because we consider a symmetric wavefunction.
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2.1 The Fermi-Hubbard chain

limit. What happens to the wavefunction of the pair? The size of the pair is given by

1
γ
=

1

arcsinh
(
|U |

4J cos K

) . (2.11)

Note that the size depends on the momentum of the pair. We observe that the size of the pair will go to
zero as U/J → −∞. Already for |U |/J > 4 sinh(1) ≈ 4.7 the size of pair is below one lattice spacing
1/γ < 1 and therefore the overall majority of the wavefunction will concentrate on the diagonal, that
is where both particles are at the same position.

The limit U/J → −∞ is therefore given by nicely bound and localized paired states. Note that the
concentration of paired states onto the diagonal also implies that for the free states the probability of
having both particles at the same site vanishes. This is another manifestation of the decoupling of
paired and free states.

Derivation via Perturbation theory

In the last subsection we made use of the full solution for general J and U and analyzed the limit. Now
we would like to go a different way starting from the original model and deriving the limit without
knowing the general solution.

Before we start let us adopt a different mindset for solving this problem. Since perturbation theory
works with small quantities instead of |U |/J → ∞ we will consider the limit J/|U | → 0. To avoid
confusion we note that this limit should not be understood as making the hopping parameter small,
but rather as increasing |U | to infinity.

Let us define α = J/|U |. We want to study the limit α→ 0 of the Hamiltonian given by:

Hα = |U |
(
−αHH −HU

)
. (2.12)

Perturbation theory will allow us to consider not only one or two particles, but an arbitrary number
of them. For simplicity we will restrict ourselves to the case where we have an arbitrary but equal
number of particles for each spin N↑ = N↓ = N/2.

In the ultimate limit α = 0 the Hamiltonian is given by only −|U |HU. The ground state is given by
states where all particles are paired. The energy of these states is E0 = −|U |N↑. This ground state is
highly (in fact infinitely) degenerate and therefore we will need to employ degenerate perturbation
theory. A particular famous and useful method here is the Schrieffer-Wolff transformation. It was
originally developed to relate the Anderson model to the Kondo model [15] but can be applied to
basically any model. We give a short introduction and a quick derivation of the Schrieffer-Wolff
transformation for our purposes in the appendix A.2. A good and more mathematical treatment can be
found in [16].
Define the projectors P, which projects on all completely paired states, and Q = 1 − P. The

idea behind the Schrieffer-Wolff transformation is to find a unitary transformation Wα which block
diagonalizes the Hamiltonian into the P and Q subspaces6, i.e. we want PHeff

α Q = QHeff
α P = 0 where

Heff
α =W†αHαWα.

6 Note that we use a different notation than usual. Usually instead of the unitary Wα one introduces the anti-hermitian Sα,
s.t. Wα = e−Sα .

7



Chapter 2 Description of the model and techniques

By expanding Wα = 1 + αW1 + α
2W2 + . . . one can recursively solve for Wα up to arbitrary order

(Note that W1 denotes the first Taylor coefficient7 d
dαWα

��
α=0 and not Wα evaluated at α = 1). In

particular we derive in appendix A.2 the first order QW1P (see equation (A.10)) which is given for
the Hubbard model by:

QW1P =
1
|U |

QHHP. (2.13)

Using this result and further simplifying the formulas we find that the new Hamiltonian (A.14) in the
P sector is given by

PHeff
α P = E0 −

J2

|U |
PHHQHHP + O

(
α3

)
= −|U |N↑ −

4J2

|U |

∑
n

[
1
2
(
η+nη

−
n+1 + η

+
n+1η

−
n

)
− nn↑nn+1↑ − nn↑

]
+ O

(
α3

)
. (2.14)

In the second step we used the general formula derived for the Floquet setting (A.33) with gna = δa,0.
The limiting effective Hamiltonian for pairs is therefore

Hpair
= −|U |N↑ − 4

J2

|U |

∑
n

[
1
2
(
η+nη

−
n+1 + η

+
n+1η

−
n

)
− nn↑nn+1↑ − nn↑

]
. (2.15)

Here we defined the ‘creation’ and ‘annihilation’ operators of a pair as

η+n = c†
n↑

c†
n↓

(2.16)

η−n = cn↓cn↑. (2.17)

These operators do not satisfy the commutation relations for creation and annihilation operators but
rather form a spin 1

2 algebra with a suitable ηzn = (nn↑ + nn↓ − 1)/2 operator8.
We will regard the new Hamiltonian in (2.15) as an effective Hamiltonian for bound pairs in the

limit α → 0. The first and the last term are proportional to the total particle number and therefore
just numerical constants which can be ignored. The second term describes a pair hopping term with
effective pair hopping parameter 2 J2

|U | (in original units). The third term is a (repulsive) nearest
neighbour pair interaction term. Note that instead of nn↑ we could have equivalently used nn↓ (both
are necessary equal in the P sector and either 0 or 1). Since we are later on going to restrict ourselves
to two particles , i.e. one bound pair, the pair interaction term will not be relevant for us. For one pair
the effective Hamiltonian is simply a hopping Hamiltonian.

2.1.5 Interpretation of the Schrieffer-Wolff transformation

We have derived the limit J/|U | → 0 by looking at two different aspects: the eigenstates and
eigenvalues of the Hamiltonian and by means of perturbation theory. What is the connection of both
ways?

7 We will use this compact notation to denote Taylor expansions throughout the thesis.
8 In fact up to a numerical constant the Hamiltonian is equivalent to a XXZ model.
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2.2 Floquet theory

Most often one thinks of the Schrieffer-Wolff transformation simply as a way to derive an effective
Hamiltonian. What is left out is the actual interpretation of the block-diagonalization induced by
Wα, namely that the Wα maps an eigenstate of the effective model onto an eigenstate of the original
model [16]. For simplicity restrict again to two particles and think of the system as a 2D layer.
An eigenstate of the effective Hamiltonian in the P sector is given by a plane wave which is only
non-zero at the diagonal, i.e. |φ〉 ∼

∑
n eikn |n,n〉. The transformation Wα maps this state to the

corresponding eigenstate of the original model |ψ〉 ∼
∑

n,m eiK(n+m)e−γ |n−m | |n,m〉 where K = k/2.
Note the fundamental difference between both states: |φ〉 is completely restricted to the diagonal,
while |ψ〉 also includes the exponential tails into the direction orthogonal to the diagonal. While
the latter state |ψ〉 has a complicated dependence on the actual value of J/|U |, the state |φ〉 does
not depend on J/|U | at all. Therefore if J/|U | is non-zero it is actually much more simpler (both
mathematical and interpretation-wise) to use the transformed state |φ〉 .
The interpretation goes as follows: Let J/|U | be finite but still close to zero. If we pick a state in

the P sector it will correspond to some state made out of bound pair states. If we instead have a state
from the Q sector it will correspond to a state where both particles are free. For example let us say we
would like to describe a pair which is localized at one particular site n. In the effective model we
would describe it by the simple and intuitive state |n,n〉. For finite J/|U | this is of course not the state
we would observe in the lab. To calculate it we need to apply Wα to |n,n〉 and obtain a complicated
superposition of bound pair states at different momenta (but exclusively those, no free states mixed
into it). This superposition of course will not be localized at one specific site, however it will somehow
describe the closest possible combination of paired states to such a localized state at a specific value
of J/|U |. Since Wα → 1 for α→ 0 in this limit the superposition will indeed converge to |n,n〉.
To summarize, it is important to keep in mind that while the effective model makes accurate

predictions for the dynamics of the system even for α finite but close to zero, the resulting wavefunctions
only coincide with the actually observed ones in the ultimate limit α = 0. This is more a feature than a
bug and we can always calculate the ‘real’ wavefunction by applying Wα to the wavefunction in the
effective model. We are not going to repeat this interpretation in the later part of this thesis, but we
will make implicit use of it.

2.2 Floquet theory

Floquet theory deals with the description of quantum systems with a time-periodic Hamiltonian H(ωt).
Here ω = 2π

T is the driving frequency. Good introductions can be found in [17] and [18]. A more
in-depth introduction, especially into the extended Hilbert space framework, is given in [19].

We will quickly summarize the main ideas behind Floquet theory following [17]: The time evolution
operator satisfies the Schrödinger equation

i
d
dt

U(t) = H(ωt)U(t). (2.18)

It has the following interesting property when shifting the time by a full period:

i
d
dt

U(t + T) = H(ω(t + T))U(t + T) = H(ωt)U(t + T). (2.19)

Due to the time-periodicity of the Hamiltonian the equations for U(t) and U(t + T) are equal. Since

9



Chapter 2 Description of the model and techniques

the solution to such a differential equation is unique we immediately find:

U(t + T) = U(t)U(T). (2.20)

In particular by repeating this argumentation n times we find that:

U(nT) = U(T)n. (2.21)

We can rewrite this formula in a more intuitive form by introducing the Floquet Hamiltonian9 HF
given by U(T) = e−iHFT :

U(nT) = e−iHF(nT ). (2.22)

Therefore if we only look at the system at full periods the time evolution seems to be generated by an
effective static Hamiltonian HF. Of course this is not true for times in between a full period. The full
time evolution can be written as

U(t) = Umicro
(t)e−iHFt . (2.23)

The so called micromotion operator Umicro
(t) = U(t)eiHFt can easily be seen to be time-periodic. In

particular Umicro
(T) = 1. The above findings are called Floquet’s theorem [17] and are the basis for

Floquet theory. Floquet’s theorem can be thought of as a time-like version of Bloch’s theorem (see
for example chapter 7 of [20]). To see this apply the time evolution operator of equation (2.23) to an
eigenstate |ψ〉 of HF:

U(t) |ψ〉 = Umicro
(t) |ψ〉 e−iεt . (2.24)

The time-evolution is given by a time-periodic state |ψ(t)〉 = Umicro
(t) |ψ〉 and an additional phase

factor which multiplies the wavefunction by e−iεT after each period T . The so called quasienergy ε is
the analogue of the quasimomentum and is the eigenvalue of HF corresponding to |ψ〉.
Most often when dealing with Floquet systems one tries to calculate the Floquet Hamiltonian HF,

which in some sense incorporates the time-averaged behaviour, and then ignores the micromotion.
Unfortunately apart from a few special cases one cannot calculate the Floquet Hamiltonian exactly
but only using perturbation theory [21, 19, 22]. We will use these perturbative expansions, like
the high-frequency expansion [21, 19] or the Floquet-Schrieffer-Wolff transformation [22], later on.
However in this section we would like to introduce another way of thinking about these systems which
is particularly suited for scattering theory. It consists of mapping the system onto a (much more
complicated) time-independent one. Unlike computing the Floquet Hamiltonian this strategy does not
neglect the micromotion, so no approximation or averaging is done.
Imagine we would have been able to compute the Floquet Hamiltonian HF exactly. Then we

could diagonalize it and obtain the eigenstates of the Floquet Hamiltonian. Pick one eigenstate |ψ〉
with quasi-energy ε. The full time evolution acting on this state gives Umicro

(t) |ψ〉 e−iεt . We define
|ψ(t)〉 = Umicro

(t) |ψ〉 which is a time-periodic state and can therefore be decomposed into Fourier

9 Note that HF is not uniquely defined.
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2.2 Floquet theory

components

|ψ(t)〉 = Umicro
(t) |ψ〉 =

∑
a

��ψa

〉
e−iaωt . (2.25)

Differentiating this expression with respect to time and using the Schroedinger equation (2.18) gives

i
d
dt

(∑
a

��ψa

〉
e−iaωte−iεt

)
=

∑
a

(aω + ε)
��ψa

〉
e−iaωte−iεt = H(ωt)

(∑
a

��ψa

〉
e−iaωte−iεt

)
. (2.26)

We can also expand the Hamiltonian H(ωt) =
∑

a Hae−iaωt and match the corresponding Fourier
components on both sides. This gives

(aω + ε)
��ψa

〉
=

∑
b

Ha−b

��ψb

〉
(2.27)

which is just an eigenvalue equation for a big block matrix consisting of block entries Ha−b with
eigenvalue ε and block eigenvectors

��ψa

〉
. It can be thought of as the time-independent Schrödinger

equation of an abstract system with one extra artificial dimension. The Hilbert space of the abstract
system is often called the extended Hilbert space [19] (in [17] the above equation (2.27) is called the
Shirley-Floquet form of the Schrödinger equation).
Without going into further mathematical detail we will conclude this section by describing the

extended system [6]. Take the original system and copy it infinitely many times, labelling each copy
by an integer a. We think about these copies to be arranged in an infinite stack and we will usually
refer to such copy as a layer. The Hamiltonian on each layer is given by the time-independent part
of the Hamiltonian, i.e. the Fourier component H0. Furthermore each layer a has an extra energy
offset of −aω. So far these layers are uncoupled. We couple them with the Fourier components of the
Hamiltonian. Consider two layers a, b. These two layers are coupled via Hb−a, which describes a
transition from layer b to layer a.

Using this construction we can map the time-dependent system onto a time-independent one which
can be treated as a usual quantum system. What is the the interpretation of these other layers? Think
about a scattering problem with a driven impurity. The incoming particle is in layer 0 and ‘does not
know’ about all the other layers. As it hits the impurity it can either stay in layer 0 or transfer to
another layer a. Physically speaking during the latter process the particle absorbs or emits a energy
quanta of size ω. This is reflected in the energy offset −aω of each layer. In the new layer a the
particle behaves as usual only with a different energy. If the energy still corresponds to a free state
the particle can propagate away towards infinity in layer a. This corresponds physically to a particle
propagating away with a different energy. Therefore one should not think about the other layers as
physical but simply as a nice way to keep track of the current energy of the particle.

The scattering situation is also a good example to discuss resonant and non-resonant behaviour in
Floquet theory. Imagine that the non-interacting system consists of several energy bands with a certain
bandwidth. The incoming state will then be a state in one of these bands. Non-resonant behaviour of
the interacting systems means that by adding or subtracting any number of energy quanta ω we never
hit the energy of an eigenstate of the (non-interacting) system. In the extended system this means that
all other layers than the 0’th layer are classically forbidden, or in other words the particle cannot escape
to infinity in these layers, but will eventually come back to the 0’th layer. Therefore the incoming and
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Chapter 2 Description of the model and techniques

outgoing state will be in layer 0 and the other layers are only involved during the scattering process.
In this case we can remove the other layers and replace the impurity in the 0’th layer by an effective
impurity which includes all possible excitations to other layers. The last step is exactly the idea behind
those perturbative expansions, like the high-frequency expansion. In particular the high-frequency
expansion considers the case ω→∞. This case is always non-resonant since whenever the frequency
is bigger than the difference of the highest and the lowest energy of the non-interacting system, we of
course cannot reach any other eigenstate by adding or subtracting ω. The high-frequency expansion
therefore is going to break down as soon as the frequency becomes lower than the highest energy scale
in the system. The same is true for other methods too: They only work in the non-resonant case.

The resonant case is any other case where one can reach another eigenstate by adding or subtracting
ω. In this case the standard perturbative methods will not work and we cannot hope to derive an
effective Hamiltonian for layer 010. We will see that for pairs the resonant case is often linked to pair
breaking (i.e. the pair absorbs energy from the driving and then breaks into two single particles.). In
experiments where one tries to manipulate pairs as a whole one usually prefers to avoid pair breaking
(unless of course one wants to study this pair breaking process explicitly). Therefore the non-resonant
case is much more relevant, both experimentally and analytically.

2.3 Description of the numerical methods

In the thesis we will also use numerical methods to study the scattering at the impurity. In particular
we would like to compute the transmission amplitude. In this section we would like to introduce the
method we are going to work with. The treatment here will be completely general and applies to an
arbitrary 1D system with a static impurity. We will later explain in section 3.4 how to apply it to a
Floquet driven impurity with incoming pairs.

Calculating the transmission amplitude numerically is not straight-forward because a well defined
scattering problem works on an infinite system, while any computer is of course only able to handle
finite size systems. Note that we will work with open boundary conditions. We can think of the finite
size systems in the following way: The system scatters at the impurity like in the infinite system. The
difference is whenever the system hits the boundary it will reflect from the boundary. We therefore
need a method which can handle these extra reflections but is also computationally fast, allows to
extract the transmission amplitude and becomes exact in the limit L → ∞ (L is the system size).
Furthermore, in order to not bias the method, we would like to include as little information about the
impurity as possible.

One very basic method is to do real-time simulations. The problem is that, due to the finite size of
the system, we cannot choose a plane wave as initial state, but rather need to fix an initial wavepacket
(for example a Gaussian in position and momentum space) on one side of the impurity. The final time
of the simulation must be chosen carefully such that the wavefunction was able to scatter from the
impurity but has not been reflected at the boundary yet. This is complicated since the initial wave
packet is a superposition of momentum states which evolve with different velocities. Also while
we are able to determine the transmission coefficient, due to the initial superposition, we only get a
smeared transmission coefficient which is an average over the transmission amplitudes for several

10 Of course this is not exactly true. The Floquet Hamiltonian in equation (2.23) still exists and (if we were able to calculate
it) would also work as an effective Hamiltonian. However the Floquet Hamiltonian might be totally different from the
original non-driven Hamiltonian, for example including strange couplings between states far away from the impurity.
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momentum states. As the system size increases we can widen the initial state in position space which
corresponds to a narrowing in momentum space. Therefore the momentum accuracy increases for
larger systems. So in principle this method becomes exact in the limit. But as we increase the system
size we do not only increase the Hilbert space dimension but also have to repeat the simulations for
more and more initial momenta in order to cover the whole Brillouin zone. This is what makes this
method quite expensive.
We will therefore use a different way to obtain the transmission amplitude. The idea is that in

principle all information about scattering can be read off from the eigenstates of the system. If we can
establish a way to approximate the transmission probability from the eigenstates of the finite system,
we only need to diagonalize the system once.

Let us have a look at the infinite system first. The idea is along the lines of [23]11, but we are going
to use a different notation which is more applicable in our situation. Consider a free 1D system with
an additional (time-independent) impurity. The impurity can have any size 2S + 1 but it has to vanish
outside of a certain region |n| > S12. We will also assume that the system conserves parity and time
reversal symmetry (in other words, the Hamiltonian contains only real entries [24]).
So let us fix an energy E and discuss how the corresponding scattering eigenstates of the system

look like13. For the free system the eigenstates are plane waves eikn and e−ikn where the momentum
k > 0 is uniquely determined by the energy (for example k = arccos

(
−E
2J

)
for a hopping Hamiltonian).

Outside of the impurity the eigenstate is given by a superposition of these two plane waves. There are
two (relevant) ways to form such a superposition. The first one has a more direct interpretation and
consists of eigenstates, which correspond to a particle coming from left ψL or right ψR and being
reflected and transmitted at the impurity:

ψL
n =

{
eikn + rke−ikn n < −S
tkeikn n > S

(2.28)

ψR
n =

{
tke−ikn n < −S
e−ikn + rkeikn n > S.

(2.29)

From these superpositions we can directly read off the transmission amplitude tk and reflection
amplitude rk . But they are not the ones which would be outputted by an eigensolver (on the finite
system). We know that due to time reversal symmetry there exist purely real eigenstates and we can
imply from parity that these have to be either even or odd functions. The two eigenstates are given by

ψs
|n |>S = Ak cos(k |n|) + Bk sin(k |n|) (2.30)

ψa
|n |>S = sgn(n)

(
Ck cos(k |n|) + Dk sin(k |n|)

)
. (2.31)

Both are real and are either symmetric ψs or antisymmetric ψa. All four parameters Ak,Bk,Ck,Dk are
real and will later be obtained by fitting ψs or ψa to the eigenstate14. Note that we could have written

11 It considers a continuous system while we are using discrete systems. For this analysis however it does not matter.
12 Note that the impurity does not need to be a potential, but can basically be any hermitian operator. It is only important

that its action is restricted to a finite spatial region.
13 Scattering eigenstates are those that do not vanish at infinity. Of course there might also be bound states around the

impurity, but these are irrelevant for scattering.
14 Note that the parameters are only unique up to a sign. For example we can always replace Ak,Bk → −Ak,−Bk and the
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Chapter 2 Description of the model and techniques

the wavefunctions equivalently with an amplitude and a phase shift

ψs
|n |>S = Ek cos

(
k |n| − θs

k

)
(2.32)

ψa
|n |>S = Fk cos

(
k |n| − θa

k

)
, (2.33)

but in this way it is more complicated to numerically fit them to data.
Now we have two different basis sets of wavefunctions for the eigenspace of energy E; one which

can be easily interpreted ψL,ψR and one which is numerically relevant ψs,ψa. Imagine we know the
latter eigenstates how can be obtain the former ones? This can be done by expressing the states of one
basis by the other basis. In particular calculate the symmetric and antisymmetric superposition of
ψL,ψR and compare to ψs,ψa for |n| > S:

ψL
n + ψ

R
n

√
2

=
(tk + rk)e

ik |n |
+ e−ik |n |

√
2

=
tk + rk + 1
√

2
cos(k |n|) + i

tk + rk − 1
√

2
sin(k |n|) (2.34)

ψL
n − ψ

R
n

√
2

= sgn(n)
(tk − rk)e

ik |n |
− e−ik |n |

√
2

= sgn(n)
(
tk − rk − 1
√

2
cos(k |n|) + i

tk − rk + 1
√

2
sin(k |n|)

)
.

(2.35)

The symmetric combination has to be a multiple of ψs with coefficient αs
k and the antisymmetric one

is a multiple of ψa with coefficient αa
k . We therefore can read off

αs
k Ak =

tk + rk + 1
√

2
(2.36)

αs
kBk = i

tk + rk − 1
√

2
(2.37)

αa
kCk =

tk − rk − 1
√

2
(2.38)

αa
kDk = i

tk − rk + 1
√

2
. (2.39)

These equations can be solved quite easily and we find:

αs
k =

√
2

Ak + iBk

(2.40)

αa
k = −

√
2

Ck + iDk

(2.41)

tk =
1
2

(
Ak − iBk

Ak + iBk

−
Ck − iDk

Ck + iDk

)
(2.42)

rk =
1
2

(
Ak − iBk

Ak + iBk

+
Ck − iDk

Ck + iDk

)
. (2.43)

Especially formula (2.42) is going to be important. We can see that the transmission and reflection

result would be an eigenstate too.
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amplitudes only depend on the phases Ak−iBk

Ak+iBk
= e−2iθs

k and Ck−iDk

Ck+iDk
= e−2iθa

k , where we defined

Ak + iBk =

√
A2
k + B2

keiθ
s
k and Ck + iDk =

√
C2
k + D2

keiθ
a
k (which indeed are the same phase shifts as

in equations (2.32) and (2.33)).

Figure 2.3: An example of a fit ψs
n = Ak cos(k |n|) + Bk sin(k |n|) to data ψn obtained from an eigenstate which

describes a pair (for details see section 3.4). The theoretically calculated momentum is k = 0.817. The three
sites around the center −1,0,1 were excluded from the fit. The physical parameters are N = 4, L = 31, J/ω =
0.001, |U |/ω = 0.5, λ = 1.

So far we only treated the infinite system. What happens when we restrict the system to a certain
length L > S (For simplicity we will only consider odd L and the system reaching from L−1

2 to L−1
2 ).

Recall that we consider open boundary conditions. Open boundary conditions effectively mean that
one takes the infinite system and imposes ψ± L+1

2
= 0. Therefore eigenstates ψs,ψa of the finite system

are given by eigenstates of the infinite system whenever they also satisfy ψ± L+1
2
= 0. This is of course

only true for a finite number of k and therefore the momentum is quantized. But it is crucial that other
than that the eigenfunctions are not changed. In particular whenever we fit Ak and Bk (or Ck and Dk)
for a particular value of k in the finite system that the result will be exact for the infinite system at this
specific k (up to their sign, which can be chosen freely by, for example Ak,Bk → −Ak,−Bk). This is a
really nice feature of the method. However when we want to calculate tk in the finite system there
is still a big problem: Although we might have the exact values of Ak,Bk for some set of sampling
points {k}s and the exact values of Ck,Dk for some set of sampling points {k}a, but in general both
sets will not be equal and we cannot combine them as required by formula (2.42).
We need to interpolate the parameters Ak,Bk,Ck and Dk for momenta k where we do not know

their exact values. For our purposes it is enough to use linear interpolation (a straight line between
neighboring sampling points). Recall that the parameters are only specified up to a sign (in the sense
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Chapter 2 Description of the model and techniques

Figure 2.4: Example for the result of the interpolation. We mark the obtained values of Ak,Bk,Ck and Dk as
crosses and also show their linear interpolation. The resulting transmission Tk is shown in black. The physical
parameters are N = 4, L = 31, J/ω = 0.001, |U |/ω = 0.5, λ = 1.

that Ak,Bk → −Ak,−Bk and Ck,Dk → −Ck,−Dk). In order to obtain a good interpolation, we need to
guess the correct sign of Ak,Bk and Ck,Dk for each sampling point. We will use a very simple method
here. We iterate through the sampling points in ascending order of k. The sign of the first sampling
point is adopted as it is. For any other point we compare both possibilities Ak,Bk and −Ak,−Bk

with their values at the previous point and choose the one with the smaller (Euclidean) distance. For
example if at the previous point Ak = 1,Bk = 1 and at the current point we have Ak = 2,Bk = 1 we
have two possibilities: either the combination 2,1 or the combination −2,−1. Since the first one
has the smaller (euclidean) distance from Ak = 1,Bk = 1 we will choose it. The same procedure is
repeated for Ck,Dk .

To summarize, we will use the following method to calculate the transmission amplitude: First diag-
onalize the Hamiltonian, collect all unbounded states and sort them into symmetric or antisymmetric.
Second for each state calculate the momentum k from its energy E and fit either ψs or ψa to it15. Note
that, since we already know k, the fit can actually be performed as a linear fit (we will use the standard
least square method in this thesis). The output of such a fit is a sampling point for either Ak,Bk or
Ck,Dk at momentum k. Third perform a linear interpolation between these sampling points for both
the symmetric Ak,Bk and antisymmetric Ck,Dk sector (and choosing the signs as described earlier).
In the last step use equation (2.42) to compute the transmission probability Tk = |tk |

2. Note that this
method gives us an approximation of the transmission probability Tk not just for one k but for (almost)
the whole Brillouin zone 0 ≤ k ≤ π in one go. This is not completely true because interpolation only

15 Of course we only fit the wavefunction away from the impurity. The values of the wavefunction will simply be ignored.
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works between two sampling points. We are therefore not able to compute Tk for small or large k
outside of the minimal or maximal sampling point. In the figures we will leave this region blank.

To conclude, we have a method that allows us to numerically calculate the transmission through an
impurity in a one dimensional chain from the eigenstates of the finite size system. The impurity has
the following requirements: First it has to be localized. Second it has to be such that parity and time
reversal symmetry are fulfilled. Third it has to be described by a hermitian operator (i.e. no particle
loss). The last part is trivially fulfilled by any impurity as long as we indeed have a one-dimensional
system. However one can also apply this method to a 1D subsystem of a much bigger system where
the (effective) impurity can also include particle losses into other parts of the system (this is exactly
what we are going to do for the pairs in section 3.4).

In figures 2.3 and 2.4 we give one example of a fit to an eigenstate and also of the interpolation.
The black curve in figure 2.4 is the resulting transmission and the other curves are the interpolated
curves of Ak,Bk,Ck and Dk . We will later explain the meaning of all the physical parameters and how
exactly we can apply this method to obtain pair transmission in section 3.4. In appendix E we also
give a short discussion of the potential sources of errors when using this method.

17





CHAPTER 3

Scattering in the non-resonant case

3.1 Model description

In this section we will add a single impurity into the Fermi-Hubbard model given by a periodically
shaken chemical potential:

H = −JHH +UHU + λωV cos(ωt). (3.1)

Here λ is the driving strength (in units of ω), ω is the driving frequency and V describes the impurity:

V = n0↑ + n0↓. (3.2)

The time-dependent Schroedinger equation reads

i
d
dt

U =
[
−JHH +UHU + λωV cos(ωt)

]
U. (3.3)

We can obtain a unit free version of this by rescaling time φ = ωt:

i
d

dφ
U =

[
−

J
ω

HH +
U
ω

HU + λV cos(φ)
]
U. (3.4)

The above system is a Floquet system. As described in the section 2.3 we can think of such a Floquet
system as an infinite collection of coupled layers. Each layer is labelled by an integer a and has an
energy offset −aω. For a single particle and two particles such a layer corresponds to a 1D chain
or a 2D lattice respectively (see figures 3.1(a) and 3.1(b)). The Hamiltonian on each layer is given
by a Fermi-Hubbard Hamiltonian which consists of a hopping Hamiltonian and, for two particles,
also includes the Hubbard interaction at the diagonal (where both particles are at the same position).
These layers are coupled to their neighboring layers whenever one particle is at site 0. For a single
particle this gives only a coupling at a single site. For two particles however there is a coupling to
neighboring layers whenever one of the particles is a site 0 which corresponds to the ‘coordinate axes’
of the 2D lattice (see figure 3.2(a) where all sites which are connected to other layers are marked
blue). The coupling strength between the layers is λω

2 , because the driving has the following Fourier
decomposition λω cos(ωt) = λω

2

(
eiωt
+ e−iωt

)
. For two particles there is a special case, namely
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J J J J J J a = −2

J J J J J J a = −1

J J J J J J a = 0

J J J J J J a = 1

J J J J J J a = 2

λω
2

λω
2

λω
2

λω
2

(a)

a = −1

a = 0

a = 1

(b)

Figure 3.1: Sketches of the Hamiltonians in the extended Hilbert space: (a) For one particle (figure adopted
from [6]) it consists of a stack of chains labelled by a, each having an energy offset of −aω (gray). The original
system is drawn in black. Neighboring chains are coupled at site 0 with coupling strength λω

2 (blue). (b) For
two particles it consists of a stack of 2D lattices labelled by a, each having an energy offset of −aω (gray).
In such a layer the x and y components are the position of the first and second particle respectively. We also
marked the diagonal where the Hubbard interaction acts (red). Neighboring layers are coupled whenever one
particle is at site 0, with coupling strength λω

2 (blue). A single layer of this system is shown in figure 3.2(a).

when both particles are at site 0. Then the coupling strength is doubled and therefore given by λω.

We could work directly with the above Hamiltonian, but in our case it is actually more convenient to
first perform a gauge transformation. This gauge transformation will remove the extra driven potential
and replace the static hopping parameter J with a time-dependent one. The gauge transformation is
given by

U0 = e−iλV sinφ . (3.5)

The transformed time evolution operator Ugauge
= U†0U satisfies the Schrödinger equation

i
d

dφ
Ugauge

= HgaugeUgauge (3.6)

where

Hgauge
= U†0ĤFHU0 = −

J
ω

U†0ĤHU0 +
U
ω

HU. (3.7)

Note that the Hubbard interaction is unaffected by the gauge transformation. It only affects the hopping
from and to site 0. We can write this as (for a detailed derivation see appendix D.1):
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Hgauge
= −

J
ω

[∑
nσ

gn(φ)c
†
nσcn+1σ + g

∗
n(φ)c

†

n+1σcnσ

]
+

U
ω

HU (3.8)

with

gn(φ) =


e−iλ sin(φ) n = −1
eiλ sin(φ) n = 0
1 else

. (3.9)

The gauge transformation removes the extra driving term and thereby replaces the hopping by a
time-dependent hopping from and to site 0. Note that the gauge transformation vanishes at full periods,
i.e. U0(2π · k) = 1 for integer k. This means the transformation will not change the wavefunction at
full periods but only during a period. In fact in between full periods the wavefunction is only changed
at the impurity site but not away from it. Therefore all scattering properties will not be affected by the
transformation.
We can rewrite the time-dependent couplings into Fourier modes gn(φ) =

∑
a gnae−iaφ using the

Jacobi–Anger expansion eiz sinφ
=

∑∞
a=−∞ Ja(φ)e

iaφ (see [25] §10.12):

gna =


Ja(λ) n = −1
(−1)aJa(λ) n = 0
δa,0 else

(3.10)

and by inserting into the Hamiltonian Hgauge
=

∑
a Hgauge

a e−iaφ:

Hgauge
a = −

J
ω

[∑
nσ

gnac†nσcn+1σ + g
∗
n,−ac†

n+1σcnσ

]
+

U
ω

HUδa,0. (3.11)

Here Ja(λ) is the a’th Bessel function.
Let us discuss the effects of the gauge transformation in the extended Hilbert space. Before the

gauge transformation the layers in the extended system were coupled at site 0 to the previous and next
layer. In figure 3.2(a) we sketch such a layer for the two particle case. The blue dots represent points
which are coupled to the neighboring layers. After the gauge transformation the situation is much more
complicated. Instead of a driven potential we now have a driven hopping which involves sites −1,0 and
1 (see figure 3.2(b)). Furthermore the layers are now not only coupled to their neighbors, but rather at
sites −1,0,1 every layer a is coupled to every other layer b with coupling strength gn,a−b ∼ Ja−b(λ). In
particular this is even true for a = b, which means that the hopping from and to site 0 is renormalized
to JJ0(λ) (indicated by dashed lines in figure 3.2(b)).
On the first sight the gauge transformation made the problem dramatically more complicted. So

what have we gained from performing the gauge transformation? The answer to this is that we would
like to take the limit J/|U | → 0 as in the plain Fermi-Hubbard model (see section 2.1.4) and find an
effective Hamiltonian for pair dynamics in a single layer. The original Hamiltonian had the driving
term which resulted in a strong coupling between the layers at site 0. The gauge transformation
removed this term and replaced it by a complicated hopping term coupling to all layers. But no matter
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Chapter 3 Scattering in the non-resonant case

(a) (b)

Figure 3.2: View from top onto a single layer for two particles. The x and y components are the position of the
first and second particle respectively. The Hubbard interaction U acts on the sites marked in red: (a) Layer for
the original Hamiltonian (3.1). The blue sites are coupled to neighboring layers. See figure 3.1(b) for the full
system. (b) Layer for the gauge transformed Hamiltonian (3.8). At the blue sites the layer is coupled to all other
layers. Solid lines describe normal hopping J and dashed lines describe scaled hopping JJ0(λ).

how complicated this hopping term might be, it will still be proportional to J. In the limit J/|U | → 0
it will become small and can therefore be treated via perturbation theory. This is the reason for
introducing the gauge transformation.

A remark on the non-resonant case

In this chapter we will focus only on the non-resonant case. Here the frequency ω is so large that any
energetically allowed outgoing state must remain in the same layer as the incoming state. For one
particle this means ω > 4J or α = J/ω < 0.25. For two particles it is a bit more complicated since
we have a free and a bound particle band. In addition to avoiding excitations in the same band we
need to make sure that by adding any multiple of ω to the lower bound pair band we can never end up
in the upper free particle band. From the first requirement we find ω > 8J. The second one implies
that for any integer a we need to satisfy:

aω <
[
|U | − 4J,

√
|U |2 + 16J2

+ 4J
]
. (3.12)

If J/|U | is small we can replace the square root in the upper bound by |U | and find

aω < [|U | − 4J, |U | + 4J]. (3.13)

In other words if we express all quantities in multiples of ω, i.e. α = J/ω and u = U/ω, we need that
α is so small s.t. the distance between |u| and the nearest integer is bigger than 4α. For example for
u = −0.5 the maximal possible value of α is α = 0.125. If α is below this threshold we will be in the
non-resonant case. In a later chapter 5 we will also consider the resonant case.
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3.2 Analytical results in the limit J/ω→ 0

3.2 Analytical results in the limit J/ω → 0

The problem is too complicated to solve in general. However as we want to study bound pairs we
could try to find a suitable limiting case where the calculation simplifies. In section 2.1.4 we learned
that there is sort of a ‘natural’ limit for studying bound pairs namely U/J → −∞. In this limit the two
particles form a localized pair which lives on an effective 1D system. Therefore this seems to be the
correct limit to study pairs scattering off the impurity. There is however a new energy scale ω in the
system. Before we can study the limit we need to fix how ω scales. From the above considerations for
the non-resonant case we know α = J/ω can be at maximum α < 0.125, while there is no restriction
on u = U/ω. Since 0.125 is already a small number the limit α→ 0, while keeping u finite, seems to
be quite promising. Note that this limit can either be thought of as keeping U and ω fixed and letting
J go to 0 or as keeping J fixed and letting U and ω go to∞.

3.2.1 Single particle case

For a single particle the Hubbard interaction is irrelevant. We can derive the limiting Hamiltonian
by means of a high-frequency expansion as done in appendix A.1. It is given as the average of the
time-dependent Hamiltonian over one period:

Hsingle
= −

J
ω

[ ∑
n,−1,0

(
c†ncn+1 + c†

n+1cn
)
+ J0(λ)

∑
n=−1,0

(
c†ncn+1 + c†

n+1cn
)]
. (3.14)

The impurity in the effective model is not given as an extra potential but rather by a different hopping
at the center site.

3.2.2 Particle pair

Here we also need to take into accountU. Since α = J/ω→ 0 we are automatically in the non-resonant
case as long as u = U/ω is not an integer. The procedure to arrive at the limiting model is similar to
the Schrieffer-Wolff transformation in the plain Fermi-Hubbard model. The difference here is that
we have to deal with a time-dependent hopping. We will use an extension of the Schrieffer-Wolff
transformation called the Floquet-Schrieffer-Wolff transformation [22]. It simultaneously performs the
Schrieffer-Wolff transformation and the time-averaging of the high-frequency expansion. The detailed
derivation is given in appendix A.3.

We insert the Fourier components (3.10) into (A.33). The resulting effective Hamiltonian again only
lives in the P sector (that is the subspace where all particles are paired) and has the following form

Hpair
=

∑
n

[
Wn

1
2
(
η+nη

−
n+1 + η

+
n+1η

−
n

)
+ Znn̂n↑n̂n+1↑ − µnn̂n↑

]
. (3.15)
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The parameters are given by

Wn =


− 4J2

ω2
∑

a
(−1)aJa (λ)

2

|u |−a n = −1,0

− 4J2

|u |ω2 else
(3.16)

Zn =


4J2

ω2
∑

a
Ja (λ)

2

|u |−a n = −1,0
4J2

|u |ω2 else
(3.17)

µn =


2J2

|u |ω2 +
2J2

ω2
∑

a
Ja (λ)

2

|u |−a n = −1,1
4J2

ω2
∑

a
Ja (λ)

2

|u |−a n = 0
4J2

|u |ω2 else

. (3.18)

These parameters are not defined if |u| is an integer, which underlines that they are only valid in the
non-resonant case. We can easily see that away from the impurity the model reduces to the result
for the plain Fermi-Hubbard model in equation (2.15). Around the impurity we find different pair
hoppings, pair interactions and potentials. Again we can ignore the pair interaction term Zn since
we only consider a single pair. For two particles, i.e. one pair, this system reduces to a hopping
Hamiltonian with a different hopping and an external potential around the impurity.

Before we go on to calculating the transmission amplitudes, we would like to state the result for the
first order correction to this Hamiltonian. As we explain in appendix A.4 one can easily see that it
vanishes. This implies that the transmission amplitude will not have a linear dependence on α, but
at most a quadratic dependence. Since we, in order to stay in the non-resonant case, only deal with
relatively small α < 0.125 we can expect that the quadratic term is negligible even at the highest
α = 0.125. Therefore we can expect that the transmission amplitude derived from (3.15) will be a
good approximation throughout the non-resonant case.

3.2.3 Calculating the transmission in the effective models

In the limit where J/ω → 0 for one and two particles we found that the system is equivalent to a
hopping Hamiltonian with an impurity consisting of a different hopping and a potential (see figure 3.3
for a detailed sketch of the system). In both cases the system can be rewritten as a model on a 1D
lattice with the following Hamiltonian

Habstract
= −Jeff

[ ∑
n,−1,0

(
|n〉 〈n + 1| + |n + 1〉 〈n|

)
+ γ

∑
n=−1,0

(
|n〉 〈n + 1| + |n + 1〉 〈n|

)
+ v0 |0〉 〈0| + v1

(
|−1〉 〈−1| + |1〉 〈1|

)]
. (3.19)

We can take this abstract Hamiltonian and solve the scattering problem with an incoming plane wave
∼ eikn. The derivation is again done in the appendix D.2. The transmission amplitude is

tk =
γ2

1 − v1eik
−2i sin k

(2 cos k − v0)(1 − v1eik) − 2γ2eik
. (3.20)
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Jeff Jeff Jeff Jeff Jeff γJeff γJeff Jeff Jeff Jeff Jeff Jeff

v0v1 v1

Figure 3.3: Sketch of the abstract Hamiltonian which describes the scattering situation. Away from the impurity
the system is an ordinary hopping Hamiltonian with hopping Jeff (indicated by solid lines). The effective
impurity consists of two parts. First there is a different hopping γJeff between sites −1 and 0 and between 0 and
1 (indicated by dashed lines). Second at sites −1,0 and 1 there is also an additional potential v1 or v0 (indicated
by the different height of the sites).

Note that the result does not depend on Jeff , because it is an overall factor which is irrelevant for
scattering. The transmission probability for v0 = 2v1 (which is the only case we are going to need) is
then given by Tk = |tk |

2:

Tk =
γ4

1 +
(

cos k−v1
sin k

)2
1[ (

cos k − v1
)2
− γ2

]2
+

(
cos k − v1

)2 sin2 k
. (3.21)

Single particle case

For a single particle we can directly compare equations (3.14) and (3.19) to find

Jeff = J (3.22)
γ = J0(λ) (3.23)
v0 = v1 = 0. (3.24)

This means that the hopping around site 0 is scaled by a factor J0(λ) and the potential terms vanish.
The later observation allows to simplify the transmission probability to (see appendix D.2)

Tk = |tk |
2
=

1

1 +
(

1
γ2 − 1

)2
cot2 k

. (3.25)

Note that this result has already been derived in [7]. We give a plot of it in figure 3.4. As a function of
momentum k the transmission can be described as follows: It is always zero for k = 0 or k = π and
always one for k = π/2. It looks like a symmetric peak around k = π/2 where the peak width depends
on γ = J0(λ). For γ = 1 there is perfect transmission while for γ = 0 there is no transmission. Since
the Bessel function is always below 1 the driven impurity can only reduce the transmission (we give
a plot of J0(λ) in figure C.1). For some values of λ, namely at the zeros of the Bessel function, the
transmission completely vanishes and therefore all incoming particles will be reflected.
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Chapter 3 Scattering in the non-resonant case

Figure 3.4: Single particle transmission Tk as function of momentum k and driving strength λ. The plot on the
right displays the momentum averaged transmission T̄ .

Particle pair case

For a particle pair (3.15) we can read of the parameters for the abstract model (3.19) to be

Jeff = −
1
2

W∞ =
2J2

|u|ω2 (3.26)

γ =
−1

2W0

Jeff
=

∑
a

|u|(−1)aJa(λ)
2

|u| − a
(3.27)

v1 =
µ1 − µ∞

Jeff
=

∑
a

|u|Ja(λ)
2

|u| − a
− 1 (3.28)

v0 =
µ0 − µ∞

Jeff
= 2

(∑
a

|u|Ja(λ)
2

|u| − a
− 1

)
= 2v1. (3.29)

Note that in the last two equations we subtracted the overall constant potential µ∞ = 4J2

|u |ω2 from the
model.
In contrast to the single particle case the transmission probability for a pair is more complicated.

Again it is always zero for k = 0 or k = π, but it neither is a symmetric shape nor does it have to reach
1 for some value of k. The general shape can roughly be described as an asymmetric peak of varying
width and height. As in the single particle case there are parameters for which the transmission
completely vanishes. However in this case we are also able to find parameters where the transmission
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3.3 Discussion of the pair transmission

is almost one for almost the full range of k. There are even some isolated parameter combinations
where perfect transmission occurs. This happens when both v1 = 0 and γ = ±1, which is rather rare.

3.3 Discussion of the pair transmission

Since the transmission probability for a pair is rather complicated we would like to discuss it further
and at least roughly understand its features. We will split the discussion into two parts. First we
will consider the effective model (3.21) with parameters γ and v1. Second we will express γ and v1
through λ and |u|.

3.3.1 Discussion of the effective model

Instead of directly trying to understand the transmission as a function of λ and |u| it is actually more
instructive to first consider the transmission as a function of γ and v1.

Figure 3.5: Transmission in the effective model for γ = 6 and γ = 1 as function of momentum k and parameter
v1.

In figure 3.5 we give the transmission as a function of k and v1 for γ = 6 and γ = 1. The plot
for γ = 6 is very representative for all |γ | > 1. The transmission mostly vanishes apart from three
branches where it goes even up to full transmission Tk = 1. The position of the branches lie around
v1 = 0,±|γ |. Their form can be described by v1 = cos k or v1 = ±|γ | + cos k. Note that for k = 0, π
the transmission always vanishes expect at the branches v1 = ±1 and v1 = ±|γ | ± 1.
Imagine we would keep γ fixed and sweep v1 starting from well below −|γ | up to well above |γ |.

How will the transmission as a function of k look like (i.e. a horizontal cut in the left plot of figure
3.5)? For v1 < −|γ | − 1 the transmission will mostly vanish. Then for v1 ≈ −|γ | − 1 a transmission
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Chapter 3 Scattering in the non-resonant case

peak will emerge for high momenta. As we increase v1 further the peak will move its position from
high momenta to low momenta and finally disappear above v1 ≈ −|γ | + 1. The emergence of such a
peak which moves from high momenta to low momenta will happen two more times, one time for
−1 < v1 < 1 and a another time for |γ | − 1 < v1 < |γ | + 1.

The discussion so far considered |γ | > 1. As we decrease |γ | to 1 the three branches will no longer
be separate. They will start to overlap as can be seen in the right plot of figure 3.5. The value |γ | = 1
is a very special value. The left side of the lower branch and the right side of the higher branch overlap
such that we get at v1 = 0 full transmission Tk = 1 for all values of k. Note that one can directly see
this from the effective model (see figure 3.3) where γ = 1, v0 = v1 = 0 describes a free chain without
an impurity. Furthermore because only the absolute value of γ enters the transmission probability
(3.21) both γ = ±1 lead to perfect transmission.

If we decrease |γ | even further the three branches overlap even more, but become thinner and
thinner and eventually vanish for γ = 0. Again one can directly see from the effective model (see
figure 3.3) that the transmission has to vanish at γ = 0, because γ describes the hopping parameter at
the impurity.

To see the appearance of the three branches from the formula (3.21) first note that v1 only appears
in the combination wk = v1 − cos k. This already explains the cosine shape of the branches:

Tk =
γ4

1 + w2
k

sin2 k

1[
w2
k − γ

2
]2
+ w2

k sin2 k
. (3.30)

In a second step introduce wk = ξk |γ | and γ̃k =
|γ |

sin k :

Tk =
γ4[

ξ2
k − 1

]2
γ4
+ ξ2

kγ
2 sin2 k + γ6

sin2 k
ξ2
k

[
ξ2
k − 1

]2
+ ξ4

kγ
4

(3.31)

=
1[

ξ2
k − 1

]2
+

ξ2
k

γ̃2
k

+ γ̃2
kξ

2
k

[
ξ2
k − 1

]2
+ ξ4

k

. (3.32)

Although being written down using strange parameters the last equation is actually very useful because
it only depends on two parameters ξk and γ̃k unlike (3.21) which depends on the three parameters γ, v1
and k. Now consider the case where ξk is fixed (i.e. the ratio between v1 and γ is fixed) while γ̃k →∞.
The transmission will vanish unless ξk = 0 or ξ2

k = 1, whereTk → 1. Recall that γ̃k =
|γ |

sin k →∞ either
means that |γ | is large or that sin k → 0, in other words for small k → 0 or large momenta k → π.
Therefore whenever |γ | is large or k is close to the boundary of the Brillouin zone transmission is only
possible if ξk ≈ 0,−1,1. In the original parameters this translates to v1 ≈ cos k or v1 ≈ ±|γ | + cos k,
which explains the appearance of the three branches in the transmission Tk .

In figure 3.6 we give a plot ofTk as a function of ξk and γ̃k . We can see that the transmission vanishes
outside of −1 < ξk < 1 independently of γ̃k . For γ̃k & 2 we have that transmission only occurs
for ξk ≈ −1,0,1 as discussed before. For γ̃k < 2 the three regions merge and we have transmission
throughout −1 < ξk < 1.
To conclude, the transmission Tk is only significantly above zero in three branches v1 ≈ cos k and

v1 ≈ ±|γ | + cos k. At fixed parameters γ and v1 they lead to a peak in the transmission profile, which
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Figure 3.6: Transmission in the effective model as function of ξk and γ̃k .

position depends on v1. If |γ | becomes of order |γ | ≈ 1 these branches merge and lead to a more
complicated transmission profile as a function of k. In the special case γ = ±1 and v1 = 0 the merging
is such that there is full transmission Tk = 1 for all k.

3.3.2 Discussion of the parameters for |u | > 1

Now we understand how the transmission depends on the effective parameters γ and v1. But the
experimentally accessible parameters are λ and u from which one can calculate γ and v1 using
equations (3.27) and (3.28):

γ =
∑
a

|u|(−1)aJa(λ)
2

|u| − a
(3.33)

v1 =
∑
a

|u|Ja(λ)
2

|u| − a
− 1. (3.34)

Both are given by sums over all Bessel functions (we give plots and an overview over their relevant
properties in appendix C). The main difference is that γ includes an alternating factor (−1)a in each
term.
Since infinite sums are not easy to analyze we would like to approximate them somehow. The

Bessel functions can roughly be thought as oscillating functions with an amplitude ∼ 1/
√
λ that are

somehow regularized for λ → 0. Since the amplitude does not depend on a all terms Ja(λ)
2 will

have roughly the same size. Luckily in each term there is a factor 1
|u |−a . This factor goes to zero as

a → ±∞ and has is maximum at the two integers closest to |u|. Especially if |u| is close to one of
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these integers, then the factor will become very large and so we can approximate the full sum by this
one term (this case will be considered in more detail later in section 3.3.4). If |u| is between both
integers we need to take both terms corresponding to the two closest integers into account. We will
therefore make the approximation:

γ ≈ |u|
(−1) b |u | c Jb |u | c(λ)

2

|u| − b|u|c
+ |u|
(−1) d |u | e Jd |u | e(λ)

2

|u| − d|u|e
(3.35)

v1 ≈ |u|
Jb |u | c(λ)

2

|u| − b|u|c
+ |u|

Jd |u | e(λ)
2

|u| − d|u|e
− 1 (3.36)

where b|u|c and d|u|e are the integer below and above |u|. We will now compare this approximation to
the actual values for γ and v1 separately. In this section we will use |u| = 10.5 as an example. This
might be quite a high value, but the figures nicely show all relevant features which appear for all
|u| > 1. Later we will also consider the case |u| < 1 separately because the behaviour there is a bit
different.

Approximation for γ for |u | > 1

Figure 3.7: Value of γ as function of driving strength λ for |U |/ω = 10.5 (blue) and its approximation using
two terms (orange). Also we give J0(2λ) (green) which is an approximation for λ < |u|.

In figure 3.7 we show γ as a function of λ for |u| = 10.5 (blue). Let us describe the typical behaviour
of γ as a function of a λ. At λ = 0 we start at γ = 1 which then decreases. Then the function starts
to oscillate around γ = 0 until there is a prominent peak at λ ≈ |u| + 1.5. The sign of this peak
is positive for b|u|c = 0,2,4, . . . and negative for b|u|c = 1,3,5, . . .. After this peak λ > |u| + 1.5,
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3.3 Discussion of the pair transmission

γ slowly decays and oscillates while staying (mostly) either on the positive or negative side. The
amplitude of oscillations decays roughly as ∼ 1/λ.
From figure 3.7 we can see that our approximation using the closest two integers (orange) is

completely off for λ < |u|, but nicely fits the peak at λ = |u| + 1.5. For λ > |u| + 1.5 the approximation
also decays while oscillating. Even though the amplitudes of oscillations are not the same we find that
the frequency of oscillations matches.

Let us try to understand what we see. We will start with λ < |u| where our approximation completely
fails since, instead of an oscillating function, it gives a flat function. This is because the Bessel
function has the following Taylor expansion for λ→ 0:

Ja(λ) =
1
a!

(
λ

2

)a
+ O

(
λa+2

)
. (3.37)

If |u| is sufficiently large Jb |u | c(λ) and Jd |u | e(λ) are going to grow only very slowly around λ = 0. The
oscillations for small λ have to originate from terms with small a. To estimate them let us assume that
|u| � 1 and split the sum into two parts with a cutoff A� |u|:

γ =

A∑
a=−A

|u|(−1)aJa(λ)
2

|u| − a
+

∑
|a |>A

|u|(−1)aJa(λ)
2

|u| − a
=

A∑
a=−A

|u|(−1)aJa(λ)
2

|u| − a
+ O

(
λ2A+2

)
. (3.38)

For λ being small enough the right sum is going to be negligible (unless |u| is really close to an
integer). In the first sum, since A� |u| we can approximate |u |

|u |−a = 1 + O(1/|u|):

γ ≈

A∑
a=−A

(−1)aJa(λ)
2
+ O

(
1
|u|

)
+ O

(
λ2A+2

)
(3.39)

≈

∞∑
a=−∞

(−1)aJa(λ)
2
+ O

(
1
|u|

)
+ O

(
λ2A+2

)
(3.40)

= J0(2λ) + O
(

1
|u|

)
+ O

(
λ2A+2

)
. (3.41)

where in the second step we added the missing terms into the sum and thereby making another error of
O

(
λ2A+2

)
. In the last step we used Neumann’s addition theorem from appendix C.5. The derivation

above shows that for small λ and large |u| we can approximate γ ≈ J0(2λ)
1. We also add a plot of this

function into figure 3.7 (green) to show that it indeed describes the first oscillatory part, up to the
prominent peak, quite well.

Let us go on to the prominent peak. For λ < |u| we alternately add and subtract the Ja(λ)
2 from each

other, thereby cancelling each other and creating the oscillations around 0. Now for λ ≈ |u| + 1.5 three
important things happen. First of all at λ ≈ |u| + 1.5 the two closest Bessel functions Jb |u | c(λ) and
Jd |u | e(λ) have their first (and highest) maximum as discussed in appendix C.4. Second the prefactor

1
|u |−a also has a maximum here. Third and most important these two terms do not cancel each other,

1 The reader might wonder why the result is the same as for a single particle: We can also think of this limit as |u| → ∞. In
this limit both particles are always on the same site and therefore behave as a single localized particle. The only difference
is that it is driven with twice the coupling strength, which explains why λ is replaced by 2λ.
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because the prefactor 1
|u |−a switches sign and therefore cancels the (−1)a:

γ ≈ (−1) b |u | c |u|

(
Jb |u | c(λ)

2

|u| − b|u|c
+

Jd |u | e(λ)
2

d|u|e − |u|

)
. (3.42)

Note this also shows that the sign of the peak depends only on whether b|u|c is an even or an odd
number.
Because the terms corresponding to the two closest integers to |u| have the highest prefactor, they

will still dominate for λ > |u| + 1.5. However as we increase λ > |u| + 1.5 more and more Bessel
functions will start oscillating with the same amplitude ∼ 1/

√
λ and so more and more terms in the

sum will become relevant. Since the prefactor 1
|u |−a decreases only slowly, there is the extra (−1)a and

the amplitudes of these oscillations are comparable, the whole sum is going to be quite complicated
with a lot of near cancellations. In other words it is going to converge slowly and so it is also hard to
predict it accurately. We will therefore only summarize the main features. We know that, since all
Bessel functions decay as ∼ 1/

√
λ, that the envelope of γ will decay as ∼ 1/λ. Also since the two

terms of (3.42) still dominate the sum we can expect that γ will also either stay positive or negative
(this is not exactly true as can be seen in figure 3.7, but still holds in a big range). We can also
observe that (roughly) the period of oscillations of γ (blue) follows the period of oscillations of the
approximation (orange).

Approximation for v1 for |u | > 1

Let us repeat the steps we did for γ also for v1:

v1 =
∑
a

|u|Ja(λ)
2

|u| − a
− 1. (3.43)

In figure 3.8 we plot v1 (blue) and its approximation by two terms (orange) for |u| = 10.5. For small λ
the function starts at v1 = 0 and then slowly grows. Around λ ≈ |u| + 1.5 we first have a peak v1 > 0
and then a rapid switch of sign to another peak v1 < 0. After this peak we again find an oscillating
decay to v1 → −1. For most values of |u| the function stays completely negative above λ > 1.5,
however it can also become positive at the peaks.
The approximation by the two closest terms of the sum (orange) is again completely off for λ ≈ 0,

where it predicts v1 = −1 instead of v1 = 0. Apart from that for λ > |u| + 1.5 the approximation
captures the oscillatory behaviour quite well. Compared to γ where for |u| = 10.5 the approximation
was only able to explain the frequency but not the amplitude, the approximation of v1 captures both.

Let us again go through the features one by one. The approximation fails for λ ≈ 0, which, as for γ,
is not surprising. For small λ we also need to take the Bessel functions for low a � |u| into account.
We can redo the argumentation which led to (3.41):

v1 ≈

∞∑
a=−∞

Ja(λ)
2
− 1 + O

(
1
|u|

)
+ O

(
λ2A+2

)
(3.44)

= 0 + O
(

1
|u|

)
+ O

(
λ2A+2

)
. (3.45)
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3.3 Discussion of the pair transmission

Figure 3.8: Value of v1 as function of driving strength λ for |U |/ω = 10.5 (blue) and its approximation using
two terms (orange). Also we give the second order Taylor approximation of v1 at λ = 0 (green). For large λ, v1
converges towards −1 (dashed line).

This time the sum gives
∑

a Ja(λ)
2
= 1 (see appendix C.5) instead of a complicated function, which

cancels the −1 in the definition of v1 and therefore shows v1 = 0 at λ = 0. We can even go one step
further and calculate the Taylor expansion of v1 up to the second order in λ (green curve in figure 3.8).
It is given by (calculation done in the appendix C.6):

v1 =
1

|u|2 − 1
λ2

2
+ O

(
λ4

)
. (3.46)

Since 1
|u |2−1

> 0 we find that for all |u| > 1 the function v1 grows around λ = 0.
Now let us turn our attention to the two peaks at λ ≈ |u| + 1.5. We can rewrite the approximation to:

v1 ≈ |u|

(
Jb |u | c(λ)

2

|u| − b|u|c
−

Jd |u | e(λ)
2

d|u|e − |u|

)
− 1. (3.47)

Note that now, because the (−1)a are missing there is a minus sign between the two terms. This means
instead of adding up, both terms are actually subtracted. Since the first maximum of Jb |u | c(λ) comes a
bit before the first maximum of Jd |u | e(λ), we observe first the positive maximum of Jb |u | c(λ) which
then is quickly followed by the negative maximum of Jd |u | e(λ). This explains the quick sign change of
v1 around |u| + 1.5. After the two peaks we have again the oscillatory behaviour with a decay ∼ 1/λ,
because all Bessel functions decay equally fast ∼ 1/

√
λ. Contrary to γ where due to the (−1)a many

terms of the sum cancelled each other, for v1 all these terms add up. In other words the sum converges
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Chapter 3 Scattering in the non-resonant case

much faster, which also explains why the approximation is much better than for γ. Note that due to the
overall −1 outside of the sum v1 goes to −1 for λ→∞.

Transmission depending on λ and u

Figure 3.9: Pair transmission as function of momentum k and driving strength λ for |U |/ω = 10.5. The plot on
the right displays the momentum averaged transmission T̄ .

We now understand how the transmission behaves as a function of γ and v1 and we also understand
how γ and v1 depend on λ and u. We only need to put both behaviours together to get the full picture.

In figure 3.9 we give the transmission as a function of k and λ for fixed |u| = 10.5. Like for the
parameters we find three distinct regimes. For λ < |u| + 1.5 we have a ‘chain’ of small connected parts
where the transmission is locally high. This chain starts at k = π/2 and then slowly bends towards
smaller k. Around λ ≈ |u|+1.5 we then have a region of quite high transmission throughout the whole
Brillouin zone. After that there are alternating regions with transmission and without transmission.
The regions with transmission are mainly concentrating on high momenta k. Also while the frequency
of the appearance of these regions is roughly constant, their size in k become smaller as λ grows.

Before we start analyzing we would like to recall that the transmission always vanishes for k = 0, π,
except when v1 = |γ | + 1,1,−|γ | + 1 (for k = 0) or v1 = |γ | − 1,−1,−|γ | − 1 (for k = π). These
situations can easily be identified in figure 3.9 as they are the distinct values of λ where the transmission
reaches the boundary of the figure. We will use this to explain the behaviour of the transmission. Let
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3.3 Discussion of the pair transmission

us define:

ξ0 =
v1 − 1
|γ |

(3.48)

ξπ =
v1 + 1
|γ |

. (3.49)

Whenever ξ0 = 1,0,−1 we find a finite transmission for k = 0. Analogously if ξπ = 1,0,−1 we find
a finite transmission for k = π. Even more note that we have ξ0 ≤ ξk ≤ ξπ , where ξk =

v1−cos k
|γ | . In

particular whenever both ξ0, ξπ are above 1 or below −1 the transmission will be low for all k (recall
figure 3.6). Therefore we will mostly study when ξ0 and ξπ pass ±1, which can then be translated into
whether transmission occurs or not.

From our previous considerations we can expect that the three regimes in figure 3.9 are linked to
the different regimes of γ and v1. Let us go through them one by one. For λ < |u| + 1.5 we found that
γ = J0(2λ) and v1 =

1
|u |2−1

λ2

2 , which grows quite slow. Without doing any complicated calculation we
can immediately see that v1 ≈ 0 reduces to the single particle case. There we have γ = J0(λ) which
is now replaced by γ = J0(2λ). The behaviour for λ ≈ 0 is therefore similar to figure 3.4, only with
twice the frequency. In particular this explains the small regions around k = π/2, where we have
transmission. As we move away from λ = 0 we find that

ξ0 =
−1 + 1

|u |2−1
λ2

2

|J0(2λ)|
< −1 (3.50)

ξπ =
1 + 1

|u |2−1
λ2

2

|J0(2λ)|
> 1 (3.51)

where the last inequalities hold because |J0(2λ)| < 1 (strictly speaking the inequality for ξ0 < −1 only
holds for |u| >

√
5

2 ≈ 1.12). Since ξk can range from ξ0 to ξπ it passes the full region −1 < ξk < 1 and
we therefore find a small region around k = π/2 where the transmission does not vanish. This region
is small because |γ | = |J0(2λ)| � 1 and therefore transmission only occurs around ξk ≈ 0 (see lower
part of figure 3.6). In fact the size of the region is given by J0(2λ). In particular whenever J0(2λ) = 0
the transmission vanishes completely. Because both ξ0, ξπ grow with growing λ the position of the
small region with transition is not centred at π/2 any more, but rather shifts to smaller k, which leads
to the arc structure to the left in figure 3.9. This can be seen from the definition of ξk =

v1−cos k
|γ | .

Transmission only occurs around ξk ≈ 0 and so the central momentum is given by cos k = v1. Using
the Taylor expansion (3.46) of v1 we find:

k = arccos
(
v1

)
≈
π

2
−

1
|u|2 − 1

λ2

2
+ O

(
λ4

)
. (3.52)

We would like to point out again that this is only valid for λ � |u| + 1.5 and is in particular only
applicable for |u| > 1.
Let us go on to λ ≈ |u| + 1.5. There we found that γ had a prominent maximum, while v1 quickly

changed its sign from positive to negative. As a very rough approximation we can think of γ being
constant around λ ≈ |u| + 1.5 and of v1 as a linear function going from a high positive value to a low
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Chapter 3 Scattering in the non-resonant case

negative one. The emerging picture is therefore a mirror version of figure 3.5 (with the distance of the
branches according to γ). Of course the actual image in figure 3.9 looks a bit distorted, but one can
clearly see three values of λ on each side where the transmission reaches the boundary.

The third regime is the oscillatory part for λ > |u| + 1.5. We can see a periodic pattern which is, of
course, due to the periodicity of γ and v1. We can use the approximations (3.42) and (3.47) to find

ξ0 ≈

Jb|u |c (λ)
2

|u |− b |u | c −
Jd|u |e (λ)

2

d |u | e− |u | − 2
Jb|u |c (λ)

2

|u |− b |u | c +
Jd|u |e (λ)

2

d |u | e− |u |

(3.53)

ξπ ≈

Jb|u |c (λ)
2

|u |− b |u | c −
Jd|u |e (λ)

2

d |u | e− |u |

Jb|u |c (λ)
2

|u |− b |u | c +
Jd|u |e (λ)

2

d |u | e− |u |

=

1 − |u |− b |u | c
d |u | e− |u |

Jd|u |e (λ)
2

Jb|u |c (λ)
2

1 + |u |− b |u | c
d |u | e− |u |

Jd|u |e (λ)
2

Jb|u |c (λ)
2

. (3.54)

We can immediately see that |ξπ | < 1. Due to the oscillatory nature of the Bessel functions it will
therefore oscillate between −1 and 1. In particular we find ξπ = 1 whenever Jd |u | e(λ) = 0 and ξπ = −1
whenever Jb |u | c(λ) = 0. Since all Bessel functions have infinitely many zeros both cases will happen
infinitely often. This explains why the transmission reaches the boundary for k = π so often (which
happens for ξπ = −1,0,1). Because for ξπ < −1 the transmission vanishes completely the values of λ
with no transmission are given by the zeros of the Bessel function Jb |u | c(λ) = 0 (in case of |u| = 10.5
these are λ = 14.5,18.5,22.0,25.5, . . .).

We can easily estimate ξ0 for large λ because all Bessel functions decay as O
(
1/
√
λ
)
. This leads to

ξ0 ≈ −
2

Jb|u |c (λ)
2

|u |− b |u | c +
Jd|u |e (λ)

2

d |u | e− |u |

∼ −2λ (3.55)

which shows that ξ0 is well below −1 for large λ. This means that the transmission cannot reach to
k = 0 anymore which explains why transmission only occurs for k close to π. Also because ξ0 goes to
minus infinity the regions of transmission become smaller in k as λ grows.
This finishes our discussion of the case |u| > 1. Before we end this section we would like to note

that especially the last approximations only give a qualitative understanding of the observed features.
For quantitative estimates they are too rough and one has to numerically evaluate the exact values.

3.3.3 Discussion for |u | < 1

While the above discussion is valid for all |u| > 1, for |u| < 1 there are some differences. That is why
we would like to quickly treat this case separately.

In figure 3.10 we give γ and v1 as well as their approximations by two terms. We can see that there
is an oscillatory decay part as for |u| > 1, but the other two parts are missing. This is not surprising
since they were located below λ < |u| which is not possible for |u| < 1. Especially note that, contrary
to |u| > 1, the approximation now also well describes λ ≈ 0 (because J0(λ) is included into the
approximation).
The transmission amplitude is given in figure 3.11. Again we can see that the first part, where the

function looks similar to the single particle result, is completely missing. Instead we directly start

36



3.3 Discussion of the pair transmission

Figure 3.10: Values of γ (blue) and v1 (green) as function of driving strength λ for |U |/ω = 0.5. Also we give
their approximations by two terms (orange, red).

Figure 3.11: Pair transmission as function of momentum k and driving strength λ for |U |/ω = 0.5. The plot on
the right displays the momentum averaged transmission T̄ .
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with the oscillating part where the transmission periodically appears for large k as λ grows.

3.3.4 Discussion for |u | close to an integer

Before completing this section let us have a closer look on the case where |u| is close to an integer.
Let us call u0 the closest integer to u and write |u| = |u0 | + ε. ε > 0 means that |u| is slightly above
an integer and ε < 0 means that |u| is slightly below one. For |u| close to an integer |u0 | the usual
approximation with two terms is not necessary and we can instead approximate it using only one term
corresponding to |u0 |:

γ =
∑
a

|u|(−1)aJa(λ)
2

|u| − a
≈
|u0 |(−1) |u0 |J|u0 |

(λ)2

ε
+

©­«(−1) |u0 |J|u0 |
(λ)2 +

∑
a, |u0 |

|u0 |(−1)aJa(λ)
2

|u0 | − a
ª®¬ + O(ε)
(3.56)

v1 =
∑
a

|u|Ja(λ)
2

|u| − a
− 1 ≈

|u0 |J|u0 |
(λ)2

ε
+

©­«J|u0 |
(λ)2 +

∑
a, |u0 |

|u0 |Ja(λ)
2

|u0 | − a
− 1ª®¬ + O(ε) (3.57)

where we already include the next order correction for later convenience. One can see that both
diverge as ε → 0. From this we can calculate ξk up to first order in ε:

ξk =
v1 − cos k
|γ |

= sgn(ε) +
|ε |

J|u0 |
(λ)2

(
s |u0 |
(λ) −

1 + cos k
|u0 |

)
+ O

(
ε2

)
(3.58)

where

s |u0 |
(λ) =

∑
a, |u0 |

1 − (−1) |u0 |−a

|u0 | − a
Ja(λ)

2. (3.59)

Depending on |u0 | the sum in s |u0 |
(λ) either contains only even or odd terms. We have

(
ξ2
k − 1

)2
=

(
2

J|u0 |
(λ)2

(
s |u0 |
(λ) −

1 + cos k
|u0 |

))2

ε2
+ O

(
ε3

)
(3.60)

and by using (3.32) and (3.56) we find:

Tk =
1

1 +
(

2
sin k

(
|u0 |s |u0 |

(λ) − (1 + cos k)
))2 + O(ε). (3.61)

We plot this limiting transmission in figure 3.13 for |u| = 10 (Apart from small λ it looks similar to
figure 3.12. Exactly at integer |u| the range of validity of approximations (3.41) and (3.45) shrink to
λ = 0 and so the transmission behaves differently for small λ). Surprisingly even though γ and v1
diverge as ε → 0 the transmission is continuous across integer values of |u|.
This might seem rather surprising because if one compares plots of the actual transmission above

and below integer |u| they look different (compare figures 3.12 and 3.14 which are for |u| = 9.9 and
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3.3 Discussion of the pair transmission

Figure 3.12: Pair transmission as function of momentum k and driving strength λ for |U |/ω = 9.9. The plot on
the right displays the momentum averaged transmission T̄ .

Figure 3.13: Pair transmission as function of momentum k and driving strength λ for |U |/ω→ 10.0. The plot
on the right displays the momentum averaged transmission T̄ .
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Figure 3.14: Pair transmission as function of momentum k and driving strength λ for |U |/ω = 10.1. The plot
on the right displays the momentum averaged transmission T̄ .

|u| = 10.1 respectively). In particular for |u| = 9.9 the transmission concentrates mainly on high
k, while for |u| = 10.1 it also reaches to low k. In the following we will see that the reason for this
behaviour is that ξk jumps from −1 to 1 as ε passes 02:

Recall that we always have ξ0 ≤ ξk ≤ ξπ where ξ0 and ξπ are given by

ξ0 =
v1 − 1
|γ |

= sgn(ε) +
|ε |

J|u0 |
(λ)2

(
s |u0 |
(λ)

|u0 |
−

2
|u0 |

)
+ O

(
ε2

)
(3.62)

ξπ =
v1 + 1
|γ |

= sgn(ε) +
|ε |

J|u0 |
(λ)2

s |u0 |
(λ)

|u0 |
+ O

(
ε2

)
. (3.63)

Because γ diverges as ε → 0 from plot 3.6 we know that we will only find transmission if ξk = −1,0,1.
Depending on how often ξk actually crosses one of these values the transmission is organized in either
1,2 or 3 branches. Due to the zeroth order result in ε we expect to always have exactly one branch
because either all ξk → 1 or all ξk → −1.

Let us now also include the first order correction. The first order correction is symmetric for ε > 0
and ε < 0. It consists of two parts: We have the part including s |u0 |

(λ). Recall that s |u0 |
(λ) is given by

a complicated sum over Bessel functions (3.59). The terms for a < |u0 | have a positive sign while the
for a > |u0 | the sign is negative. Thus it is hard to predict the sign of s |u0 |

(λ). We can however bound

2 Or in other words: The transmission is continuous as ε → 0, but its derivative jumps.
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its absolute value by���s |u0 |
(λ)

��� ≤ ∑
a, |u0 |

�����1 − (−1) |u0 |−a

|u0 | − a
Ja(λ)

2

����� ≤ 2
∑
a

Ja(λ)
2
= 2 (3.64)

where in the last step we again used Neumann’s addition theorem (see appendix C.5). We achieved
this bound by ignoring the sign change and also 1

|u0 |−a
≤ 1. Because the sign change will yield a

partial cancellation of terms and also usually 1
|u0 |−a

� 1we can expect
���s |u0 |
(λ)

��� � 2.

For ξ0 there is also another term − 2
|u | . Because we expect s |u0 |

(λ) to be small this term is dominant
(unless of course |u| is too large):

ξ0 ≈ sgn(ε) −
2|ε |

|u0 |J|u0 |
(λ)2

. (3.65)

As we increase |ε | away from zero ξ0 starts either at ±1 and then quite rapidly grows into the negative
direction (It grows fast because J|u0 |

(λ)2 is usually small).

Now let us consider the cases ε < 0 and ε > 0 separately. For ε < 0 we expect that ξ0 < −1.
Depending on the unknown sign of s |u0 |

(λ) we have two cases: If also s |u0 |
(λ) < 0, then ξk will be

below −1 for all k and so we do not observe transmission. If on the other hand s |u0 |
(λ) > 0 then ξk

ranges from slightly below −1 to above −1 and therefore includes one branch of the transmission. This
one-branch-behaviour can be nicely seen in figure 3.12.

For ε > 0 the situation is different. Here ξ0 starts at 1, but then we expect it to quickly grow into the
negative direction. This means above a certain small value of ε we also have ξ0 < −1. Now because
ξπ ≈ 1, depending on the sign of s |u0 |

(λ) we will observe either two (for s |u0 |
(λ) < 0) or three (for

s |u0 |
(λ) > 0) branches. In any case we can expect much transmission than for ε < 0. This can be

easily seen by comparing figure 3.14 to figure 3.12. Especially note that the transmission also reaches
k = 0 in figure 3.14. This happens whenever ξ0 crosses −1,0 or 1 which is expected to happen much
more often for ε > 0 than for ε < 0.

Before we end this section let us note that the exact form of the transmission depends on the
behaviour (and in particular the sign) of s |u0 |

(λ). We will not go into detail here, but we will only note
that it is also given by a sum similar to γ and v1. We could basically repeat the analysis of section
3.3.2. In particular the dominating terms will be again given by the two closest terms to |u0 |. Since
these are also Bessel functions we again find similar regimes: One regime for λ < |u0 |, a peak for
λ ≈ |u0 | + 1.5 and an oscillating decay for λ > |u0 | + 1.5. This explains why figures 3.12 and 3.14
look so similar to figure 3.9. In fact the positions of the features as function of λ are almost the same
in all figures. The only difference is how pronounced the regions with transmission are. For |u| = 9.9
the transmission is mostly contained in thin single separated branches, while for |u| = 10.1 we can see
patterns with two or three thin branches (The branches are thin because γ is quite large for |u| close to
an integer, see figure 3.6). Because γ is smaller for |u| = 10.5, the branches are thicker in figure 3.9
which makes the image of the transmission less filigree.
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Chapter 3 Scattering in the non-resonant case

3.4 Numerical results

In this section we would like to check the analytical results with numerical results. For single particles
there have already been numerical studies [6]. Therefore we will concentrate on numerical simulations
for the pairs here. The method we want to use is outlined in section 2.3 which is a general method for
numerically calculating transmission coefficients in 1D systems.
However our system consists of a stack of layers, each layer being a 2D lattice, which is far from

a 1D system. Therefore we will apply the method not on the system as a whole but only on the
diagonal of layer 0. This is of course a one dimensional subsystem, but we should explain carefully
why applying the method onto this subsystem gives the right result.

Consider only layer 0 first and ignore the existence of all other layers. The idea is based on
the fact that pairs are given by plane waves on the diagonal and decay quite quickly perpendicular
to it (as discussed in section 2.1.4). This means that already for relatively small system sizes the
wavefunction between the impurity and the boundary is given by an unperturbed eigenstate of the
plain Fermi-Hubbard model. Only close to the impurity around site 0 and close to the boundary
the wavefunction will get perturbed. In order to make sure that the influence of the boundary is
neglectable we need that the size of the pair is well below 1. In section 2.1.4 we found that this is true
for U/J > 4.7, which is automatically satisfied in the non-resonant case. So the boundary will not
perturb the eigenstate significantly. How about the impurity? For the procedure to work we need the
impurity to be confined to a finite sized region. This might seem obvious but when looking at one
layer as in figure 3.2(b) we actually find that the impurity extends to infinity. Again we can argue that,
due to the small size of the pair, as soon as we are a few steps away from the center site 0 the pair state
will not be affected by the impurity anymore and thus the impurity is effectively localized.

Now let us take the other layers into account. That is actually not very complicated as there is no
restriction on the complexity of the impurity. We will simply combine all other layers apart from layer
0 together with their couplings into one very complicated effective impurity. The two requirements,
parity conservation and time reversal symmetry, are fulfilled. We also need to make sure that this
effective impurity is given by a hermitian operator, i.e. that there is no particle loss to other layers.
Particle losses to other layers are automatically prohibited as long as we are in the non-resonant case
(basically this is the definition of the non-resonant case). In the resonant case this method is not
applicable.
The Hilbert space of a system with N layers of size L has dimension N L2. From these states

only ≈ L states will correspond to paired states in layer 0. We therefore first need to filter these
paired states from the eigenstates of the system. This is done by adding the modulus squared of the
wavefunction along the diagonal of layer 0. As this number is only large for paired states we will
choose the L states with the highest number as potential candidates for paired states. After that we can
fit either ψs

n or ψa
n of equations (2.30) and (2.31) to it (depending on whether the state is symmetric or

antisymmetric). The momentum k = 2K of the pair can be calculated from the eigenenergy of the
eigenstate by inverting (2.10). Note that we exclude sites −1,0,1 from the fitting process because the
impurity acts on these sites. If either the momentum cannot be computed or the error of the fit is too
large (if the squared distance is above 0.001L) we exclude this state from the fitting procedure.

After we obtained the fitting parameters Ak,Bk,Ck,Dk we interpolate between them and calculate
the transmission as described in section 2.3.

To illustrate that it is enough to consider the diagonal of layer 0 we plot a typical layer 0 of such an
eigenstate in figure 3.15. We can see that the wavefunction is almost completely concentrated on the
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diagonal. All other parts of the layer are therefore not relevant for us. The diagonal of figure 3.15
together with a fit is shown in figure 2.3.

Figure 3.15: Layer 0 of a pair eigenstate for J/ω = 0.001, |U |/ω = 0.5, λ = 1,N = 4, L = 31. n and m denote
the position of the first and second particle respectively. The wavefunction ψn,m concentrates on the diagonal
where both particles are at the same site. The diagonal is shown in figure 2.3.

Combining all these arguments we can see that it is indeed valid to apply the procedure of section
2.3 to the diagonal of layer 0. Note again that this procedure is only applicable in the non-resonant
case.

3.4.1 Numerical results in the limit J/ω → 0

We first want to confirm the results of the numerical calculations. Of course we cannot consider the
total limit J/ω→ 0, but we can choose a small J/ω = 0.001. Also we have to restrict the system size
L and the number of layers N to finite numbers. For convenience we will only choose odd system sizes
L and label the sites − L−1

2 , . . . , L−1
2 . The N layers are chosen such that layer 0 is in the middle, i.e.

they are labelled by −b N−1
2 c, . . . , d

N−1
2 e. For example if we choose N = 3 we have layers a = −1,0,1,

or if we choose N = 4 we have layers a = −1,0,1,2.
We will perform the simulations using the gauge transformed version of the Hamiltonian (3.8).

Although much simpler to implement, the original Hamiltonian (3.1) has a major drawback: The
layers are coupled quite strongly due to the possibly large λ independent of α and |u|. This means we
need a relatively large number of layers N until we reach convergence. On the other hand the gauge
transformed Hamiltonian 3.8 couples to other layers only with α = J/ω which is quite small. We also
know that in the limit the dominant contribution to the scattering comes from the two layers closest to
|u|. This means we should already get a good approximation by choosing N > 2|u|.
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Figure 3.16: Numerically calculated pair transmission for J/ω = 0.001, |U |/ω = 0.5,N = 4, L = 31 as function
of momentum k and driving strength λ. The black regions at the boundary are outside of the scope of the
numerical method (see section 2.3). The plot on the right displays the momentum averaged transmission T̄ .

In figure 3.16 we give the numerical results for |u| = 0.5. We have chosen L = 31 and N = 4. The
figure looks similar to the expected theoretical result shown in 3.11. Unfortunately we are not able
to access the transmission for large and low k, because the numerical method cannot provide it (see
section 2.3). For a better comparison we plot a vertical cut at constant k = 0.85π in figure 3.17. Note
that we have chosen k = 0.85π instead of a more apparent value, like k = π/2, in order to be in the
more interesting region on the right side.
In figure 3.17 we also give two theoretical results: First the full result determined by (3.27) and

(3.28) and second another variant where the sums in γ and v1 only include the four terms corresponding
to the four layers a = −1,0,1,2. The later transmission amplitude is the theoretically expected one
in the limit L → ∞ while keeping N = 4 fixed. This helps to distinguish whether the difference
between the numerical and theoretical result is due to a too small value of L or N . One can see that
while the numerically calculated transmission nicely matches the result for four layers, it is a bit off
for infinite layers. It still shows the main important features also seen in the result for infinite layers,
like the position of the peaks, but the details of the peaks are not well approximated. We can see
that this is completely due to the fact that we only use four layers N = 4. If we would include more
layers the numerical results as well as the expected theoretical result for this number of layers would
converge to the actual result. We would like to remark that already the good agreement with the four
layer theoretical result shows the applicability of the limiting model obtained via the Schrieffer-Wolff
transformation and verifies our derivations as a whole. The only missing piece is to further increase
N (which is restricted to N ≤ 4 due to limited computational power), but this will only change the
parameters γ and v1 of the effective model and not the model itself.
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3.4 Numerical results

Figure 3.17: Numerically calculated pair transmission with momentum k = 0.85π for J/ω = 0.001, |U |/ω =
0.5,N = 4, L = 31 as function of driving strength λ. We also give the theoretical result for infinite and four
layers.

3.4.2 Numerical results for finite J/ω
After we checked the prediction of our analytical result in the limit J/ω→ 0, we can go on to also
compute the transmission for higher values of J/ω.

In figure 3.18 we give the pair transmission as a function of k and J/ω. Recall that J/ω < 0.125 is
required for the non-resonant case. We can see that in this range the transmission does not change
significantly as a function of J/ω. For better comparison we also give a vertical cut at constant
k = 0.85π in figure 3.19. Here we see that the transmission at the maximum value J/ω = 0.125 is
about 2% away from the value at J/ω→ 0.
From the theoretical discussion in section 3.2.2 we already expected that the transmission will

not depend significantly on J/ω, because its first order correction (i.e. the linear term) vanishes.
Therefore we can conclude that the analytical result for the transmission still is a good approximation
also for J/ω up to it maximum value J/ω < 0.125.
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Chapter 3 Scattering in the non-resonant case

Figure 3.18: Numerically calculated pair transmission for |U |/ω = 0.5, λ = 1,N = 4, L = 31 as function of
momentum k and hopping parameter J/ω. The black regions at the boundary are outside of the scope of the
numerical method (see section 2.3). The plot on the right displays the momentum averaged transmission T̄ .

Figure 3.19: Numerically calculated pair transmission with momentum k = 0.85π for |U |/ω = 0.5, λ = 1,N =
4, L = 31 as function of hopping parameter J/ω.
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CHAPTER 4

Applications

We have seen that single particles are treated differently by the impurity than pairs. This allows for
applications where we would like to manipulate either single particles or pairs. In chapter 3 we have
calculated the transmission in the limit J/ω→ 0. Also we expect that the transmission of the pairs is
not influenced significantly for finite J/ω as long as we stay in the non-resonant case J/ω < 0.125
(this maximum value is for |u| being half integer. If |u| is more closer to an integer it is given by one
fourth of the distance to the nearest integer). The same is true for single particles [7]. Therefore it will
be enough to work with the results obtained for J/ω→ 0.

In particular we have seen that transmissions for single particles vanishes at the zeros for the Bessel
function J0(λ). At these points only pairs will go through the barrier, i.e. the driven impurity acts as a
pair filter. In this section we will take a closer look at this situation and also give other applications of
the impurity.

4.1 Average transmission

We have seen that the transmission is a complicated function of k, |u| and λ. In order to simplify the
discussion we will average the transmission over all momenta:

T̄ =
1
π

∫ π

0
Tk dk . (4.1)

This quantity can be interpreted as the probability that a particle with randomly chosen momentum
will penetrate the impurity. Note that if either T̄ = 1 or T̄ = 0 we can conclude Tk = 1 or Tk = 0 for all
k.
In figures 4.1 and 4.2 we give the average transmission for a single particle and a pair respectively.

Note that the averaged transmission for a single particle (3.25) can be explicitly calculated (for example
using mathematica):

T̄ =
1
π

∫ π

0

1

1 +
(

1
J0(λ)

2 − 1
)2

cot2 k

dk = J0(λ)
2. (4.2)

This shows that the averaged single particle transmission is relatively small unless λ ≈ 0. The
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Chapter 4 Applications

Figure 4.1: Averaged single particle transmission T̄s as function of driving strength λ.

Figure 4.2: Averaged pair transmission T̄p as function of driving strength λ and Hubbard interaction |U |/ω. The
vertical lines are drawn at the zeros of the single particle transmission T̄s = J0(λ)

2.

transmission vanishes completely at the zeros of the Bessel function J0(λ).
The picture is more complicated for the pairs (see figure 4.2). We already discussed the behaviour of

the transmission in section 3.3. In figure 4.2 one can clearly see the first maximum of the transmission
around λ ≈ |u| + 1 and the periodic decay afterwards. We would like to draw the attention of the
reader to two features: First that in the upper left corner λ < |u| the averaged transmission becomes
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4.2 Pair filter

independent of |u| as expected by the discussion in section 3.3. Second that we can often see a sudden
increase of the averaged transmission above an integer value of |u| which is also expected from section
3.3.4.

4.2 Pair filter

Figure 4.3: r1 = T̄p(1 − T̄s) as function of driving strength λ and Hubbard interaction |U |/ω. The vertical lines
are drawn at the zeros of the single particle transmission T̄s = J0(λ)

2.

Our aim is to maximize the pair transmission T̄p while at the same time minimizing the single
particle transmission T̄s. To combine both into one quantity we are going to use the following formula:

r1 = T̄p
(
1 − T̄s

)
. (4.3)

This quantity grows when either T̄p rises or T̄s shrinks. It lies between 0 and 1 and is only 1 if both
T̄p = 1 and T̄s = 0. We can think of r1 in the following way: Imaging a single particle and a pair are
simultaneously send to the impurity. Then r1 is the probability that exactly the event occurs which we
want, i.e. the pair is transmitted while the single particle is reflected. In fact if T̄s = 0 then r1 reduces
simply to T̄p. This is why figure 4.3 looks so similar to figure 4.2.

From figure 4.3 we can see that the regions with high r1 are those with λ ≈ |u| + 1.5 and the regions
in the oscillating part λ > |u| + 1.5. In general the region for λ ≈ |u| + 1.5 is bigger in size than those
in the oscillating part, which makes λ ≈ |u| + 1.5 a good choice for experiments. Also, because we
would like to minimize the single particle transmission T̄s = J0(λ)

2, it is natural to choose λ as a
zero of the Bessel function J0(λ), i.e. λ = 2.4,5.5, . . .. For a better comparison we plot the averaged
transmission T̄p at these values of λ as a function of |u| in figure 4.4.
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Figure 4.4: Averaged pair transmission T̄p as function of Hubbard interaction |U |/ω for λ = 2.4 (blue) and
λ = 5.5 (orange). In order to stay in the non-resonant case one should avoid to be too close to integer values of
|U |/ω (dashed lines).

From these plots one can try to find high values of average pair transmission. For λ = 2.4 we have
one apparent maximum at |u| = 1.5 with T̄p = 0.794. For λ = 5.5 we have more possible values of |u|
for which the average transmission is high. However many of them are close to integer values, which,
for finite J/ω, we would like to avoid in order to stay in the non-resonant case. A good value here is
|u| = 5.7, where the average transmission reaches T̄p = 0.842.

4.3 Single particle filter

The question arises whether it is also possible to achieve the opposite situation, namely a filter which
blocks pairs but lets single particles pass. Analogously to the pair filter we will define the quantity

r2 = T̄s

(
1 − T̄p

)
, (4.4)

which describes the probability of a single particle passing, while a pair is blocked. In figure 4.5 we
give a plot of r2. One can easily see that it is mostly small which is a direct consequence of T̄s being
small in general. Only for λ ≈ 1.2 we find a relatively high value. Let us explain how this value
comes about. We know that the single particle transmission amplitude is determined by γ = J0(λ),
v1 = 0. We also know that for small λ we can describe the pair scattering by γ = J0(2λ), v1 = 0. The
averaged transmission amplitude is in both cases given by γ2. Although J0(λ)

2 is mostly quite small
for small values of λ it is actually relatively large for small λ. That is why at the first zero of the
pair transmission J0(2λ), with λ ≈ 1.2, the single particle transmission is still T̄s = J0(1.2) ≈ 0.45.
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4.4 Blocking transmission for both pairs and single particles

Figure 4.5: r2 = T̄s(1 − T̄p) as function of driving strength λ and Hubbard interaction |U |/ω. The vertical lines
are drawn at the zeros of the single particle transmission T̄s = J0(λ)

2.

In other words all pairs are blocked but almost half of the single particles can penetrate. Especially
note that this result is independent of |u| (as long as |u| > 2). One drawback is that the transmission
probability is not uniform in momentum, but rather prefers momenta around π/2 (see figure 3.4).

4.4 Blocking transmission for both pairs and single particles

Another possibility of using the driven impurity is to make sure that both single particles and pairs
cannot penetrate the impurity. The respective quantity here is

r3 =
(
1 − T̄s

) (
1 − T̄p

)
, (4.5)

which gives the probability that both single particles and pairs are reflected. It is plotted in figure
4.6. For the oscillating part λ > |u| + 1.5 it looks like an inverse image of r1 in figure 4.3. This is
not surprising since now we want to find regions where the pair transmission is as low as possible.
We are able to find many possible regions of low transmission both for pairs and single particles for
λ > |u| + 1.5. However there is also the possibility to achieve this for λ < |u| + 1.5 as long as |u|
is large enough. We know that in this case T̄s = J0(λ)

2 and T̄p = J0(2λ)
2. The resulting r3 is given

in figure 4.7. It has the first maximum at λ ≈ 2.65, where r3 ≈ 0.98 is almost 1. In particular for
λ = 2.65 we have T̄s ≈ 0.014 and T̄p ≈ 0.006 which is quite small. Note that λ = 2.65 will always
lead to almost complete blocking as long as |u| > 4.
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Chapter 4 Applications

Figure 4.6: r3 = T̄s(1 − T̄p) as function of driving strength λ and Hubbard interaction |U |/ω. The vertical lines
are drawn at the zeros of the single particle transmission T̄s = J0(λ)

2.

Figure 4.7: Limiting r3 =
(
1 − J0(λ)

2
) (

1 − J0(2λ)
2
)
as function of driving strength λ in the limit λ � |U |/ω.

4.5 Parameter proposal for a tunable impurity

Before we conclude this discussion we would like to propose two values of |u| = |U |/ω for experiments.
They are |u| = 1.5 and |u| = 5.7. By changing the driving strength λ these values allow to tune the
impurity in all possible ways.
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4.5 Parameter proposal for a tunable impurity

Figure 4.8: Averaged pair transmission T̄p for Hubbard interaction |U |/ω = 1.5 (blue) and |U |/ω = 5.7 (orange)
and averaged single particle transmission T̄s (green) as function of driving strength λ.

Situation λ T̄s T̄p

No impurity 0 1 1
Single particle filter 0.9 0.652 0.001

Both blocked − − −

Pair filter 2.4 < 10−3 0.794

Table 4.1: Averaged single particle transmission T̄s and averaged pair transmission T̄p at specific values of
driving strength λ for Hubbard interaction |U |/ω = 1.5.

Situation λ T̄s T̄p

No impurity 0 1 1
Single particle filter 1.2 0.450 < 10−3

Both blocked 2.65 0.014 0.004
Pair filter 5.5 < 10−3 0.842

Table 4.2: Averaged single particle transmission T̄s and averaged pair transmission T̄p at specific values of
driving strength λ for Hubbard interaction |U |/ω = 5.7.

In figure 4.8 we give the averaged transmission for both single particles and pairs for these values.
We see that there is a wide variety of possibilities for different behaviour. In tables 4.1 and 4.2 we
summarized some optimal values of λ at certain configurations of the impurity. Note that for |u| = 1.5
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Chapter 4 Applications

Figure 4.9: Single particle and pair transmission as function of momentum k at certain optimal values of driving
strength λ and Hubbard interaction |U |/ω according to tables 4.1 and 4.2 (colors chosen correspondingly to
figure 4.8).

we cannot find a configuration where both types of particles are blocked, but if necessary one can
always go to high λ where both averaged transmissions slowly decay to zero. On the other hand
|u| = 1.5 has the advantage that it admits a higher single particle transmission at the first zero of the
averaged pair transmission.

One should keep in mind that the transmittance of the pair and single particle filter depends on the
momentum. Therefore we give plots of its momentum dependence in figure 4.9 for both the pair and
single particle filter. Especially the pair filter for |u| = 5.7 and λ = 5.5 allows almost all momenta
except low ones to penetrate.

We also want to point out that while this discussion only included |u| and λ there is still an implicit
restriction for J/ω. Since |u| = 1.5 (|u| = 5.7) have a distance of 0.5 (0.3) to the next integer, we
need J/ω < 0.125 (J/ω < 0.075) to stay in the non-resonant case. In other words it only works for
systems with |U |/J > 12 (|U |/J > 76).

One could also go to higher values of |u| to find more parameters for a tunable impurity. However
one should keep in mind that then also the required minimum value of |U |/J grows. For half integers
|u| we have |U |/J > 8|u|, but the minimum value is even higher if |u| is closer to an integer.

4.6 Pair momentum filter

So far we compared the averaged transmission of the pairs to those of the single particles. However
we have seen that for most parameters the transmission is not uniformly throughout the Brillouin
zone, but rather prefers certain momenta over others. In this section we would like to also distinguish
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4.6 Pair momentum filter

whether dominantly high or low momenta are transmitted.

Figure 4.10: Pair transmission averaged over low momenta k ∈ [0, π/2] as function of driving strength λ
and Hubbard interaction |U |/ω. The vertical lines are drawn at the zeros of the single particle transmission
T̄s = J0(λ)

2.

In figures 4.10 and 4.11 we give two plots similar to figure 4.2, only that this time we do not average
over the whole Brillouin zone, but only over low momenta k ∈ [0, π/2] or high momenta k ∈ [π/2, π].
By comparing both figures one can find regions where only low or high momenta are transmitted.
Let us again go through the regimes λ < |u| + 1.5, λ ≈ |u| + 1.5 and λ > |u| + 1.5 one by one: For
λ < |u| + 1.5 we know from the discussion in section 3.3 that the transmission is mainly located
around k = π/2 for small λ and as λ increases shifts to smaller k (see for example figure 3.9). This is
why in the upper left corner of figure 4.10 there is generally more transmission than in figure 4.11.

In the regime λ ≈ |u| + 1.5 we find that the transmission is mostly dominated by small momenta.
Only for larger λ & |u| + 1.5 high momenta are also transmitted.
In the third regime λ > |u| + 1.5 the regions with high total transmission are mostly dominated

by high momenta. In general low momenta are not transmitted at all. This is not surprising but
follows from our discussion in section 3.3 where we found that the transmission in this regime
concentrates on high momenta (see again figure 3.9). Only for |u| slightly above an integer we found
that the transmission also reaches up to low k (see discussion in section 3.3.4 and figure 3.14). This
is responsible for the small isolated regions above integer values of |u| where the low momentum
transmission is also high.
Usually the distribution of the transmission over the momenta is quite broad. Therefore one can

only use the impurity to filter broad regions of momenta (i.e. either high or low momenta). If one
wants to filter low momenta one should choose λ ≈ |u| + 1.5. If one wants to filter high momenta one
can use many possible values of λ > |u| + 1.5.
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Figure 4.11: Pair transmission averaged over low momenta k ∈ [π/2, π] as function of driving strength λ
and Hubbard interaction |U |/ω. The vertical lines are drawn at the zeros of the single particle transmission
T̄s = J0(λ)

2.

If one is interested in filtering specific momenta one can use the regime λ < |u| + 1.5 where the
transmission is concentrated in a rather narrow peak of width ∼ J0(2λ). For small λ this peak is
centered around k = π/2. As λ increases the center shifts to smaller k (see again figure 3.9). Using this
one can in principle create a narrow filter for a specific momentum k < π/2. The central momentum
of this filter is given by equation (3.52) as k = arccos

(
v1

)
.

Unfortunately v1 is always positive for small λ and therefore we cannot build filters for k > π/2.
Recall that this v1 describes the effective chemical potential at site 1 (and the potential v0 = 2v1 at site
0) in the effective model (3.19). We can imagine that by adding an extra (negative) static potential
around the driven impurity one can also reach negative v1 at small λ. This impurity would then allow
to also filter a specific momentum k > π/2. However one should first carefully redo the calculations
done in section 3.2 which is outside of the scope of this thesis.
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CHAPTER 5

Scattering in the resonant case

5.1 Description of the situation

In chapter 3 we analyzed how paired fermions scatter off the driven impurity in the limit J/ω→ 0
while keeping u = U/ω fixed. We concentrated on the non-resonant case, |u| < N, where we knew for
certain that the only possible outgoing states are either a transmitted or a reflected pair with the same
energy, but no pair breaking (or other forms of absorbing energy from the driving) occured. This
allowed us to compute an effective (static) Hamiltonian governing the pair dynamics and replacing the
driven impurity with an effective static one in the limit J/ω→ 0. We also compared these analytical
results to numerical simulations and found that they are a good approximation for all J/ω < 0.125
where J/ω = 0.125 is the threshold above which resonant behaviour occurs.

In this chapter we would like to go beyond the non-resonant case. In particular we would like to
study pair breaking due to the external driving. This process destroys a pair and should be avoided
when trying to manipulate pairs with Floquet systems. Therefore we do not expect this chapter to
be relevant for applications, but studying these resonance effects is still interesting for the general
understanding of Floquet theory. In particular we would like to report some interesting and unintuitive
behaviour of the Floquet system in this setting.
We will still consider a small α = J/ω � 1 but this time u = U/ω will be close to an integer
|u| ≈ |u0 | ∈ N, where u0 denotes the closest integer to u. By close to an integer we understand
|u| ∈

[
|u0 | − 4α, |u0 | + 4α

]
which implies we are in the resonant case. Since J/ω is still a small

quantity the bands are quite narrow and the absorption of energy quanta ω will only transfer the
system from the bound pair band to the free single particle band (i.e. pair breaking). Note that no
other effects, like excitations inside a single band, will occur.

Note also that this case does not affect the single particle case at all (since U is not relevant there).
Therefore the whole analysis will concentrate on the pairs.

5.2 Analytical results in the limit J/ω → 0

As J/ω is a small number the limit α = J/ω→ 0 is still a promising limit to obtain analytical results.
Since the situation is more complicated than in the non-resonant case, before we start it is a good idea
to think about what are the most important parts of the system. We will again think about the Floquet
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Chapter 5 Scattering in the resonant case

system in the extended Hilbert space formalism, where it consists of a stack of 2D lattices labelled by
an integer a (recall figure 3.1(b)).
Of course an essential part is the layer 0 which corresponds to the original system. In this layer

we have the initial state before the scattering. The final state long time after the scattering event will
consist of three parts: a transmitted pair in layer 0, a reflected pair in layer 0 and a broken pair given
by two single particles in layer |u0 |. All other layers expect 0 and |u0 | are energetically not allowed
and can therefore only play a role during the scattering event, but not afterwards. Therefore let us
concentrate in our discussion on pair states in layer 0 and on free particle states in layer |u0 |.

5.2.1 Expected behaviour

First we want to qualitatively discuss what we expect. In the limit α = J/ω → 0 there are two
timescales in the system. The pairs move slowly on timescales |U |

4J2 ∼
1
α2 while the single particles

move comparatively faster on timescales 1
J ∼

1
α . So what is our expectation in the limit α→ 0?

As α → 0 the incoming pair will become slower and slower. During the scattering event it will
spend an increasingly longer time at the impurity. As long as it is there the pair breaking process will
break the pair into single particles. These single particles move much faster than the pair and can
propagate away to infinity quickly and are therefore observed as pair loss. Since the time spend at the
impurity becomes increasingly longer there is more possibility for the pair breaking process to break
the pair. Therefore our expectation is that for small α almost the whole pair breaks into single particles
and only a minor fraction is transmitted. However as it turns out this expectation is completely wrong:
Actually pair breaking vanishes in the limit α→ 0.

Analytical results for systems with several timescales are much harder to obtain than for systems
with only one (dominating) timescale. In the next section we will discuss such problems in more
detail.

5.2.2 Discussion of the different timescales

Recall that we have to deal with two different timescales: the pairs move slowly on timescales 1/α2 and
the single particles move faster on timescales 1/α. This would not be a problem if we would mostly be
interested in single particle dynamics. Then the pairs move so slow that they in fact become immobile
and we could ignore them and write down an effective Hamiltonian on timescale 1/α. However we
are interested in pairs. If we would only consider timescales 1/α pairs would not move at all and we
could not study their scattering at the impurity. Therefore we are forced to look at long timescales
1/α2 but also take into account the shorter ones 1/α. Writing down an effective Hamiltonian for slow
parts of a system which also couples to fast parts is a complicated matter because one usually needs a
non-perturbative solution for the fast parts which can then be reinserted into the dynamics of the slow
scales.
Let us illustrate that in the present problem. We expect that an effective Hamiltonian for the slow

pairs would be given by a hopping Hamiltonian with some kind of effective impurity around site 0. In
the non-resonant case this impurity contains excitations to all other layers which then quickly decay
back into layer 0. Note that this effective impurity was given by a hermitian operator because pairs
cannot get lost during the scattering. In the resonant case however the effective impurity will contain
two parts: a hermitian one as before for all layers other than |u0 | and a non-hermitian part encoding the
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5.2 Analytical results in the limit J/ω→ 0

loss of pairs due to pair breaking into layer |u0 |. Unfortunately not all pairs that break propagate away
as free particles in layer |u0 |, but there is also the possibility of both of them coming back together at
the impurity and recombining to a pair. This requires a detailed solution of the dynamics in the first
layer1.

But even if we would be able to compute such an effective Hamiltonian this might not be what we
actually want. The effective Hamiltonian would give us the effective dynamics on the timescale 1/α2.
But we are not interested in analyzing these timescales, we actually would like to study the scattering
properties. All results in scattering theory are implicitly based on the limit where the time t → ±∞.
So when we derive an effective Hamiltonian and then derive its scattering properties what we really
do is to perform two limits: First we let α→ 0 and then t → ±∞. What we should actually do is to
take the limits in the opposite order: First let t → ±∞ and then let α→ 0. Most often both limits can
be interchanged, especially when there is only one dominating timescale in the system. But for two or
more timescales this is not a priori clear. Therefore instead of trying to find an effective Hamiltonian
it is more careful (and, as it turns out, also more analytically useful) to first consider scattering theory
and then perform the limit α→ 0 inside its equations.

5.2.3 A quick overview about scattering theory

Consider an arbitrary Hamiltonian H = H0 + V, where H0 is a free Hamiltonian with a continuous
spectrum and V a scattering impurity. The basic equation of scattering theory is the Lippman-
Schwinger equation [26] (see [27] chapter ‘The Formal Theory of Scattering’ for an overview over
scattering theory and its connection to the Lippmann-Schwinger equation):��ψ+〉 = |φ〉 + 1

E −H0 + iε
V

��ψ+〉 . (5.1)

Here we imply the limit ε → 0. It describes a specific eigenstate
��ψ+〉 of H with energy E . There

is usually more than one eigenstate with energy E , so the Lippman-Schwinger equation picks out
the correct one for scattering. It can be interpreted as follows: imagine an incoming particle at
time t → −∞ far away from the impurity. Its wavefunction is an eigenstate |φ〉 of the unperturbed
Hamiltonian H0 with energy E (typically a plane wave). The Lippman-Schwinger equation now picks
out the eigenstate

��ψ+〉 with energy E for which its incoming part, when evaluated far away from
the impurity, is given by |φ〉. Note that this does not mean that the wavefunction itself reduces to
|φ〉 far away from the impurity. Far away from the impurity

��ψ+〉 is given by a superposition of the
incoming wave |φ〉 and several outgoing waves

��ψ+〉 − |φ〉 = 1
E−H0+iε

V
��ψ+〉. The small regulator ε in

the Greens function 1
E−H0+iε

is introduced in order to make sure that it will only produce outgoing
states.
Once we have found the solution

��ψ+〉 of the Lippmann-Schwinger equation we can easily read
off the transmission amplitudes into various parts of the system as the prefactors in front of the
corresponding outgoing plane waves.
If a system contains several parts one can either write down a very big vectorized Lippmann-

Schwinger equation or one can write down several coupled Lippmann-Schwinger equations, one for

1 which would be possible, though still complicated, if the Hamiltonian in layer |u0 | would be a simple Fermi-Hubbard
Hamiltonian. But as one can see in figure 3.2(b) even when ignoring the coupling to other layers there is still a renormalized
hopping around the impurity, which breaks translation symmetry and drastically complicates the calculation.
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each part of the system. Our aim is to study the Lippman-Schwinger equation in a situation where two
parts of the system evolve on different timescales. Especially we are interested in a situation where the
incoming state evolves very slowly in time and the possible outgoing states in the other parts of the
system evolve much faster. In order to get used to such situations it is good to first look at a much
simpler toy model which can be explicitly solved.

5.2.4 Intermezzo: A simple toy model

Note that the toy model is not connected to our actual problem in any way. We study it because it is an
instructive and simple example of what happens if there are two different timescales in the system.
The toy model consists of two hopping chains called P and Q (see figure 5.1). The Q chain has

hopping parameter J1 = J while the P chain has hopping parameter J2 = αJ, where α is a small
positive number (i.e. the states on the P chain only evolve slowly in time). We denote the state where
a particle is at site n in the P chain or in the Q chain by

��nP
〉
or

��nQ
〉
respectively. The two chains are

coupled at site zero by V = λ
(��0P

〉 〈
0Q

�� + ��0P
〉 〈

0Q
��) . We want to calculate how an incoming wave

|φ〉 in the P chain scatters from this impurity in the limit α→ 0. Note that this system contains the
main important features we also have in our original problem: We have two parts of the system, a slow
one P and a fast one Q, and the incoming state is in the slow part P.
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αJ

J

αJ

J

αJ

J

αJ

J

αJ

J

P

Q
λ

Figure 5.1: Sketch of the toy model. It consists of two hopping chains: a slow one P (black) with hopping
parameter αJ and a fast one Q (gray) with hopping parameter J. Both chains are coupled at site 0 with coupling
strength λ (blue).

A very important observation is that by changing the hopping parameter J2 = αJ of the slow system,
we also change the energy of the incoming plane wave E = αε where ε = −2J cos(k).

Denote the projector on the P chain by P and the one on the Q chain by Q = 1−P. The two coupled
Lippmann-Schwinger equations read

P
��ψ+〉 = |φ〉 + λ

αε + αJHH + iε

��0P
〉 〈

0Q
�� Q ��ψ+〉 (5.2)

Q
��ψ+〉 = λ

αε + JHH + iε

��0Q
〉 〈

0P
�� P ��ψ+〉 . (5.3)

The second equation (5.3) can be immediately inserted into the first one and gives:

P
��ψ+〉 = |φ〉 + 1

α

(
λ

ε + JHH + iε

��0P
〉 〈

0Q
�� λ

αε + JHH + iε

��0Q
〉) 〈

0P
�� P ��ψ+〉 . (5.4)

The last equation can be thought of as an effective Lippmann-Schwinger equation in the P sector with
an effective potential Veff

=
(
λ2 〈

0Q
�� 1
αε+JHH+iε

��0Q
〉) ��0P

〉 〈
0P

��.
How can we solve this equation? Note that the right hand side only depends on the value of the

wavefunction at the impurity. Therefore if we multiply equation (5.4) by
〈
0P

�� we find an equation
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solely for
〈
0P

�� P ��ψ+〉:
〈
0P

�� P ��ψ+〉 = 〈
0P

��φ〉 + λ2

α

〈
0P

�� 1
ε + JHH + iε

��0P
〉 〈

0Q
�� 1
αε + JHH + iε

��0Q
〉 〈

0P
�� P ��ψ+〉 (5.5)

which can be easily solved:〈
0P

�� P ��ψ+〉 = 1

1 − λ2

α

〈
0P

�� 1
ε+JHH+iε

��0P
〉 〈

0Q
�� 1
αε+JHH+iε

��0Q
〉 〈

0P
��φ〉 . (5.6)

Reinserting this into the above equations (5.2) and (5.3) gives the full solution to the Lippmann-
Schwinger equation. Now it is finally time to study the limit α→ 0. We find2:〈

0P
�� P ��ψ+〉 = − α

λ2 〈
0P

�� 1
ε+JHH+iε

��0P
〉 〈

0Q
�� 1
JHH+iε

��0Q
〉 〈

0P
��φ〉 + O (

α2
)
. (5.7)

Inserting back into the above equations (5.2) and (5.3) gives:

P
��ψ+〉 = |φ〉 − 1

ε + JHH + iε

��0P
〉 1〈

0Q
�� 1
ε+JHH+iε

��0Q
〉 〈

0P
��φ〉 + O(α) (5.8)

Q
��ψ+〉 = −α λ

JHH + iε

��0Q
〉 1
λ2 〈

0P
�� 1
ε+JHH+iε

��0P
〉 〈

0Q
�� 1
JHH+iε

��0Q
〉 〈

0P
��φ〉 + O (

α2
)
. (5.9)

In particular look at equation (5.9) which tells us how much scatters from the slow chain P to the fast
chain Q. We expected, as for the pairs, that in the limit α→ 0 scattering into Q should be dominant.
Surprisingly we find quite the opposite – scattering into the Q chain is suppressed. What is the reason
for that? Take a look at equation (5.7). The wavefunction at the impurity site vanishes in the limit〈
0P

�� P ��ψ+〉 → 0. Therefore no more scattering into the Q chain can happen. There is also another
interesting feature. The solution in the P chain does not depend on any property of the Q system. It
does not even depend on the coupling strength between both chains λ. At first this might seem strange
because for λ = 0 the system should be completely unperturbed, but in fact it does only mean that the
limits α→ 0 and λ→ 0 do not commute3.
By taking a closer look at equation (5.8) we find that the incoming wave is fully reflected and no

more transmission occurs. This can be either verified by explicit calculation or by observing that the
pinning of the wavefunction at the impurity

〈
0P

�� P ��ψ+〉 → 0 acts as an artificial boundary condition.
This artificial boundary condition disconnects both sides of the P chain and therefore transmission is
no longer possible.

Although for the pairs the situation is much more complicated in several aspects, seeing the full
treatment of the Lippmann-Schwinger equation once for a simple toy model helps to understand the
general features in the limit α→ 0. In particular we will find that pair breaking, which is scattering
from a slow to a fast part of the system, vanishes in the limit. This is directly connected to the pinning

2 The limit is of course only correct if
〈
0Q

��� 1
ε+JHH+iε

���0Q

〉
, 0, which can be checked by explicit calculation for a hopping

Hamiltonian.
3 Or in other words the results are only applicable if α � λ.
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of the wavefunction to 0 at all points where the potential ‘acts’ (we will later explain what we mean by
that). Interestingly the third feature, namely that the wavefunction gets fully reflected in the limit, is
not there for pairs. Instead we will find a finite transmission which depends non-trivially on λ.

5.2.5 The Lippmann-Schwinger equation for the pairs

Let us come back to the pairs. Recall how we describe the system for a pair in the extended Hilbert
space: The system consists of an infinite stack of copies a of the original model each having an energy
offset of −a. Each layer is a 2D lattice with an extra potential due to the Hubbard interaction at the
diagonal. The driving induces couplings between the layers. We will now cast this complicated model
into a scattering problem.

The free Hamiltonian is simply given by uncoupled Fermi-Hubbard Hamiltonians − J
ωHH+

U
ωHU−a

on each layer a with an extra energy offset −a. We will use the gauge transformed version of the
Hamiltonian (3.8). In order to get the potential we need to subtract the Fermi-Hubbard model from
it and then express it in Fourier components. This gives the following Fourier component of the
potential (compare to formula (3.11))

Va = −
J
ω

[∑
nσ

(gna − δa,0)c
†
nσcn+1σ + (g

∗
n,−a − δa,0)c

†

n+1σcnσ

]
(5.10)

=


− J
ω Ja(λ)

[∑
σ c†
−1σc0σ + (−1)ac†0σc−1σ + (−1)ac†0σc1σ + c†1σc0σ

]
a , 0

− J
ω

(
J0(λ) − 1

) [∑
σ c†
−1σc0σ + c†0σc−1σ + c†0σc1σ + c†1σc0σ

]
a = 0

(5.11)

where the gna are the Fourier components of the time-depending hopping. The extra −δa,0 appear
because we had to subtract the Fermi-Hubbard model from the full Hamiltonian. These Fourier
components Va couple a layer b to layer b − a. In order to keep track of the current layer a we will
introduce the creation operators c†nσ;a which creates a particle of spin σ on site n on layer a. The
potential connecting layer b and a is given by

Va←b =


− J
ω Jb−a(λ)

[∑
σ c†
−1σ;ac0σ;b + (−1)b−a

(
c†0σ;ac−1σ;b + c†0σ;ac1σ;b

)
+ c†1σ;ac0σ;b

]
a , b

− J
ω

(
J0(λ) − 1

) [∑
σ c†
−1σ;ac0σ;a + c†0σ;ac−1σ;a + c†0σ;ac1σ;a + c†1σ;ac0σ;a

]
a = b

.

(5.12)

We can now write down the Lippmann-Schwinger equations (with a preliminary notation):

��ψ+a 〉 = |φ〉 δa,0 + 1
E −

(
− J
ωHH +

U
ωHU

)
+ a + iε

[∑
b

Va←b

��ψ+b 〉]
. (5.13)

Here |φ〉 is an incoming pair state in layer 0 and E is its energy. We would like to study the limit
α = J

ω → 0. We know that in this limit, by using the Schrieffer-Wolff transformation Wα, the
Hamiltonian on each layer block diagonalizes into two parts: A Hamiltonian for pairs and one for free
particles. As α→ 0 we have:

−
J
ω

HH +
U
ω

HU =Wα

(
−|u|P + α2PhP

αP + αQhQ
αQ

)
W†α. (5.14)
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Here we denote u = U/ω and define P and Q as the subspaces for pairs and single particles
respectively. The Hamiltonian hP

α becomes in the limit the effective Hamiltonian from the Schrieffer-
Wolff transformation (2.15):

hP
α →

−4
|u|

[∑
n

1
2
(
η+nη

−
n+1 + η

+
n+1η

−
n

)
− 1

]
. (5.15)

The form of the free particle Hamiltonian hQ
α will not be relevant. By applying W†α to both sides of

the Lippmann-Schwinger equation (5.13) and defining
��ψ̃+〉 =W†α

��ψ+〉 and ��φ̃〉 =W†α |φ〉 we find:��ψ̃+a 〉 = ��φ̃〉 δa,0 + 1
E + |u|P − α2PhP

αP − αQhQ
αQ + a + iε

[∑
b

W†αVa←bWα

��ψ̃+b 〉]
. (5.16)

In this version the denominator of the Lippmann-Schwinger equation block diagonalizes into P and Q
spaces. In order to keep track of the layer a we define Pa and Qa as the projectors onto pairs and free
states in layer a (also we will soon need P and Q for other purposes). From now on we will drop the
tilde over the wavefunctions. In this new notation we can write the Lippmann-Schwinger equations
(5.16) as

Pa

��ψ+〉 = |φ〉 δa,0 + 1
E + |u| − α2hP

α + a + iε

[∑
b

W†αVa←bWαPb

��ψ+〉 +W†αVa←bWαQb

��ψ+〉]
(5.17)

Qa

��ψ+〉 = 1
E − αhQ

α + a + iε

[∑
b

W†αVa←bWαPb

��ψ+〉 +W†αVa←bWαQb

��ψ+〉] . (5.18)

Let us perform a few minor changes here. First, in order to make the order of α explicit, let us
redefine the potential (5.12) as αVa. Second the energy of the incoming pair with momentum k is
E = −|u| − α2 2

|u | (cos(k) − 1) + O
(
α2

)
= −|u| + α2εα. Inserting this into the formulas (5.17) and

(5.18) yields:

Pa

��ψ+〉 = |φ〉 δa,0 + α

α2εα − α
2hP
α + a + iε

[∑
b

W†αVa←bWαPb

��ψ+〉 +W†αVa←bWαQb

��ψ+〉]
(5.19)

Qa

��ψ+〉 = α

α2εα − αhQ
α + (a − |u|) + iε

[∑
b

W†αVa←bWαPb

��ψ+〉 +W†αVa←bWαQb

��ψ+〉] .
(5.20)

This will be the final form of the Lippmann-Schwinger equations we are going to use. Before we
continue let us quickly give a summary of all appearing quantities:

• Pa projects onto paired states (i.e. the diagonal) in layer a.

• Qa projects onto free states (i.e. everything except the diagonal) in layer a.
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Chapter 5 Scattering in the resonant case

• hP
α is the effective Hamiltonian for pairs. In the limit α → 0 it is equivalent to a hopping

Hamiltonian −2
|u |

(
HH − 2

)
.

• hQ
α is the effective Hamiltonian for free particles.

• |φ〉 incoming plane wave with momentum k in P0 (i.e. a pair in layer 0).

• The energy of the incoming pair: εα = − 4
|u | (cos(k) − 1) + O(α)

• The potential coupling the layers

Va←b =


−Jb−a(λ)

[∑
σ c†
−1σ;ac0σ;b + (−1)b−a

(
c†0σ;ac−1σ;b + c†0σ;ac1σ;b

)
+ c†1σ;ac0σ;b

]
a , b

−
(
J0(λ) − 1

) [∑
σ c†
−1σ;ac0σ;a + c†0σ;ac−1σ;a + c†0σ;ac1σ;a + c†1σ;ac0σ;a

]
a = b

.

(5.21)

• The Schrieffer-Wolff transformation Wα. It was introduced s.t. the Hamiltonian decouples into
bound pairs on the diagonal and free particles elsewhere (see section 2.1.4). It acts on each
layer a separately and has the expansion Wα = 1 + α 1

|u |QaHHPa + O
(
α2

)
.

5.2.6 Applying the theorem

|u|ω

Jδu

|u0 |ω

4J

4J

Figure 5.2: Sketch of relevant energy levels involved in pair breaking. The interaction U = u0ω + Jδu is
decomposed into an integer multiple of omega u0ω and a remainder Jδu which determines the energy of the
broken pair (dashed) inside the single particle band (gray). Note also that the pair band (lowest line) has a width,
which is not shown because it is of order (J/ω)2.

As said before we are interested in situations where u ≈ u0 and u0 is an integer. We will make the
approximation precise by writing u = u0 + αδu. This means we give u the freedom to approach u0 in
different ways as α→ 0. The situation is depicted in figure 5.2. In order to stay in the resonant case
we need |δu| < 4.
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Inserting this into the Lippmann-Schwinger equations (5.19) and (5.20) gives:

Pa

��ψ+〉 = |φ〉 δa,0 + 1
αεα − αhP

α +
a
α + iε

[∑
b

W†αVa←bWαPb

��ψ+〉 +W†αVa←bWαQb

��ψ+〉]
(5.22)

Qa

��ψ+〉 = 1

αεα −
(
hQ
α − δu

)
+

a−|u0 |
α + iε

[∑
b

W†αVa←bWαPb

��ψ+〉 +W†αVa←bWαQb

��ψ+〉] .
(5.23)

where we also cancelled an α in both equations (in order to bring them into the form for theorem 1).
We can easily see that, by looking at the denominator, as α→ 0 the wavefunction Pa

��ψ+〉 and Qa

��ψ+〉
vanishes for almost all parts of the system. Only in the spaces Pa=0 and Qa= |u0 |

the wavefunction
will not go to zero as α→ 0. We deal with such situations in theorem 1 of appendix B. Define the
subspaces

P = P0 (5.24)

Q = 1 − P =
∑
a,0

Pa +
∑
a

Qa . (5.25)

P is the subspace of the incoming pair, which evolves by a factor α slower than all other subspaces Q.
Theorem 1 gives us some important conclusions about the scattering wavefunction P

��ψ+〉 in the P
sector in the limit α→ 0. It does not directly predict anything in the Q sector. But as we will see we
can use the information about P0

��ψ+〉 to calculate the full wavefunction.

Properties of the Greens function

The central object of Theorem 1 is the effective potential

Veff
α = PVαP + PVαQGQ

αQVαP (5.26)

where in our case the potential Vα can be thought of as a big block matrix in the extended Hilbert
space with entries W†αVa←bWα coupling layer b to a. The Greens function GQ

α is defined in the
following way: Assume that we already know the wavefunction in the P sector. Then the solution to
the Lippmann-Schwinger equation in the Q sector is given by:

Q
��ψ+〉 = GQ

α

(
QVαP

��ψ+〉) . (5.27)

We could try to give a general formula for it, but it is actually more instructive to directly evaluate
it in the limit α → 0. Let us assume we fix the wavefunction in the sector P = P0. Now consider
the Lippmann-Schwinger equation for all the other subspaces. If a , 0 equation (5.19) shows that as
α→ 0 the wavefunction in Pa vanishes (recall Wα → 1):
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Pa

��ψ+〉 = α

α2εα − α
2hP
α + a + iε

[∑
b

W†αVa←bWαPb

��ψ+〉 +W†αVa←bWαQb

��ψ+〉] (5.28)

=
α

a

[∑
b

Va←bPb

��ψ+〉 + Va←bQb

��ψ+〉] + O (
α2

)
→ 0 (5.29)

and similar if a , |u0 | equation (5.20) shows in Qa:

Qa

��ψ+〉 = α

α2εα − αhQ
α + (a − |u|) + iε

[∑
b

W†αVa←bWαPb

��ψ+〉 +W†αVa←bWαQb

��ψ+〉]
(5.30)

=
α

a − |u0 |

[∑
b

Va←bPb

��ψ+〉 + Va←bQb

��ψ+〉] + O (
α2

)
→ 0. (5.31)

The only non-trivial sector is Q |u0 |
:

Q |u0 |

��ψ+〉 = 1

αεα −
(
hQ
α − δu

)
+ iε

[∑
b

W†αV |u0 |←bWαPb

��ψ+〉 +W†αV |u0 |←bWαQb

��ψ+〉]
(5.32)

→
1

−

(
hQ

0 − δu
)
+ iε

[∑
b

V |u0 |←bPb

��ψ+〉 + V |u0 |←bQb

��ψ+〉] (5.33)

=
1

−

(
hQ

0 − δu
)
+ iε

[
V |u0 |←0P0

��ψ+〉 + V |u0 |←|u0 |
Q |u0 |

��ψ+〉] . (5.34)

where we used in the last step that all other parts of the wavefunction vanish as α→ 0. This equation
can be solved:

Q |u0 |

��ψ+〉 = 1

−

(
hQ
α − δu

)
− V |u0 |←|u0 |

+ iε
V |u0 |←0P0

��ψ+〉 . (5.35)

By comparing with the definition (5.27) we conclude that in the limit α→ 0 the Greens function acts
only in Q |u0 |

and is given by:

GQ
0 = Q |u0 |

GQ
0 Q |u0 |

=
1

−

(
hQ
α − δu

)
− V |u0 |←|u0 |

+ iε
. (5.36)

In order to obtain higher orders of the Greens function GQ
α = GQ

0 +αGQ
1 +O

(
α2

)
we can plug equation

(5.35) back into the other ones. We find that for a , 0 (and a , |u0 |) up to first order:
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Pa

��ψ+〉 = α

a

[
Va←0P0

��ψ+〉 + Va←|u0 |
Q |u0 |

��ψ+〉] + O (
α2

)
(5.37)

=
α

a

[
Va←0P0

��ψ+〉 + Va←|u0 |
Q |u0 |

GQ
0 Q |u0 |

V |u0 |←0P0
��ψ+〉] + O (

α2
)

(5.38)

Qa

��ψ+〉 = α

a − |u0 |

[
Va←0P0

��ψ+〉 + Va←|u0 |
Q |u0 |

��ψ+〉] + O (
α2

)
(5.39)

=
α

a − |u0 |

[
Va←0P0

��ψ+〉 + Va←|u0 |
Q |u0 |

GQ
0 Q |u0 |

V |u0 |←0P0
��ψ+〉] + O (

α2
)

(5.40)

and so

PaGQ
1 Pa =

1
a

PaGQ
1 Q |u0 |

=
α

a
Va←|u0 |

Q |u0 |
GQ

0 (5.41)

QaGQ
1 Qa =

1
a − |u0 |

QaGQ
1 Q |u0 |

=
α

a − |u0 |
Va←|u0 |

Q |u0 |
GQ

0 . (5.42)

All other parts of GQ
1 will vanish, expect Q |u0 |

GQ
1 Q |u0 |

, which is given by a quite complicated
expression (we will not compute it, because we do not need it). The full effective potential (5.26) in
the limit α→ 0 is therefore:

Veff
0 = PV0←|u0 |

Q |u0 |
GQ

0 Q |u0 |
V |u0 |←0P (5.43)

while its first order is a bit more complicated:

Veff
1 =PW†1V0←0P + PV0←0W1P

+ PW†1V0←|u0 |
Q |u0 |

GQ
0 Q |u0 |

V |u0 |←0P + PV0←|u0 |
W1Q |u0 |

GQ
0 Q |u0 |

V |u0 |←0P

+ PV0←|u0 |
Q |u0 |

GQ
1 Q |u0 |

V |u0 |←0P

+ PV0←|u0 |
Q |u0 |

GQ
0 Q |u0 |

W†1V |u0 |←0P + PV0←|u0 |
Q |u0 |

GQ
0 Q |u0 |

V |u0 |←0W1P

+
∑

b, |u0 |

PV0←bQbGQ
1 QbVb←0P

+
∑

b, |u0 |

PV0←bQbGQ
1 Q |u0 |

V |u0 |←0P (5.44)

where we carefully expanded all terms up to first order.

Properties of the effective potential

In this section we will have a more closer look at Veff
0 because we need its properties to make use of

theorem 1. We already know how GQ
0 looks like, let us now consider Q |u0 |

V |u0 |←0P. Recall that it is
basically a hopping Hamiltonian for sites −1,0 and 1:
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V |u0 |←0 = −J−|u0 |
(λ)

[∑
σ

c†
−1σ; |u0 |

c0σ;0 + (−1) |u0 |
(
c†0σ; |u0 |

c−1σ;0 + c†0σ; |u0 |
c1σ;0

)
+ c†1σ; |u0 |

c0σ;0

]
(5.45)

= −(−1) |u0 |J|u0 |
(λ)

{
Aodd |u0 | = 1,3,5, . . .
Aeven |u0 | = 2,4,6, . . .

(5.46)

where we define

Aodd =
∑
σ

c†
−1σ; |u0 |

c0σ;0 − c†0σ; |u0 |
c−1σ;0 − c†0σ; |u0 |

c1σ;0 + c†1σ; |u0 |
c0σ;0 (5.47)

Aeven =
∑
σ

c†
−1σ; |u0 |

c0σ;0 + c†0σ; |u0 |
c−1σ;0 + c†0σ; |u0 |

c1σ;0 + c†1σ; |u0 |
c0σ;0. (5.48)

We can see that depending on |u0 |, V |u0 |←0 has two versions: If |u0 | is an odd number |u0 | = 1,3,5, . . .
then V |u0 |←0 is an antisymmetric hopping Aodd, while if |u0 | is even |u0 | = 2,4,6, . . . it is a symmetric
hopping Aeven. Apart from being even or odd |u0 | only determines the prefactor J|u0 |

(λ) in front of the
operator. Note that we will exclude the case J|u0 |

(λ) = 0, where the full operator vanishes. In this case
there is therefore no pair breaking for α→ 0. As said before the operator V |u0 |←0 only interacts with
the three sites −1,0 and 1. It is instructive to write the operators Aodd and Aeven as a matrix. As basis
in P we will choose the vectors

|−1,−1〉 = c†
−1↑;0c†

−1↓;0 |Ω〉 |0,0〉 = c†0↑;0c†0↓;0 |Ω〉 |1,1〉 = c†1↑;0c†1↓;0 |Ω〉 (5.49)

and as basis in Q |u0 |
the vectors

|−1,0〉 + |0,−1〉
√

2
=

1
√

2

(
c†0↑; |u0 |

c†
−1↓; |u0 |

|Ω〉 + c†
−1↑; |u0 |

c†0↓; |u0 |
|Ω〉

)
(5.50)

|0,1〉 + |1,0〉
√

2
=

1
√

2

(
c†1↑; |u0 |

c†0↓; |u0 |
|Ω〉 + c†0↑; |u0 |

c†1↓; |u0 |
|Ω〉

)
. (5.51)

In this basis the two operators have the following matrix representation:

Aodd =
√

2
(
−1 1 0
0 1 −1

)
(5.52)

Aeven =
√

2
(
1 1 0
0 1 1

)
. (5.53)

Define the vectors

|a〉odd =
1
√

2
©­«

1
0
−1

ª®¬ |b〉odd =
1
√

6
©­«

1
−2
1

ª®¬ |c〉odd =
1
√

3
©­«
1
1
1

ª®¬ (5.54)

68



5.2 Analytical results in the limit J/ω→ 0

|a〉even =
1
√

2
©­«

1
0
−1

ª®¬ |b〉even =
1
√

6
©­«
1
2
1

ª®¬ |c〉even =
1
√

3
©­«

1
−1
1

ª®¬ (5.55)

which are chosen s.t. A |c〉 = 0, |a〉 is antisymmetric and |b〉 is the remaining orthogonal vector. In
the following we will only add the index ‘odd’ and ‘even’ where it is necessary to distinguish between
the two cases. Note that V |u0 |←0 ∼ A restricted to |a〉 and |b〉 is an invertible 2 × 2 matrix. If we use
the basis spanned by A |a〉 and A |b〉 for the Q |u0 |

subspace, the matrix will even be diagonal due
to parity conservation, because |a〉 is antisymmetric and |b〉 symmetric. Similar when restricted to
these two states GQ

0 will also be a diagonal 2 × 2 matrix. Since GQ
0 is a rather complicated non-local

operator we can expect that both diagonal entries are non-zero4, or in other words GQ
0 restricted to the

basis is invertible. Since all three matrices are invertible (recall PV0←|u0 |
Q |u0 |

=
(
Q |u0 |

V |u0 |←0P
)†
),

the combination

Veff
0 = PV0←|u0 |

Q |u0 |
GQ

0 Q |u0 |
V |u0 |←0P (5.56)

is also invertible in the basis |a〉 , |b〉. On all other states Veff
0 vanishes. This means the projector

K := |a〉 〈a| + |b〉 〈b| describes the subspace on which the effective potential Veff
0 acts (i.e. it is the

complement of the kernel of Veff
0 ). The projector K plays a central role in theorem 1 as we will explain

soon.
For actual computations we also need to consider the first order of the effective potential (5.44).

Luckily we only need to think about its restricted version to the remaining parts of P: K̄Veff
1 K̄ where

K̄ = P −K contains |c〉 as well as all other states in P without |a〉 , |b〉. Note that by definition:

K̄V0←|u0 |
= V |u0 |←0K̄ = 0 (5.57)

K̄Veff
0 = Veff

0 K̄ = 0 (5.58)

where the latter is an important prerequisite for theorem 1. The first one is extremely helpful since it
drastically reduces the number of terms in (5.44):

K̄Veff
1 K̄ = K̄W†1V0←0K̄ + K̄V0←0W1K̄ +

∑
b, |u0 |

K̄V0←bQbGQ
1 QbVb←0K̄. (5.59)

Even more since up to a prefactor all odd or even potentials Vb←0 are the same all even or odd terms
in the sum drop out as well.

Case 1: |u0 | odd If |u0 | = 1,3,5, . . . is an odd number we get from (5.59):

K̄Veff
1 K̄ = K̄W†1V0←0K̄ + K̄V0←0W1K̄ +

∑
b even

K̄V0←bQbGQ
1 QbVb←0K̄ (5.60)

= v |c〉odd 〈c |odd . (5.61)

4 Of course it could be that one of them accidentally vanishes for some isolated values of δu or λ. But then we can expect
that even the smallest change of λ will move them away from 0.
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The operator is proportional to |c〉odd 〈c |odd because it still only acts on sites −1,0 and 1 and the
vectors |a〉odd , |b〉odd are already excluded. In the above basis we can write

5

V0←0 = −(J0(λ) − 1)Aeven (5.62)
Vb←0 = −Jb(λ)Aeven b , 0 (5.63)

W1 = −
1
|u0 |

Aeven (5.64)

QbGQ
1 Qb =

1
b − |u0 |

(5.65)

and by using 〈c |odd A†evenAeven |c〉odd =
16
3 we find:

v = 〈c |odd K̄Veff
1 K̄ |c〉odd (5.66)

=

[∑
b,0

J2b(λ)
2

2b − |u0 |
−
(J0(λ) − 1)2

|u0 |
−

2
|u0 |
(J0(λ) − 1)

]
〈c |odd A†evenAeven |c〉odd (5.67)

=
16
3

[∑
b

J2b(λ)
2

2b − |u0 |
+

1
|u0 |

]
. (5.68)

Case 2: |u0 | even The calculation for |u0 | = 2,4,6, . . . is similar to the odd case. We can ignore
all terms in (5.59) that contain even Vb←0, and also those which contain the Schrieffer-Wolff
transformation W1 (since it is also given by a symmetric hopping). This time we need the formula for
the odd potentials:

Vb←0 = Jb(λ)Aodd (5.69)

QbGQ
1 Qb =

1
b − |u0 |

. (5.70)

This gives

K̄Veff
1 K̄ = v |c〉even 〈c |even (5.71)

since this time |c〉even is the only remaining state in K̄. Here v is given by

v = 〈c |even K̄Veff
1 K̄ |c〉even =

[∑
b

J2b+1(λ)
2

2b + 1 − |u0 |

]
〈c |even A†oddAodd |c〉even (5.72)

=
16
3

[∑
b

J2b+1(λ)
2

2b + 1 − |u0 |

]
(5.73)

where again 〈c |even A†oddAodd |c〉even =
16
3 .

5 Note that W1 ∼ Aeven, because it is also given by a symmetric hopping.
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Implications of the theorem

In appendix B we proof the following theorem6:

Theorem 1′ Consider the scattering problem given by the free Hamiltonian H0 = αhP
α with (not

necessarily hermitian) potential Veff
α . Assume that this scattering problem is such that we can apply

the Lippmann-Schwinger equation for all finite α. Choose as incoming state an eigenstate |φ〉 of hP
α

with an energy αεα. Furthermore assume that hP
α has a well defined limit for α → 0 and that the

Taylor expansion of Veff
α exists at least up to first order.

In case that Veff
α 6→ 0 and the operators satisfy the additional technical assumptions (a), (b) we find

in the limit α→ 0:

1. K
��ψ+〉 → 0

There are two more conclusions one can obtain under the assumptions of theorem 1′. However they
will not be relevant in this section and also contain notation we have not introduced yet. The interested
reader can find them in theorem 1 in appendix B.

Since we already established all necessary properties of Veff
α we can directly apply theorem 1′ in the

limit α→ 0. We will now discuss the interesting consequences of K
��ψ+〉 → 0.

What is the intuitive meaning of K
��ψ+〉 → 0? Recall that K = |a〉 〈a| + |b〉 〈b| and so we have〈

a
��ψ+〉 → 0 and

〈
b
��ψ+〉 → 0. The two vectors |a〉 and |b〉 are the ones on which the potential acts.

In the limit α→ 0 the wavefunction vanishes where the potential acts. Note that this is similar to the
toy model (5.7), where we have

〈
0P

�� P ��ψ+〉 → 0. We interpreted this as adding an artificial boundary
condition to the system. The same happens for the pairs, with one major difference. While in the
toy model the artificial boundary condition decoupled the system and therefore led to total reflection,
for the pairs the system does not decouple. In fact because |c〉 does not couple to the zeroth order
potential,

〈
c
��ψ+〉 is allowed to have any value. Since |c〉 spreads over sites −1,0 and 1 there is still a

connection between the two sides of the system and therefore transmission is still possible. Because
only |c〉 is allowed, the system will have the interesting feature that the probability of the pair being on
sites −1,0 and 1 is equal, a feature we will encounter in the numerics.

Let us come to the most important conclusion of this chapter. So far we only considered the intact
pair in sector P. But we actually wanted to study what fraction of the pair breaks, i.e. how does the
wavefunction look like in the Q |u0 |

sector7. We can calculate this using the Greens function (5.27):

Q |u0 |

��ψ+〉 → Q |u0 |
GQ

0 Q |u0 |
V |u0 |←0P

��ψ+〉 (5.74)

= Q |u0 |
GQ

0 Q |u0 |
V |u0 |←0K

��ψ+〉 = 0 (5.75)

wherewe usedQ |u0 |
V |u0 |←0P = Q |u0 |

V |u0 |←0K due to the definition ofK. We see that thewavefunction
in the Q |u0 |

sector vanishes in the limit α → 0, or in other words: Pair breaking is suppressed as
α → 0. Intuitively speaking the limit α → 0 adds the artificial boundary conditions K

��ψ+〉 = 0,
wherever the potential acts. But because the same potential is also responsible for pair breaking, pair
6 The two technical assumptions (a) and (b) can be found in appendix B.1 (we expect them to hold almost always as
discussed in appendix B.4).

7 Recall that sector Q |u0 |
is the only one where it is energetically possible that free particles escape to infinity.
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breaking itself cannot occur anymore. Note that this is completely contrary to our original expectation,
where we expected almost full pair breaking (see section 5.2.1).

We would like to stress that this does not seem to be case only for the pairs, but rather seems
to happen in quite generality when one considers scattering from slow modes of a system into fast
modes. Theorem 1 shows that K

��ψ+〉 → 0 for a huge variety of systems. Apart from some technical
requirements the only important requirement is that Veff

α does not vanish as α→ 0. From K
��ψ+〉 → 0

it then follows that the full wavefunction in the Q sector vanishes Q
��ψ+〉 → 0.

Pair transmission in the limit α → 0

We use the other two conclusions of theorem 1 in appendix B to calculate the transmission amplitude
in appendix (D.74):

Tk =
1

1 +
(

3 |u0 |v∓8+8 cos k
4 sin k

)2 (5.76)

where the upper sign is for |u0 | = 1,3,5, . . . odd and the lower sign for |u0 | = 2,4,6, . . . even. v was
calculated before in section 5.2.6:

v =


16
3

[∑
b

J2b (λ)
2

2b−|u0 |
+ 1
|u0 |

]
|u0 | = 1,3,5, . . .

16
3

[∑
b

J2b+1(λ)
2

2b+1−|u0 |

]
|u0 | = 2,4,6, . . .

. (5.77)

The two sums in v look similar to s |u0 |
(λ) defined in (3.59). In fact we have

3|u0 |v ∓ 8 + 8 cos k = −8
(
|u0 |s |u0 |

(λ) − (1 + cos k)
)

(5.78)

and by inserting this into (5.76) we find that Tk is given exactly by the same result already obtained in
section 3.3.4 (see equation (3.61)). There we computed the limit where |u| approaches an integer from
the results in the non-resonant case. It might seem obvious that both results should be equal, however
recall that the physical situation in the resonant and non-resonant case is rather different. In particular
there will be major differences as we move away from the limit and consider higher order corrections.
Already in first order in α we find a linear increase of the pair breaking in the resonant case while the
first order completely vanishes in the non-resonant case.
Before we move on we want to stress two important facts. First that we get, contrary to the toy

model, a non-trivial transmission even in the limit α→ 0. Second recall that we gave ourselves the
freedom to choose how u approaches u0 by defining u = u0 + αδu. Interestingly the transmission
does not depend on the parameter δu at all. Since we absorbed the δu into the Q sector this again
demonstrates that the details in the Q sector are not relevant for the transmission amplitude in the
limit α→ 0.

In figure 5.3 we plot the transmission as a function of k and λ for |u0 | = 1. We are now going to to
verify this result using numerics.
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5.3 Numerical results

Figure 5.3: Pair transmission as function of momentum k and driving strength λ for |U |/ω = 1. The plot on the
right displays the momentum averaged transmission T̄ .

5.3 Numerical results

In this section we would like to show that we can indeed find the non-trivial transmission amplitude
also from the numerics. We are again going to use the method explained in section 2.3 which
determines the transmission directly from the eigenstates8. Note that this method is not able to capture
any pair breaking at all because it only analyzes the diagonal of layer 0. Also even the transmission
calculated from the diagonal of layer 0 will not be correct since the method crucially depends on the
assumption that the impurity does not allow for particles losses. Therefore we cannot trust its results
as long as we cannot neglect the pair breaking. But luckily for J/ω→ 0 the pair breaking vanishes
and we can apply the method to check the limiting transmission amplitude. Note that by checking
the transmission amplitude we also implicitly validate the other analytical results such as that pair
breaking vanishes in the limit.
Before we give the result for the transmission let us verify an implication of the theorem, namely

that the wavefunction at sites −1,0,1 is restricted to be a multiple of |c〉. In figure 5.4 we give an
example for a layer 0 of an eigenstate for |u| = 1. There |c〉 = |c〉odd is given by (5.54) and so the
wavefunction on all three sites should be equal. We can see in figure 5.4 that this is indeed the case.
This is a first verification of the analytical results.

Unfortunately it is not easy to have a more direct proof that the pair breaking vanishes as α→ 0.
The problem can be best explained with a real-time simulation: Imagine an incoming pair state in
layer 0 that scatters off the impurity. As it moves really slow we need to simulate long times. Imagine
that a part of the state gets excited into layer |u0 | and breaks into two single particles. The single
8 In fact only from the diagonal of layer 0.
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Figure 5.4: Layer 0 of a pair eigenstate for J/ω = 0.001, |U |/ω = 0.9997 (i.e. u0 = −1, δu = 0.3),
λ = 1,N = 4, L = 31. n and m denote the position of the first and second particle respectively. The wavefunction
ψn,m concentrates on the diagonal where both particles are at the same site. In particular observe that the value
of the wavefunction is the constant on sites −1,0,1 which is an important prediction of section 5.2.6.

particles will move much faster. But due to the finite size L of the system they will quickly reach the
boundary, bounce back and re-enter the impurity while the incoming pair basically did not move. Due
to the strong coupling there is a high probability that both single particles will recombine into a pair.
This spoils the overall pair breaking probability as well as the transmission probability of the pair. The
only way out would be to scale the system size L ∼ 1/α, so that single particles will only reach the
boundary after the scattering has finished. Since we are at most able to simulate L ≈ 50 (if we restrict
the system to N = 2 layers), but would like to reach α = 0.001, this is clearly not realistic. Therefore
it is not possible for us to directly observe the pair breaking in numerical simulations. The discussion
was done for a real-time simulation, but of course there is a similar effect on the eigenstates.

In figure 5.5 we give the numerically calculated transmission for N = 4 layers and |u0 | = 1
analogously to figure 5.3. Note that we used a system size of L = 31 and restricted the number
of layers to N = 4 which includes layers −1,0,1,2. Up to small regions around λ = 0,4 and 7 the
transmission behaves similarly as the theoretical result from figure 5.3. Figure 5.7 shows a vertical cut
at constant k = π/2 through figure 5.5. For comparison we also give the expected theoretical result,
both for infinite layers and for four layers (this means we only include the terms b = 0,1 in the sum of
(5.68)). If we again exclude λ = 0,4,7 we find that the numerical result follows the theoretical result
for four layers nicely. It differs a bit from the theoretical result for the infinite layer system, but this is
already due to the difference between the two theoretical results. If we would include more layers
into the simulation we could also include more terms in the sum (5.68) and therefore reach a better
approximation for the theoretical transmission amplitude.
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Figure 5.5: Numerically calculated pair transmission for J/ω = 0.001, |U |/ω = 0.9997 (i.e. u0 = −1, δu = 0.3),
N = 4, L = 31 as function of momentum k and driving strength λ. The black regions at the boundary are
outside of the scope of the numerical method (see section 2.3). The plot on the right displays the momentum
averaged transmission T̄ .

Figure 5.6: Numerically calculated pair transmission with momentum k = 0.5π for J/ω = 0.0001, |U |/ω =
1 − 0.0001δu (i.e. u0 = −1), λ = 1,N = 4, L = 31 as function of δu.

Let us now explain why the numerics fail at λ = 0,4 and 7. These values are close to the zeros of the
first Bessel function J1(λ) which are approximately 0,3.8,7.0, . . .. Recall that the major observation
in the limit of α→ 0 was that the parts of the wavefunction, on which the potential connecting layer 0

75



Chapter 5 Scattering in the resonant case

Figure 5.7: Numerically calculated pair transmissionwithmomentum k = 0.5π for J/ω = 0.001, |U |/ω = 0.9997
(i.e. u0 = −1, δu = 0.3), N = 4, L = 31 as function of driving strength λ. We also give the theoretical results for
infinite and four layers.

and 1 acts, vanish. This potential is given by V1←0 (see equation equation (5.21)):

V1←0 = J1(λ)

[∑
σ

c†
−1σ;1c0σ;0 − c†0σ;1c−1σ;0 − c†0σ;1c1σ;0 + c†1σ;1c0σ;0

]
. (5.79)

The derived limit for α→ 0 is applicable if the prefactor α is much smaller than the size of V1←0, i.e.
much smaller than J1(λ). If λ is away from a zero of J1(λ) this is satisfied for α = 0.001. But if λ is
close to a zero of J1(λ) then J1(λ) will be comparable to α = 0.001 and therefore we cannot apply
the result we found in the limit α → 0. This explains why the numerical results do not match the
theoretical ones there. We could get a better approximation by further decreasing α, however a narrow
region where the limit does not apply will always remain around the zeros of J1(λ).

Dependence on δu

Recall that the analytical result for α = J/ω → 0 also predicted another feature, namely that the
transmission is independent of δu. We introduced δu to give us more freedom how u = U/ω
approaches an integer. We defined u = u0 + αδu, with u0 being an integer, where −4 < δu < 4. In
figure 5.6 we plot the transmission as a function of δu. We can see that the transmission is not affected
by δu. This verifies another prediction in the limit α→ 0.
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CHAPTER 6

Conclusion

In this thesis we studied the scattering of bound pairs of fermions in a Fermi-Hubbard chain at a driven
impurity. The model was described by the hopping parameter J, the on-site Hubbard interaction U,
the driving frequency ω and the driving strength λ. In the non-resonant case, where U is not an integer
multiple of ω, we were able to derive an effective Hamiltonian with an effective impurity for the pair
in the limit J/ω→ 0 while keeping U/ω fixed. The resulting transmission probability through the
impurity shows a complicated dependence on the parameters which yields a wide range of possible
transmission profiles. We checked the analytical work with numerical studies in which we extract the
transmission directly from the eigenstates of the system.

We compared the transmission of the pairs to the one of the single particles. This led us to several
ideas of how the driven impurity could be used, most prominently as a pair filter. We found some sets
of parameters where the pair transmits through the impurity but the transmission of single particles is
highly suppressed. One can also tune the parameters such that the pairs are filtered out and single
particles are transmitted to have a single particle filter.
To complete the discussion about the driven impurity we also considered the resonant case, i.e.

where U is an integer multiple of ω. This case allowed for pair breaking. Quite surprisingly pair
breaking is not the dominant process for J/ω → 0, but it is suppressed. We have argued that this
suppression is a general feature for systems which have scattering from a slow to a fast subspace. We
explained this behaviour with a simple toy model and proved a general theorem which applies to a
huge variety of systems.

To go away from the limit J/ω→ 0 we also numerically calculated the transmission for finite values
of J/ω where the driving was still non-resonant. We found that the result for J/ω → 0 is a good
approximation throughout the whole non-resonant case. However as soon as J/ω is greater than a
certain cutoff, which depends on the distance of U/ω to the nearest integer value, one is automatically
in the resonant case. Due to the high complexity of possible final states after the scattering our
analytical and numerical methods are not applicable in the general resonant case. One could try to
study other limits like the low frequency limit ω � J, |U | or to do a perturbative expansion in the
driving strength λ. Apart from these limiting scenarios however we expect that studying the resonant
case in general requires more sophisticated analytical and numerical methods. We will leave this
problem for future work.
We discussed how one could use the rich behaviours of the impurity to tailor specific filters.

However one can only achieve specific configurations of the impurity at special parameter values.
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Chapter 6 Conclusion

We expect that adding an extra static chemical potential around the impurity site will lead to even
richer behaviour and thus to more flexibility for choosing the parameters. Such a potential should be
unaffected by the Schrieffer-Wolff transformation and therefore the analytical calculations should be
very similar.

Another idea for future work is to shake a whole region instead of a single site. This will lead to
an effective extended impurity which is again given by a scaled hopping and an extra potential. If
the scaled hopping is smaller than the actual hopping the bandwidth inside the driven region will
be smaller than outside. Therefore, for a sufficiently long impurity, only states which lie inside this
bandwidth will be transmitted. This could be used to tailor specific momentum filters for single
particles and pairs.
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APPENDIX A

Perturbative expansions in Floquet theory

A.1 The high-frequency expansion

The high-frequency expansion allows to calculate the Floquet Hamiltonian as a series expansion in
1/ω. We will only calculate the dominant term. For higher order terms see [21]. Consider a Floquet
system given by a Hamiltonian H(ωt). The Schroedinger equation reads

i
d
dt

U = H(ωt)U. (A.1)

Now change the time variable to φ = ωt. The Schrödinger equation transforms to

i
d

dφ
U =

1
ω

H(φ)U. (A.2)

If we consider the ultimate limit ω→∞ the right hand side vanishes and the time evolution becomes
trivial. Therefore we can do a perturbative expansion in 1/ω. The first order correction of the time
evolution operator after one period is

U(2π) = 1 − i
1
ω

∫ 2π

0
dφH(φ) + O

(
1/ω2

)
(A.3)

= 1 − i
2π
ω

H0 + O
(
1/ω2

)
. (A.4)

In the last step we used the Fourier expansion of the Hamiltonian H(φ) =
∑

a Hae−iaφ. From general
Floquet theory we know that the time evolution operator after a full period relates to the Floquet
Hamiltonian according to

U(2π) = e−iHF
2π
ω = 1 − i

2π
ω

HF0
+ O

(
1/ω2

)
(A.5)

where we also expand HF = HF0
+ O(1/ω). By comparing both expressions we find immediately

HF = H0 + O(1/ω). (A.6)
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Appendix A Perturbative expansions in Floquet theory

In the same manner we can also calculate the Floquet Hamiltonian to any order. The result for the
zero’th order is particularly interesting because it is given by the time-average of the Hamiltonian over
one period H0 =

∫ dφ
2πH(φ). The high-frequency expansion can be applied to any system, whenever

the frequency is much larger than any intrinsic energy scale of the system. However sometimes we
also want to consider other parameters to be of the same size as ω too (in case of the pairs we have
U ∼ ω). In this case we need to structure the perturbation theory a bit differently as explained in the
next two sections.

A.2 The Schrieffer-Wolff transformation

Before we apply it to the Floquet setting we want to first introduce the Schrieffer-Wolff transformation
in the usual (and more simpler) time-independent setting. We could simply give a reference to
publications like [16] which already include a detailed derivation and analysis. But because we are
going to use a non-standard notation and also the Schrieffer-Wolff transformation is going to play a
central role in this thesis, we will quickly repeat the main steps of the derivation:

Consider a general system with a Hamiltonian

H = F + αG. (A.7)

Here αG is a small perturbation to F. We would like to study this system in the limit α → 0. For
finite α the system can be diagonalized into eigenstates

��ψi〉α. Now for each of these states define
their limit as α → 0 as

��ψi〉α → ��φi〉, where the ��φi〉 are an eigenbasis of F. The idea behind the
Schrieffer-Wolff transformation is to introduce an unitary transformation Wα which maps the limiting
eigenstates onto the real eigenstates at finite α:

Wα

��φi〉 = ��ψi〉α . (A.8)

From the definition we know that W0 = 1. Soon we will expand Wα = 1 + αW1 + α
2W2 + O

(
α3

)
in

a Taylor series. Such an expansion suffers from the problem that a truncated approximation to Wα

will not be unitary. That is why in [16], as well as in most other publications, they instead define
Wα = e−Sα and then expand Sα. This expansion is then guaranteed to be unitary even at finite order.
But since this is not important for us and the derivation with Wα is more direct we will stick to it.
The Wα allow us to describe eigenstates of the total Hamiltonian in terms of eigenstates of F.

Consider the transformed Hamiltonian W†αHWα. Its eigenstates are given by eigenstates of F. In
particular in any eigenbasis of F the transformed Hamiltonian is block diagonal. Each block describes
the effective Hamiltonian for finite α governing the dynamics in this subspace.
Our aim is to compute such an effective Hamiltonian for a specific subspace perturbatively. Fix a

(possibly degenerate) eigenspace of F given by a projector P which projects on an eigenspace of F
(usually one takes the ground states, but in principle any eigenspace is possible). For simplicity we
will assume that the eigenvalue of this eigenspace is 01, i.e. PF = FP = 0. For convenience define
Q = 1−P as the remaining parts of the system. It is shown in [16] that Sα is block off-diagonal which
translates to PW1P = QW1Q = 1. For simplicity we will also assume that PGP = 02.

1 Otherwise subtract a constant from the Hamiltonian.
2 This is the case for the Fermi-Hubbard model and dramatically simplifies the calculations.
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A.3 The Floquet-Schrieffer-Wolff transformation

As said before due to the definition of Wα the transformed Hamiltonian is block diagonal, i.e.

QW†α(F + αG)WαP = 0. (A.9)

By expanding Wα = 1 + αW1 + α
2W2 + O

(
α3

)
and equating each order separately we find:

QW1P = −
1
F

QGP (A.10)

QW2P = −
1
F

QGQQW1P. (A.11)

The inverse operator 1
F exists because it is only applied on the Q subspace where F has only non-zero

eigenvalues. By also expanding the effective Hamiltonian

Heff
α = PW†α(F + αG)WαP (A.12)

in a Taylor series Heff
α = αHeff

1 + α
2Heff

2 + α
3Heff

α + O
(
α4

)
we find:

Heff
1 = 0 (A.13)

Heff
2 = −PGQ

1
F

QGP (A.14)

Heff
3 = PGQ

1
F

QGQ
1
F

QGP. (A.15)

Note that the first order vanishes because PGP = 0. We are not going to use the third order formula
very much. We will only need it to explain why Heff

3 vanishes for the Fermi-Hubbard model.

A.3 The Floquet-Schrieffer-Wolff transformation

Consider a general system with a Hamiltonian given by

H = F + αG(φ) (A.16)

where H(φ) is 2π periodic. We can therefore use Floquet theory to describe the system. Note that F is
the part of the system which has energy scales about the same size as ω and αG(φ) is the part with
energy scales much smaller than ω. Our aim is to find an effective (static) Hamiltonian describing
the limit α → 03. In particular we again fix a degenerate eigenspace of F which is described by a
projector P and assume that the eigenvalue of this eigenspace is 0. We will denote Q = 1 − P and
further assume that PG(φ)P = 0 for all φ.
Under these conditions we can use the Floquet-Schrieffer-Wolff transformation [22] to obtain

an effective Hamiltonian for α → 0. It simultaneously applies two procedures. First it performs
a time-average over the time-dependent part as the high-frequency expansion. Second it also re-
stricts the system to the subspace P as the Schrieffer-Wolff transformation. There are many ways

3 We will not call it the Floquet Hamiltonian due to the different idea behind the expansion. But it is essentially the same.
In particular it will predict the true time evolution of the system only at full periods.
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Appendix A Perturbative expansions in Floquet theory

to derive it. We could try to perform a perturbative expansion of both the time evolution operator
and the Floquet Hamiltonian as we did for the high-frequency expansion. However this turns out
to be quite cumbersome. The easiest derivation in our setting is to use the extended Hilbert space
framework. Recall that we can think about the driven system as a static system which consists of
an infinite stack of copies of the original system. These copies are coupled by the corresponding
Fourier component of the Hamiltonian. If we expand G =

∑
a Gae−iaφ then the coupling between

layer a and b is given byGa−b. Also recall that the a’th copy of the system has an extra energy offset−a.

The ordinary Schrieffer-Wolff transformation for a static system results in an effective Hamiltonian
which is given by (A.14):

Heff
2 = −α

2PGQ
1
F

QGP. (A.17)

In the driven case we need to apply this formula to the extended static system. This means we need to
think about P as the original P, but restricted to layer 0. On the other hand the new Q now does not
only include the Q subspaces, but in principle also all P apart from the one in layer 0. In order to not
confuse ourselves let us introduce the notation Pa and Qa for the respective subspaces in layer a. We
would like to derive an effective Hamiltonian in the subspace P = P0. It is given by

Heff
2 = −α

2

[∑
a

P0GaQa

1
F − a

QaG−aP0 +
∑
a,0

P0GaPa

1
F − a

PaG−aP0

]
(A.18)

where the Fourier components G−a, Ga also implicitly include a change of layer from 0 to a or from
layer a to 0 respectively. Note that we do not only also sum over the Qa, but also over the Pa subspaces
for a , 0, because they are not part of P = P0. Also note that the denominator 1

F got replaced by 1
F−a .

This is due to the extra energy offset in layer a. Already from this denominator we can see that the
method is not suited to describe resonant situations, i.e where there exists a eigenvalue of F which is
an integer multiple of the frequency (which is ω = 1 in this case). We can simplify formula (A.18) by
observing that the second part actually vanishes. This follows from the condition PG(φ)P = 0:

Heff
2 = −α

2
∑
a

P0GaQa

1
F − a

QaG−aP0. (A.19)

Note that this formula reduces to the usual Schrieffer-Wolff transformation formula (A.14) when all
Fourier components Ga vanish for a , 0 (which is the static case).

A.4 Application to the Fermi-Hubbard model

In this section we will apply the above formulas to the Fermi-Hubbard model

H = −
J
ω

[∑
nσ

gn(φ)c
†
nσcn+1σ + g

∗
n(φ)c

†

n+1σcnσ

]
+

U
ω

HU (A.20)

where the gn(φ) describe the time-periodic hopping between site n and n + 1.
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A.4 Application to the Fermi-Hubbard model

Single particle

For a single particle we can ignore the Hubbard interaction term. The only energy scale in the system
is J which is supposed to be much smaller than ω. We will therefore use the high-frequency expansion
(A.6) which predicts:

HF = H0 =

∫
dφ
2π

H(φ) = −
J
ω

[∑
nσ

gn,0c†nσcn+1σ + gn,0c†
n+1σcnσ

]
. (A.21)

Here we have used the definition of the Fourier components gn(φ) =
∑

a gn,ae−iaφ. The result is given
by a hopping Hamiltonian with hopping parameter given by Jgn,0.

Particle pair

Since the derivation is the same we will not consider only one pair but rather any numbers of pairs.
We will only require an equal number of particles in both spin species N↑ = N↓. Since U

ω is supposed
to stay finite while α = J

ω → 0 we use the Floquet-Schrieffer-Wolff transformation (A.19): F is given
by F = U

ω

(
HU − N↑

)
. P is the subspace where all particles are paired. We added the extra constant to

F to make sure that F is zero on the subspace P. We have

G(φ) = −

[∑
nσ

gn(φ)c
†
nσcn+1σ + g

∗
n(φ)c

†

n+1σcnσ

]
. (A.22)

or expressed in Fourier components

Ga = −

[∑
nσ

gnac†nσcn+1σ + g
∗
n,−ac†

n+1σcnσ

]
. (A.23)

Here we denote gn(φ) =
∑

a gnae−iaφ. We need to check the requirement PGaP = 0. This can be
easily seen because each Ha will move exactly one particle. When acting on a fully paired state of P it
will lead to one broken pair and therefore the result will be annihilated by the projector P.

The last observation, namely thatGa breaks exactly one pair, also shows that the Hubbard-interaction
energy will be raised by |U |/ω and that we can replace denominator 1

F−a by 1
|U |/ω−a =

1
|u |−a :

Hpair
= −α2

∑
a

P0GaQa

1
|u| − a

QaG−aP0. (A.24)

What remains is to calculate P0GaQaG−aP0. Both operators will move exactly one particle. There
are two possibilities of starting and also ending with only pairs: Either both operators act on opposite
spin and move the two particles of one pair in the same direction, or both operators act on the same
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spin and move one particle out of the pair and back again.:

Hpair
= −α2

∑
a

1
|u| − a

[∑
nσ

P0(gnagn,−ac†nσ̄cn+1σ̄c†nσcn+1σ (A.25)

+ g∗nag
∗
n,−ac†

n+1σ̄cnσ̄c†
n+1σcnσ (A.26)

+ g∗n,−agn,−ac†
n+1σcnσc†nσcn+1σ (A.27)

+ gnag
∗
nac†nσcn+1σc†

n+1σcnσ)P0

]
. (A.28)

We denote the opposite spin with σ̄. Since both spins are treated equally we can replace the spin sum
by an overall factor of 2. We define the ‘creation’ and ‘annihilation’ operators of a pair as

η+n = c†
n↑

c†
n↓

(A.29)

η−n = cn↓cn↑. (A.30)

By rearranging the creation and annihilation operators and using their commutation relations we can
simplify the expressions. For example we have

c†
n↓

cn+1↓c
†

n↑
cn+1↑ = η

+
nη
−
n+1 (A.31)

c†
n+1↑cn↑c

†

n↑
cn+1↑ = nn+1↑ − nn+1↑nn↑. (A.32)

We finally find

Hpair
=

∑
n

[
Wn

1
2
(
η+nη

−
n+1 + η

+
n+1η

−
n

)
+ Znn̂n↑n̂n+1↑ − µnn̂n↑

]
. (A.33)

The parameters are given by:

Wn = −4α2
∑
a

gnagn,−a

|u| − a
(A.34)

Zn = 2α2
∑
m

|gna |
2
+ |gn,−a |

2

|u| − a
(A.35)

µn = 2α2
∑
a

|gn−1,−a |
2
+ |gn,a |

2

|u| − a
. (A.36)

The first term describes the pair hopping. The second term is the nearest neighbour pair interaction
term. The third term adds an extra chemical potential. Note that instead of nn↑ we could have
equivalently used nn↓ (both are necessary equal in the P sector and equal to either 0 or 1).

A remark on the next order correction

In this section we will quickly show that the next order correction vanishes. For simplicity we will
explain it with the static Schrieffer-Wolff transformation (the argument is completely the same also in
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the Floquet case). In general the next order is given by equation (A.15):

Heff
3 = PGQ

1
F

QGQ
1
F

QGP. (A.37)

The reason why it vanishes is because if we start with a completely paired state in P then by hopping
three times via G we can never end up in a completely paired state again. To see this denote the sum
of all positions of the particles by s. For a completely paired state s is an even number. Now each time
we apply G, which is a hopping Hamiltonian, it moves exactly one particle and therefore s changes by
one. This means when we apply G three times s is going to be an odd number and therefore the state
cannot be completely paired, i.e. Heff

3 = 0.
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APPENDIX B

A general theorem about scattering from slow to
fast modes

In this chapter we will establish a general theorem for a huge variety of systems and thereby show that
the unintuitive result we found for the pair breaking in the limit α→ 0 is not unusual.
In the following consider a general system with a small positive parameter α. As α→ 0 a part of

the system, described by projector P, evolves slower and slower in time, while the timescales of the
other part of the system Q are fixed (and therefore Q evolves faster than P).

B.1 General considerations

Consider a system with two subsystems: a slow one P with Hamiltonian αhP
α and a fast one Q with

Hamiltonian hQ
α . Additionally we also have a potential Vα which couples both subsystems. We

consider an incoming wave in the slow subsystem P and would like to study how it scatters at the
potential in the limit α→ 0. In particular we are interested in what fraction of the wavefunction ends
up in subsystem Q.
The Lippmann-Schwinger equations of such a system are given by:

P
��ψ+〉 = ��φα〉 + 1

αεα − αhP
α + iε

(
PVαP

��ψ+〉 + PVαQ
��ψ+〉) (B.1)

Q
��ψ+〉 = 1

αεα − hQ
α + iε

(
QVαP

��ψ+〉 +QVαQ
��ψ+〉) . (B.2)

We can solve the second equation (B.2)

Q
��ψ+〉 = GQ

αQVαP
��ψ+〉 (B.3)

using the Greens operator of the system in the Q sector:

GQ
α = Q

1
αεα − hQ

α −QVαQ + iε
Q. (B.4)

The interpretation of this operator is as follows: Assume we somehow know the complete wavefunction
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in P sector. Then we can compute the wavefunction in the Q sector by applying the Greens operator to
QVαP

��ψ+〉. The Greens operator will play an important role as its contains all knowledge about the
Q sector which will be relevant for us. In particular we do not need that hQ

α behaves nicely as α→ 0,
as long as GQ

α has a well defined limit for α→ 0 (This is in particular important for our bound pair
case. Actually hQ

α diverges for the pairs as α→ 0, but GQ
α has a well defined limit.).

Inserting back into the Lippmann-Schwinger equation (B.1) gives:

P
��ψ+〉 = |φ〉 + 1

α

1
εα − hP

α + iε

(
PVαP

��ψ+〉 + PVαQGQ
αQVαP

��ψ+〉) (B.5)

= |φ〉 +
1
α

1
εα − hP

α + iε
Veff
α P

��ψ+〉 . (B.6)

The last equation is again a Lippmann-Schwinger equation involving only the P sector with the
effective potential1

Veff
α = PVαP + PVαQGQ

αQVαP. (B.7)

Note that this Veff
α is not a hermitian operator, since it also includes particle loss from P into Q. Recall

that our aim is to study the limit α→ 0. In this limit we can expect that the effective potential has a
non-zero limit Veff

α → Veff
0 , 0.

Because the effective Lippmann-Schwinger equation (B.6) reduces the problem to only one sector
P it is enough to study how scattering in subsystem P behaves for α→ 0. This will be part of the first
theorem. The second theorem then makes the connection to the Q subsystem.

For clarity we will remind the reader of the following subspaces connected to a linear operator A:

• The kernel KerA = {|x〉 : A |x〉 = 0} is the subspace which is annihilated by A.

• The image ImA = {A |x〉} is the subspace of all possible outcomes of A.

• The space on which A acts2 is the orthogonal complement of the kernel. Intuitively speaking it
is the subspace on which A does not vanish.

Before trying to understand the whole proofs we advise the reader to first have a look at the simple toy
model (see section 5.2.4) which already includes many ideas of the proofs. Since the proofs are quite
messy and require the definition of many quantities (especially lots of projectors) we will stick to the
same notation in both proofs. We give an overview over all occurring quantities in tables B.1 and B.2.

A remark on projectors The reader might wonder why we define so many projectors. In short they
will pick out small relevant subspaces of the infinite dimensional Hilbert space, which are in most
practical applications finite dimensional3. This allows us to reduce the Lippmann-Schwinger equation
to basically a matrix equation which is much easier to handle.

We will also use projectors to ‘invert’ non-invertible operators/matrices (like the potential). For an
arbitrary operator/matrix A we can define two projectors X (the projector on the image of A) and Y
1 In the context of particle physics this effective potential is often called the optical potential [28].
2 We are not aware of a commonly accepted name for it.
3 We will often call them finite dimensional, even though the theorem also works if they are not.
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(the projector onto the space where A acts), s.t. XAY is invertible (when restricted to X and Y).

During the proofs we are going to need some technical assumptions. They state that certain operators
on these finite dimensional subspaces are invertible. In section B.4 we will argue why we can expect
them to almost always hold. Although we have not described the involved quantities yet we will now
state them here so that we have a compact list we can refer to.

The technical assumptions are:

(a) K̄ − 1
α K̄GP

αVeff
α K̄ is invertible for all α and its limit K̄ − K̄GP

0Veff
1 K̄ is also invertible.

(b) K − 1
αKGP

αVeff
α K − 1

αKGP
αVeff

α K̄ 1
K̄− 1

α K̄GP
αVeff

α K̄
1
α K̄GP

αVeff
α K is invertible for all α and its limit

KGP
0Veff

0 K +KGP
0Veff

1 K̄ 1
K̄−K̄GP

0Veff
1 K̄

K̄GP
0Veff

0 K is also invertible.

(c) KQGQ
0 KQ is invertible.

(d) KGP
0K is invertible.

(e) L −
(
L − LGP

0K 1
KGP

0K
K

)
KGP

0K̄Veff
1 L is invertible.

B.2 Theorem for only one slow subspace

Let us go on to the first theorem. It concerns a system defined only on the subspace P4. The free
Hamiltonian on P scales as H0 = αhP

α, in order words the dynamics become slower and slower as
α → 0. The potential on the other hand Veff

α is constant as α → 0. Note that we call the potential
effective because it will play the role of the effective potential once we include the Q subspace and
because it does not need to be a hermitian potential, i.e. it allows for particle loss. We will not require
further properties of Veff

α , only that it is such that we can apply scattering theory (and by this we mean
the Lippmann-Schwinger equation).
We would like to study how an incoming wave |φ〉 scatters at this potential in the limit α→ 0. In

particular we aim to calculate the Lippmann-Schwinger wavefunction
��ψ+〉. Note that we require that

|φ〉 is an eigenstate of the free Hamiltonian αhP
α for all α5. Therefore as α → 0 its form does not

change but only its energy αεα.

Theorem 1 Consider the scattering problem given by the free Hamiltonian H0 = αhP
α with (not

necessarily hermitian) potential Veff
α . Assume that this scattering problem is such that we can apply

the Lippmann-Schwinger equation for all finite α. Choose as incoming state an eigenstate |φ〉 of hP
α

with an energy αεα. Furthermore assume that hP
α has a well defined limit for α → 0 and that the

Taylor expansion of Veff
α exists at least up to first order.

In case that Veff
α 6→ 0 and the operators satisfy the additional technical assumptions (a), (b) we find

in the limit α→ 0:
4 For now one can think of P as the whole space. In the later theorems we will add another subspace Q to it.
5 If this is not the case we can easily achieve this by first performing an α dependent unitary transformation which
diagonalizes hP

α.
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1. K
��ψ+〉 → 0

2. If additionally K̄Veff
0 = 0 and (d), (e) hold:

L
��ψ+0 〉

=
1

L −
(
L − LGP

0K 1
KGP

0K
K

)
KGP

0K̄Veff
1 L

(
L − LGP

0K
1

KGP
0K

K

)
|φ〉 (B.8)

3. If additionally K̄Veff
0 = 0 and (d) holds:

P
��ψ+0 〉

=

(
1 −GP

0K
1

KGP
0K

K

) (
|φ〉 +GP

0K̄Veff
1 L

��ψ+0 〉)
(B.9)

We have not yet defined the various quantities appearing here. We give their definitions, as well as
others, in tables B.1 and B.2. The first conclusion states that K

��ψ+〉 → 0. As stated in table B.2
the projector K gives the subspace on which the potential Veff

0 acts. Therefore the first conclusion
states that the wavefunction will vanish at the potential (as in the toy model), which we can think of
as adding an additional boundary condition to the system. This is also the most important finding
of this theorem. Conclusions 2 and 3 give the full (and quite complicated) solution of

��ψ+〉. They
are only relevant if one would like to explicitly calculate scattering properties. Note that their extra
requirement K̄Veff

0 = 0 is automatically satisfied if Veff
0 is hermitian.

Proof: Let us start with the Lippmann-Schwinger equation

P
��ψ+〉 = |φ〉 + 1

α

1
εα − hP

α + iε
Veff
α P

��ψ+〉 . (B.10)

In the toy model this equation corresponds to (5.4).

Step 1: Solving the Lippmann-Schwinger equation The Lippmann-Schwinger equation is an
implicit equation for the infinite dimensional vector P

��ψ+〉. As such we cannot solve it directly. But
note that in the limit α → 0 the right hand side does not depend on the whole P

��ψ+〉, but only on
the finite dimensional part of the wavefunction K

��ψ+〉. K is the subspace of P on which the zeroth
order potential Veff

0 acts. For later convenience define K̄ = P −K. In the toy model the projector K
projects on the subspace spanned by

��0P
〉
(because the potential acts only on

〈
0P

�� P ��ψ+〉). Since we
expect a different behaviour of the wavefunction in K and in K̄ as α→ 0, it is a good a idea to split
the Lippmann-Schwinger equation (B.10) into two equations for each subsystem:

K
��ψ+〉 = K |φ〉 +

1
α

K
1

εα − hP
α + iε

Veff
α K

��ψ+〉 + 1
α

K
1

εα − hP
α + iε

Veff
α K̄

��ψ+〉 (B.11)

K̄
��ψ+〉 = K̄ |φ〉 +

1
α

K̄
1

εα − hP
α + iε

Veff
α K

��ψ+〉 + 1
α

K̄
1

εα − hP
α + iε

Veff
α K̄

��ψ+〉 . (B.12)
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From now on we will abbreviate GP
α =

1
εα−hP

α+iε
. The second equation (B.12) can be solved:

K̄
��ψ+〉 = 1

K̄ − 1
α K̄GP

αVeff
α K̄

(
K̄ |φ〉 +

1
α

K̄GP
αVeff

α K
��ψ+〉) . (B.13)

Here we need technical assumption (a) to ensure K̄ − 1
α K̄GP

αVeff
α K̄ is indeed invertible. Reinserting

this into equation (B.11) yields:

K
��ψ+〉 = K |φ〉 +

1
α

KGP
αVeff

α K
��ψ+〉 + 1

α
KGP

αVeff
α K̄

1
K̄ − 1

α K̄GP
αVeff

α K̄

(
K̄ |φ〉 +

1
α

K̄GP
αVeff

α K
��ψ+〉) .
(B.14)

This is a complicated equation. But note that it depends only on the finite dimensional K
��ψ+〉 and as

such is simply a matrix equation. It is the equivalent of equation (5.5) for the toy model. We can
directly solve this equation which gives:

K
��ψ+〉 = 1

K − 1
αKGP

αVeff
α K − 1

αKGP
αVeff

α K̄ 1
K̄− 1

α K̄GP
αVeff

α K̄
1
α K̄GP

αVeff
α K
·

·

(
K +

1
α

KGP
αVeff

α K̄
1

K̄ − 1
α K̄GP

αVeff
α K̄

K̄

)
|φ〉 . (B.15)

This time we used technical assumption (b) to invert the first operator.

Step 2: Performing the limit α → 0 So far we derived complicated expressions for finite α. Now
we are ready to reap the fruits of our work, namely we can perform the limit α→ 0. Before we tackle
the big formulas let us first determine the limits for smaller parts. In particular we have due to the
definitions of the projectors:

GP
α → GP

0 (B.16)

Veff
α K→ Veff

0 K (B.17)
1
α

Veff
α K̄→ Veff

1 K̄ (B.18)

where we Taylor expanded the potential Veff
α = Veff

0 + αVeff
1 + O

(
α2

)
.

Now we only have to insert these limits into the equation (B.15):

K
��ψ+〉 = α

αK −KGP
αVeff

α K −
(

1
αKGP

αVeff
α K̄

)
1

K̄−
(

1
α K̄GP

αVeff
α K̄

) K̄GP
αVeff

α K
·

·
©­­«K +

(
1
α

KGP
αVeff

α K̄
)

1

K̄ −
(

1
α K̄GP

αVeff
α K̄

) K̄
ª®®¬ |φ〉 (B.19)
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where we have included brackets to group terms which will become finite in the limit. In the limit
α→ 0 (B.19) becomes:

K
��ψ+〉 → − α

KGP
0Veff

0 K +KGP
0Veff

1 K̄ 1
K̄−K̄GP

0Veff
1 K̄

K̄GP
0Veff

0 K

(
K +KGP

0Veff
1 K̄

1
K̄ − K̄GP

0Veff
1 K̄

K̄

)
|φ〉

(B.20)

where again technical assumptions (a) and (b) make sure that the two operators are still invertible in
the limit. In particular we have K

��ψ+〉 → 0 as α→ 0. This already shows the first finding.

Step 3: Calculation of the full wavefunction in the limit This step is not as important as the other
ones before and only relevant for explicit calculations. It should merely been seen as an additional step
to further analyze the limit α→ 0. If the reader is more interested in qualitative results he can skip this
part and go directly to theorem 2. So far we have seen that the wavefunction at the potential will vanish
K

��ψ+〉 → 0. This can be thought of as adding an additional boundary condition to the system. For
the toy model we saw that this additional boundary condition leads to a full reflection of the wavefunc-
tion. Is this also true in general? Interestingly in general the answer is no. We are nowgoing to show this.

We could obtain the full wavefunction by simply inserting the limit (B.20) into equation (B.13)
where the α and 1

α of both formulas cancel. The resulting equation would be correct, but quite
complicated and not suitable for explicit calculations because we need to invert the infinite dimensional
operator K̄ − K̄GP

0Veff
1 K̄. Interestingly there is a much simpler formula in case K̄Veff

0 = 0.

To see this let us go back to the original Lippmann-Schwinger equation (B.10):

P
��ψ+〉 = |φ〉 + 1

α
GP
αVeff

α P
��ψ+〉 . (B.21)

Due to the findings in the previous step we know that in the limit K
��ψ+〉 = αK

��ψ+1 〉
+ O

(
α2

)
, where

K
��ψ+1 〉

is the complicated expression of (B.20). We will now show that we can avoid computing
K

��ψ+1 〉
by doing some clever tricks. By Taylor expanding the Lippmann-Schwinger equation (B.21)

itself and using K
��ψ+0 〉

= 0 we find that in the limit:

P
��ψ+0 〉

= |φ〉 +GP
0

(
Veff

0 K
��ψ+1 〉

+ Veff
1 K̄

��ψ+0 〉)
. (B.22)

By the extra assumption K̄Veff
0 = 0 of the theorem we can expand this to

P
��ψ+0 〉

= |φ〉 +GP
0

(
KVeff

0 K
��ψ+1 〉

+KVeff
1 K̄

��ψ+0 〉
+ K̄Veff

1 K̄
��ψ+0 〉)

. (B.23)

Now multiply both sides by K from the left:

0 = K
��ψ+0 〉

= K |φ〉 +KGP
0K

(
KVeff

0 K
��ψ+1 〉

+KVeff
1 K̄

��ψ+0 〉)
+KGP

0K̄Veff
1 K̄

��ψ+0 〉
(B.24)
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and solve this equation using technical assumption (d):

KVeff
0 K

��ψ+1 〉
+KVeff

1 K̄
��ψ+0 〉

= −
1

KGP
0K

(
K |φ〉 +KGP

0K̄Veff
1 K̄

��ψ+0 〉)
. (B.25)

This can be directly reinserted into the Lippmann-Schwinger equation (B.21):

P
��ψ+0 〉

=

(
1 −GP

0K
1

KGP
0K

K

) (
|φ〉 +GP

0K̄Veff
1 K̄

��ψ+0 〉)
. (B.26)

Nowwewill define the projectorL as the subspace of K̄ on which K̄Veff
1 K̄ acts6, i.e. K̄Veff

1 K̄ = K̄Veff
1 L.

Using this we arrive at the third conclusion of the theorem:

P
��ψ+0 〉

=

(
1 −GP

0K
1

KGP
0K

K

) (
|φ〉 +GP

0K̄Veff
1 L

��ψ+0 〉)
. (B.27)

Again we can solve this implicit equation by applying L to the equation from the left and assuming
technical assumption (e):

L
��ψ+0 〉

=

(
L − LGP

0K
1

KGP
0K

K

) (
|φ〉 +GP

0K̄Veff
1 L

��ψ+0 〉)
(B.28)

and thus:

L
��ψ+0 〉

=
1

L −
(
L − LGP

0K 1
KGP

0K
K

)
KGP

0K̄Veff
1 L

(
L − LGP

0K
1

KGP
0K

K

)
|φ〉 . (B.29)

This finishes the proof of the first theorem. We would like to make a final remark on why the last step
3 was useful. Equation (B.29) might seem complicated but it has a major advantage: It depends only
on the subspaces K and L, which describe the subspaces on which Veff

0 and Veff
1 act. These subspaces

will be comparatively small and in most cases be finite dimensional. This means equation (B.29) is
in most cases not an operator equation, but a low dimensional matrix equation which can be solved
either by hand or via computer. If we tried to use equation (B.13) instead, we would need to invert an
infinite dimensional operator which is much more complicated.

B.3 Theorem for a slow and a fast subspace

So far we only only considered one subsystem P in which the dynamics become slower and slower.
Now we can go on to study what happens if we have two subsystems: a slow one P with Hamiltonian
αhP

α and a fast one Q with Hamiltonian hQ
α . Additional we also have a potential Vα which couples

both subsystems. We consider an incoming wave in the slow subsystem P and would like to study
how it scatters at the potential in the limit α→ 0. In particular we are interested what fraction of the
wavefunction ends up in subsystem Q.

6 Note that defining L using K̄Veff
1 K̄ and not just Veff

1 is going to be important later.
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Of course our plan is to reduce it to case of theorem 1. We therefore need to show that the effective
potential (B.7) satisfies the required properties. This will be done in the following lemma. As the first
theorem it does not require many properties of the system and as such applies to a huge variety of
systems. Unfortunately due to some minor technicalities, which we will discuss later, it cannot be
applied to the pairs. However we would like to state it anyway to convince the reader that the observed
behaviour is quite general.

Lemma 1 Assume that GQ
α and Vα have a Taylor expansion at least up to first order. In case that

GQ
α 6→ 0, PVαP→ 0 and QVαP 6→ 0 and the additional technical assumption (c) holds, we find in

the limit α→ 0 the effective potential Veff
α has the following properties:

• It has a Taylor expansion up to first order Veff
α = Veff

0 + αVeff
1 + O

(
α2

)
.

• Veff
α 6→ 0

• K = KP

• K̄Veff
0 = 0

• K̄Veff
1 K̄ = K̄V1K̄

The lemma does not only provide the requirements for theorem 1, but also useful characterizations of
the quantities appearing in theorem 1.

Proof: We start by explicitly computing the Taylor expansion of the effective potential (B.7):

Veff
α = PV0QGQ

0 QV0P + α
(
PV1P + PV1QGQ

0 QV0P + PV0QGQ
1 QV0P + PV0QGQ

0 QV1P
)
+ O

(
α2

)
(B.30)

and so

Veff
0 = PV0QGQ

0 QV0P (B.31)

Veff
1 = PV1P + PV1QGQ

0 QV0P + PV0QGQ
1 QV0P + PV0QGQ

0 QV1P. (B.32)

We need to show that Veff
0 , 0. To this end define the projectors KP and KQ. They are defined in

tabular B.2 as the subspace where V0 acts and the image of V0. As such KP plays the same role for
V0 as K plays for Veff

0 . In a moment we will find that indeed K = KP. The definitions of KP and KQ

are made such that QV0P = KQV0KP and that we can think of KQV0KP as an invertible matrix. This
means we can rewrite (B.31)

Veff
0 = KPV0KQGQ

0 KQV0KP. (B.33)

This is a product of three matrices, which are all invertible due to technical assumption (c). Therefore
the combination must also be invertible and in particular Veff

0 cannot be 0. Because Veff
0 is invertible it

maps all vectors of KP onto non-zero vectors. Since this is exactly the definition of K we find

K = KP. (B.34)
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We can even go one step further and apply K̄ = P −K onto Veff
0 in (B.33):

Veff
0 K̄ = Veff

0 P − Veff
0 K = Veff

0 − Veff
0 = 0 (B.35)

K̄Veff
0 = (P −K)KPV0KQGQ

0 KQV0KP
= KPV0KQGQ

0 KQV0KP
−KPV0KQGQ

0 KQV0KP
= 0.
(B.36)

The first result is trivially true for any operator due to the definitions of the projectors. The second
one, though it seems equally trivial, is not automatically true7, but only because Veff

0 has this special
sandwich structure (GQ

0 between two V0). This is the important condition for conclusions 2 and 3 of
theorem 1. Therefore in the case of two subsystems this condition is automatically fulfilled for all
situations.
There is one final part of conclusion 3 missing, namely simplifying the first order of the effective

potential Veff
1 . The result can obtained directly by applying K̄ on both sides of the effective potential

(B.32):

K̄Veff
1 K̄ = K̄

(
PV1P + PV1QGQ

0 QV0P + PV0QGQ
1 QV0P + PV0QGQ

0 QV1P
)
K̄ (B.37)

= K̄V1K̄. (B.38)

Here we used V0K̄ = K̄V0 = 0. This finishes the lemma. We are now ready to formulate the final
result in this section:

Theorem 2 Consider the scattering problem given by the free Hamiltonian H0 = αPhP
αP +QhQ

αQ,
where P and Q are complementary projectors P + Q = 1, with potential Vα. Assume that this
scattering problem is such that we can apply the Lippmann-Schwinger equations (B.1) and (B.2) for all
finite α. Choose as incoming state an eigenstate |φ〉 of hP

α with an energy αεα. Furthermore assume
that hP

α has a well defined limit for α→ 0 and that Taylor expansions of GQ
α and Vα exists at least up

to first order.

In case that GQ
α 6→ 0, PVαP→ 0 and QVαP 6→ 0 and the operators satisfy the additional technical

assumptions (a), (b), (c) we find in the limit α→ 0:

• All findings of theorem 1

• Q
��ψ+〉 → 0

The second conclusion Q
��ψ+〉 → 0 is the most important one. It shows that the wavefunction in the Q

sector is going to vanish in the limit α→ 0 which implies that scattering into the system Q vanishes.

Proof: We can apply theorem 1 directly due to lemma 1. We know from theorem 1 that K
��ψ+〉 → 0.

By the definition of the Greens function (B.3) the wavefunction in the Q sector is given by:

Q
��ψ+〉 = GQ

αQVαP
��ψ+〉 . (B.39)

7 It would be automatically true for hermitian operators, but recall that GQ
0 is not necessarily hermitian.
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We can easily perform the limit α→ 0. Recall that V0 = V0KP and that K = KP:

Q
��ψ+〉 → GQ

0 QV0P
��ψ+〉 (B.40)

= GQ
0 QV0K

��ψ+〉 = 0. (B.41)

This concludes the theorem.
As promised this theorem applies to a huge variety of systems and shows that scattering into the

Q subsystem is suppressed as α→ 0. All we basically need are two subsystems, one which is slow
P and one which is fast Q, and a non-vanishing coupling QV0P between them. But as said before
unfortunately this theorem does not apply to the pairs. The problem is that the Greens operator in some
parts of the system vanishes in the limit QbGQ

αQb → 0 where Qb is the projector on free particle
states in layer b , |u0 |

8. This implies that the effective potential Veff
0 = PV0QGQ

0 QV0P vanishes
‘more often’ than the original potential QV0P. In the language of lemma 1 this means K ⊂ KP. In
particular we have KP

= |a〉 〈a| + |b〉 〈b| + |c〉 〈c | and K = |a〉 〈a| + |b〉 〈b| as shown in section 5.2.6.
Mathematically speaking we cannot apply the theorem because the technical condition (c), namely
that KQGQ

0 KQ is invertible, is not satisfied (because as said before the Greens function completely
vanishes in some parts of the system). However even though the theorem fails, in practice we can
basically repeat the same steps only restricting the definitions of KP and KQ to the subspaces where
GQ

0 does not vanish.

8 This happens because these layers evolve ultra-fast, i.e. they evolve on timescales a factor α2 faster than the slow subspace
P.
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Appendix B A general theorem about scattering from slow to fast modes
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B.4 Discussion of the technical assumptions

B.4 Discussion of the technical assumptions

In this section we would like to discuss the technical assumptions of the above theorems. They state
that certain operators are invertible. In particular we will argue why we expect these assumptions to
be almost always fulfilled.
Before we start let us recall that typically the subspaces K,KQ and L are relatively small and in

particular finite dimensional. This is because they are only non-zero where the potential acts and the
potential typically acts only on a small finite region.
Let us start with assumptions (b) and (e). The argument is the same for all of these operators,

therefore we will explain it using simplest one (e): L−
(
L − LGP

0K 1
KGP

0K
K

)
KGP

0K̄Veff
1 L. Since K and

L are low dimensional subspaces we can think about the operators from (b) and (e) as low dimensional
matrices. Of course if the matrix elements of these matrices are finely tuned it is possible that they are
not invertible. But because both operators depend non-linear on the potential Veff

0 and the Greens
function GP

0 already a minor change of the parameters of the system, for example in the coupling
strength, will destroy the fine tuning and the matrix becomes invertible. Therefore we expect that up
to a few isolated parameter configurations these matrices are invertible.
A similar reasoning is also true for assumption (a). First discuss the operator for α → 0:

K̄ − K̄GP
0Veff

1 K̄. At first it might seem that the operator acts on the infinite dimensional subspace
K̄. But we can expect that Veff

1 K̄ acts only on a finite dimensional space (let us call it R). On the
remaining subspace K̄ − R we have

(
K̄ − K̄GP

0Veff
1 K̄

)
·
(
K̄ − R

)
= K̄ − R and thus the operator just

acts as identity operator on the subspace K̄ − R. In order to invert this operator we only need to
invert it on the subspace R, which is typically finite dimensional. Therefore we can apply the same
reasoning as for assumptions (b) and (e) to conclude that we can expect, up to a few isolated parameter
configurations, the operator to be invertible. We have just seen that for α→ 0 the operator is given by
unit operator combined with a low dimensional invertible matrix. Now its version for finite α, the
operator K̄ − 1

α K̄GP
αVeff

α K̄, must be close to unit operator and a low dimensional invertible matrix
(for small α). Both the unit operator and the invertible matrix are far away from being non-invertible
in the sense that a small perturbation of neither the unit operator nor the low dimensional invertible
matrix will lead to an overall non-invertible operator. Therefore we can assume that also the finite α
operator is invertible (at least for small values of α, but that is all we need).
Finally let us deal with assumptions (c) and (d), namely that KQGQ

0 KQ and KGP
0K are invertible.

First note that again we can think of both operators as finite dimensional matrices, because K and
KQ are finite dimensional. In case the Hamiltonians have extra symmetries, for example parity, the
matrices decouple into even smaller matrices. Typically Greens functions are highly non-local objects.
If we apply them to one small part of the system they will yield non-zero results in all parts of the
system (in the same symmetry sectors). Therefore if we look at one specific symmetry sector we
can expect that the matrices KQGQ

0 KQ and KGP
0K will contain only non-zero entries. Again by our

intuition we expect that such a low dimensional matrix with only non-zero entries is usually invertible.
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APPENDIX C

Useful properties of the Bessel functions

In this appendix we would like to summarize all properties of the Bessel functions Ja(λ) which are
relevant for us. We will cite them from [25] which is also a good source for many further interesting
properties. Note that we will only consider integer Bessel functions with a ≥ 0.

C.1 Qualitative description

Figure C.1: Bessel functions Ja(λ) for a = 0,1,5,10.

In figure C.1 we plot the Bessel function Ja(λ) for a = 0,1,5,10. For large λ they can all be
described as oscillating functions whose envelopes decay like ∼ 1/

√
λ. For small λ→ 0 however they

do not explode, but rather decay to 0 (except J0(λ) which goes to 1). Apart from J0(λ) all other Bessel
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Appendix C Useful properties of the Bessel functions

functions start at zero and then slowly rise monotonic until they have their first maximum, which is
located a bit above λ = a, and then decay in the oscillatory fashion.

C.2 Definition and basic properties

The integer Bessel functions can be defined as

Ja(λ) =
1

2π

∫ π

−π
ei(λ sin t−at) dt . (C.1)

All Bessel functions are bounded |Ja(λ)| < 1. Depending on whether a is even or odd they are even
or odd functions:

Ja(−λ) = (−1)aJa(λ). (C.2)

Also the Bessel functions for negative a equal those for positive a up to a sign:

J−a(λ) = (−1)aJa(λ). (C.3)

The last formula allows us to consider only a ≥ 0.

C.3 Asymptotic formulas

There are two useful asymptotic formulas, one for λ → ∞ and one for λ → 0. As λ → ∞ we have
(see [25] §10.17(i)):

Ja(λ) =

√
2
πλ

(
cos

(
λ − a

π

2
−
π

4

)
+ O(1/λ)

)
. (C.4)

This expansion shows directly the oscillatory decay of the Bessel function as λ → ∞. While the
envelope

√
2
πλ works very well throughout the oscillatory part λ > a, one has to go to really high λ to

make sure that the phase of the cosine agrees with the phase of the Bessel function1. This is because
the phase of the Bessel function slightly shifts as λ grows.
The other asymptotic formula concerns λ → 0, i.e. the first non-zero coefficient of its Taylor

expansion (see [25] §10.2):

Ja(λ) =
1
a!

(
λ

2

)a
+ O

(
λa+2

)
. (C.5)

We can see that as a grows Ja(λ) will also grow slower. For a = 0 the Taylor expansion is

J0(λ) = 1 −
λ2

4
+ O

(
λ4

)
. (C.6)

1 For example for a = 10 this is satisfied only for λ & 500.

106



C.4 Distribution of the first maximum of the Bessel functions

C.4 Distribution of the first maximum of the Bessel functions

Figure C.2: First maximum j ′a,1 of the Bessel functions Ja(λ) as function of a. We also give the approximate
expression j ′a,1 ≈ a + 0.8086165a1/3.

The position of the first maximum j ′a,1 of a Bessel function Ja(λ) is important for us. We will expli-
citly exclude J0(λ) from this discussion because it behaves differently for small λ. From [25] §10.21.40
we know that the first maximum is distributed as

j ′a,1 ∼ a + 0.8086165a1/3. (C.7)

We give a plot of them as well as the approximation in figure C.2. In fact if a is not too large (as in our
case) we find that the maximum is only a bit above a. For our relevant range of a, say a < 20, the
maximum is somewhere between a + 1 and a + 2. As we do not need to determine the position of the
maximum more precise, we will conclude that the maximum is somewhere around a + 1.5.

C.5 Neumann’s addition theorem

Bessel functions satisfy the following relation (see [25] §10.23):∑
a

Jb−a(λ1)Ja(λ2) = Jb(λ1 + λ2). (C.8)
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We only need two special cases, namely b = 0 and λ = λ1 = ±λ2:∑
a

(−1)aJa(λ)
2
=

∑
a

J−a(λ)Ja(λ) = J0(2λ) (C.9)∑
a

Ja(λ)
2
=

∑
a

J−a(λ)Ja(−λ) = J0(0) = 1. (C.10)

C.6 Taylor expansion of v1

In section 3.3 we find:

v1 =
∑
a

|u|Ja(λ)
2

|u| − a
− 1. (C.11)

Let us quickly do a Taylor expansion around λ = 0 up to second order. Note that Ja(λ)
2 for |a| > 1

will grow too slow to be included (see equation (C.5)). We are left with

J0(λ) = 1 −
λ2

4
+ O

(
λ4

)
(C.12)

J1(λ) =
λ

2
+ O

(
λ3

)
. (C.13)

Inserting this into v1 and simplifying gives

v1 =
|u|J1(λ)

2

|u| + 1
+ J0(λ)

2
+
|u|J1(λ)

2

|u| − 1
− 1 + O

(
λ4

)
(C.14)

=

(
1 −

λ2

4

)2

− 1 +
|u|2

|u|2 − 1
λ2

2
+ O

(
λ4

)
(C.15)

= −

(
1 −

|u|2

|u|2 − 1

)
λ2

2
+ O

(
λ4

)
(C.16)

=
1

|u|2 − 1
λ2

2
+ O

(
λ4

)
. (C.17)
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APPENDIX D

Various calculations

D.1 Gauge transformation

This section provides more detail on the gauge transformation, in particular on how to calculate
U†0ĤHU0. Recall their definitions:

HH =
∑
nσ

c†nσcn+1σ + c†
n+1σcnσ (D.1)

U0 = e−iλV sinφ (D.2)
V = n0↑ + n0↓. (D.3)

For convenience we will abbreviate U0 = e−iaV where a = λ sin φ. There are many ways to evaluate
U†0ĤHU0. We will go on as follows. Define the operator

cnσ(a) = eiaVcnσe−iaV. (D.4)

Now differentiate the expression w.r.t a:

i
d

da
cnσ(a) = eiaV [

cnσ,V
]
e−iaV (D.5)

= eiaV [
cnσ,n0σ

]
e−iaV (D.6)

= eiaVcnσe−iaVδn,0 = cnσ(a)δn,0. (D.7)

We see that only the annihilation operator at site 0 is influenced by the gauge transformation. For
n = 0 we can solve the first order differential equation (note that cnσ(0) = cnσ):

cnσ(a) = eiaVcnσe−iaV
=

{
e−iac0σ n = 0
cnσ else.

(D.8)
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We can insert these results into the hopping Hamiltonian by replacing the corresponding cre-
ation/annihilation operators:

e+iaVHHe−iaV
=

∑
σ

[
e−iac†

−1σc0σ + eiac†0σc−1σ + eiac†0σc1σ + e−iac†1σc0σ (D.9)

+
∑

n,−1,0
c†nσcn+1σ + c†

n+1σcnσ
]
. (D.10)

We will conveniently write this as

U†0ĤHU0 =
∑
nσ

gn(φ)c
†
nσcn+1σ + gn(φ)

∗c†
n+1σcnσ (D.11)

where

gn(φ) =


e−iλ sinφ n = −1
eiλ sinφ n = 0
1 else

. (D.12)

D.2 Calculation of transmission amplitude

Consider a particle on an infinite chain with abstract Hamiltonian:

Habstract
= −Jeff

[ ∑
n,−1,0

(
|n〉 〈n + 1| + |n + 1〉 〈n|

)
+ γ

∑
n=−1,0

(
|n〉 〈n + 1| + |n + 1〉 〈n|

)
+ v0 |0〉 〈0| + v1

(
|−1〉 〈−1| + |1〉 〈1|

)]
. (D.13)

The hopping away from the center is given by Jeff , while the hopping from and to site 0 is scaled by γ.
Also there is a symmetric scattering potential at sites −1,0,1. We consider a particle coming from the
left with momentum k and energy εk = −2Jeff cos k and we would like to calculate the transmission
amplitude. The wavefunction has the general form:

ψn =


eikn + rke−ikn n < 0
ψ0 n = 0
tkeikn n > 0

. (D.14)

We need to satisfy the following three equations for n = −1,0,1 respectively:

ψ−2 + γψ0 + v1ψ−1 = 2 cos(k)ψ−1 (D.15)
γψ−1 + γψ1 + v0ψ0 = 2 cos(k)ψ0 (D.16)
γψ0 + ψ2 + v1ψ1 = 2 cos(k)ψ1. (D.17)
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D.2 Calculation of transmission amplitude

Inserting (D.14) we find

e−2ik
+ rke2ik

+ γψ0 =
(
2 cos k − v1

)
(e−ik + rkeik) (D.18)

γ
(
e−ik + rkeik + tkeik

)
=

(
2 cos k − v0

)
ψ0 (D.19)

γψ0 + tke2ik
=

(
2 cos k − v1

)
eik tk . (D.20)

Using the last and the first equation we obtain

ψ0 =
1 − v1eik

γ
tk (D.21)

tk = rk +
1 − v1e−ik

1 − v1eik
. (D.22)

The second equation then finally gives

tk =
γ2

1 − v1eik
−2i sin k(

2 cos k − v0
) (

1 − v1eik
)
− 2γ2eik

. (D.23)

In order to obtain the transmission probability we have to square this expression Tk = |tk |
2.

The case v0 = 2v1

We only need the case v0 = 2v1, which is why we will only compute Tk in this case. We have:

Tk = |tk |
2
= γ4

����� −i sin k

1 − v1eik

�����2
������� 2(

2 cos k − 2v1
) (

1 − v1eik
)
− 2γ2eik

�������
2

. (D.24)

We will treat both fractions separately:����� −i sin k

1 − v1eik

�����2 = sin2 k

1 + v2
1 − 2v1 cos k

(D.25)

=
sin2 k

sin2 k +
(
cos k − v1

)2 (D.26)

=
1

1 +
(

cos k−v1
sin k

)2 (D.27)

��� (cos k − v1
) (

1 − v1eik
)
− γ2eik

���2 = ��� (cos k − v1
) (

e−ik − v1

)
− γ2

���2 (D.28)

=
[ (

cos k − v1
)2
− γ2

]2
+

(
cos k − v1

)2 sin2 k . (D.29)
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We find:

Tk = |tk |
2
=

γ4

1 +
(

cos k−v1
sin k

)2
1[ (

cos k − v1
)2
− γ2

]2
+

(
cos k − v1

)2 sin2 k
. (D.30)

The case v0 = v1 = 0

Note that in the case v0 = v1 = 0 the above formula drastically simplifies to

Tk =
γ4

1 +
(

cos k
sin k

)2
1[

cos2 k − γ2
]2
+ cos2 k sin2 k

(D.31)

=
γ4 sin2 k

cos2 k − 2γ2 cos2 k + γ4 (D.32)

=
γ4(

1 − 2γ2
+ γ4

)2
cot2 k + γ4

(D.33)

=
1

1 +
(

1
γ2 − 1

)2
cot2 k

. (D.34)

D.3 Transmission in the resonant case

In this section we would like to calculate the transmission in the resonant case. We will use conclusions
2 and 3 of theorem 1 which give the full wavefunction in the P = P0 sector (i.e. paired states in layer
0). Note that we can apply them because K̄Veff

0 = 0 (see equation (5.58)) and therefore all three
conclusions of theorem 1 hold.
We first would like to remind the reader of all appearing quantities. Depending on whether |u0 | is

an odd or an even number we define:

|a〉odd =
1
√

2
©­«

1
0
−1

ª®¬ |b〉odd =
1
√

6
©­«

1
−2
1

ª®¬ |c〉odd =
1
√

3
©­«
1
1
1

ª®¬ (D.35)

|a〉even =
1
√

2
©­«

1
0
−1

ª®¬ |b〉even =
1
√

6
©­«
1
2
1

ª®¬ |c〉even =
1
√

3
©­«

1
−1
1

ª®¬ . (D.36)

In both cases we have that

K = |a〉 〈a| + |b〉 〈b| (D.37)
K̄ = P −K (D.38)
L = |c〉 〈c | (D.39)

K̄Veff
1 K̄ = v |c〉 〈c | (D.40)
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where the exact form of v is not relevant here. Conclusion 2 of theorem 1 states:

L
��ψ+〉 = 1

L −
(
L − LGP

0K 1
KGP

0K
K

)
KGP

0K̄Veff
1 L

(
L − LGP

0K
1

KGP
0K

K

)
K |φ〉 . (D.41)

We can easily insert (D.38) - (D.40) and find:

〈
c
��ψ+〉 = 1

1 −
(
〈c | − 〈c |GP

0 |b〉
1

〈b |GP
0 |b〉
〈b|

)
GP

0 |c〉 · v

(
〈c |φ〉 − 〈c |GP

0 |b〉
1

〈b|GP
0 |b〉

〈b|φ〉

)
(D.42)

because 〈c |GP
0 |a〉 = 0 due to parity (as we will see soon). We see that we mainly need to calculate

GP
0 .

The Greens function GP
0

The Greens function for the pair is defined as

GP
0 =

1
ε0 − hP

0 + iε
. (D.43)

We have seen in section 2.1.4 that the effective Hamiltonian for a pair hP
0 is a hopping Hamiltonian

with pair hopping parameter 2
|u | . Therefore we can think of hP

0 as

hP
0 = −

2
|u0 |

(
HH − 2

)
(D.44)

and so the energy is

ε0 = −
4
|u0 |
(cos(k) − 1). (D.45)

By inserting a complete set of momentum states we can calculate the Greens function in position
space (denote |n,m〉 = c†

n↑;0c†
m↓;0 |Ω〉):

〈n,n|GP
0 |m,m〉 =

|u0 |

2

∫ π

−π

dq
2π

eiq(n−m)

−2 cos(k) + 2 cos(q) + iε
(D.46)

=
|u0 |

2

∫ π

−π

dq
2π

eiq |n−m |

−2 cos(k) + 2 cos(q) + iε
(D.47)

=
|u0 |

2

∫
C

dz
2πi

1
z

z |n−m |

−2 cos(k) + z + 1
z + iε

(D.48)

=
|u0 |

2

∫
C

dz
2πi

z |n−m |

z2
+ z(−2 cos(k) + iε) + 1

(D.49)
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where z = eiq and C is the unit circle. The denominator has two roots:

z0 =
2 cos(k) − iε

2
+ ±

√(
2 cos(k) + iε

2

)
− 1 (D.50)

= cos(k) − iε + ±i sin(|k |) (D.51)

= e±i |k | − iε . (D.52)

Due to the infinitesimal iε the root ei |k | is inside the unit circle, while the other root is outside. The
residual theorem then gives:

〈n,n|GP
0 |m,m〉 =

|u0 |

2
ei |k | |n−m |

ei |k | − e−i |k |
(D.53)

= |u0 |
ei |k | |n−m |

4i sin |k |
. (D.54)

For simplicity consider a pair coming from the left s.t. k > 0. In the same basis as |a〉 , |b〉 and |c〉 we
can write GP

0 as the following matrix:

GP
0 =

|u0 |

4i sin(k)
©­­«

1 eik e2ik

eik 1 eik

e2ik eik 1

ª®®¬ . (D.55)

Using this matrix one can easily calculate (upper sign for ‘odd’, lower sign for ‘even’):

〈a|GP
0 |a〉 = −|u0 |

eik

2
(D.56)

〈b|GP
0 |b〉 = |u0 |

1
12i sin(k)

[
(eik ∓ 2)2 − 1

]
(D.57)

〈c |GP
0 |b〉 = 〈b|G

P
0 |c〉 = |u0 |

√
2eik

12i sin(k)
(eik ∓ 1) (D.58)

〈c |GP
0 |c〉 = |u0 |

1
6i sin(k)

[
(eik ± 1)2 +

1
2

]
. (D.59)

We will also need the scalar products with the incoming wave ∼ eikn:

|φ〉 =
©­­«
e−ik

1
eik

ª®®¬ (D.60)

〈a|φ〉 = −
√

2i sin(k) (D.61)

〈b|φ〉 =
2
√

6
(cos(k) ∓ 1) (D.62)

〈c |φ〉 =
2 cos(k) ± 1
√

3
. (D.63)
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Calculating the transmission

We are now ready to plug all these expressions into (D.42):

〈
c
��ψ+〉 = 1

1 −
(
〈c |GP

0 |c〉 − 〈c |G
P
0 |b〉

1
〈b |GP

0 |b〉
〈b|GP

0 |c〉
)
· v

(
〈c |φ〉 − 〈c |GP

0 |b〉
1

〈b|GP
0 |b〉

〈b|φ〉

)
.

(D.64)

We can make use of the following identity (which can be shown by explicit calculation)

〈b|GP
0 |b〉 〈c |G

P
0 |c〉 − 〈c |G

P
0 |b〉

2
=

i |u0 |
2

8 sin k
eik (D.65)

to simplify: 〈
c
��ψ+〉 = 1

〈b|GP
0 |b〉 −

i |u0 |
2

8 sin k eikv

(
〈b|GP

0 |b〉 〈c |φ〉 − 〈c |G
P
0 |b〉 〈b|φ〉

)
(D.66)

= −
4
√

3i sin k

6 +
(
3|u0 |v ∓ 8

)
eik + 2e2ik . (D.67)

We could now use conclusion three of theorem 1 to obtain the full wavefunction. However there is a
more clever way. We know that for n ≥ 1 the wavefunction looks as follows:〈

n,n
��ψ+〉 = tkeikn. (D.68)

Using this we easily find the transmission amplitude tk :

tk = e−ik
〈
1,1

��ψ+〉 (D.69)

= e−ik
[
〈1,1|a〉

〈
a
��ψ+〉 + 〈1,1|b〉 〈b

��ψ+〉 + 〈1,1|c〉 〈c
��ψ+〉] (D.70)

= e−ik 〈1,1|c〉
〈
c
��ψ+〉 (D.71)

=
e−ik
√

3

〈
c
��ψ+〉 (D.72)

= −
4i sin k

6 +
(
3|u0 |v ∓ 8

)
eik + 2e2ik e−ik (D.73)

where we used
〈
a
��ψ+〉 = 〈

b
��ψ+〉 = 0. The transmission probability is given by the modulus squared

of tk and computes to:

Tk = |tk |
2
=

1

1 +
(

3 |u0 |v∓8+8 cos k
4 sin k

)2 . (D.74)
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APPENDIX E

Error discussion of the numerical method

In this chapter we would like to further discuss the numerical method introduced in section 2.3 and in
particular try to estimate its errors.

Let us start with the obvious one: Due to the restriction of the system to finite length L we can only
observe L momentum states. These states will be either even or odd states, so that we have about L/2
of each kind. The momentum precision of the method is going to be ∆k = π

L/2 =
2π
L . For a length

L = 31, as we use throughout the thesis, this gives about ∆k = 0.2. We would not be able to observe
any structures in the transmission which are smaller than ∆k. Also note that we cannot predict the
transmission below k . ∆k and k & π − ∆k because they are outside of the range of sampling points.

Furthermore there are two more sources of error. First there is always an error when fitting
the cosine/sine functions to the eigenstates of the system. As described in section 3.4 we discard
eigenstates where the fit surpasses an error above 0.001. The other source of error comes from
the linear interpolation procedure. The linear interpolation will fail if the parameters Ak,Bk,Ck,Dk

change too quickly with k (on length scales smaller than ∆k). But even if the parameters change more
slowly of course there will still be an error determined by the second derivative:

Consider a general function f (x) between points a and b. Assume that we know the value of f (x)
at a and b. Then the linear interpolation of f (x) between a and b has an error [29]:

|∆ f | =
1
2

f ′′(a)(x − a)(x − b) + O
(
|b − a|3

)
. (E.1)

We can apply this to Ak,Bk,Ck and Dk with x = k and do some crude approximations: First (x−a) and
(b − x) are smaller than ∆k. Second assume that Ak,Bk,Ck and Dk have roughly the same magnitude
A0 and change slowly over the Brillouin zone. Then we can approximate the second derivative very

roughly by
����∂2Ak

∂k2

���� ≈ A0
π2 . Combining this we find

∆Ak ≈
2A0

L2 (E.2)

and the same result for Bk,Ck,Dk . The error scales as ∆Ak ∼ 1/L2. Since Tk is given by some
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Appendix E Error discussion of the numerical method

combination of Ak,Bk,Ck,Dk , we conclude that the error on Tk must scale similarly:

∆Tk ∼ 1/L2. (E.3)

Note that this result is only a very crude estimate based on guessing orders of magnitude of the
ingredients and their errors. We should not expect at all that this gives a precise estimate of the error
(but only its order of magnitude). For a size of L = 31 we can therefore expect that the error of the
transmission Tk is of order ∆Tk ∼

1
312 = 0.001.

To summarize we found three sources of error: The precision in momentum space is determined by
∆k = 2π

L . Apart from that there is an error from the fit and also one from the interpolation, which
scales as 1/L2.
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