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CHAPTER 1

Introduction

Dynamical control of quantum systems is an essential requirement for the design of electronic devices
on the nanoscale. Recent progress in experimental techniques has enabled the realization of nanoscale
quantum systems with a high degree of control and coherence [1–3]. To study characteristics of such
quantum matter systems, ultracold quantum gases in optical lattices have proven to be a versatile
platform [4]. The insertion of a small number of impurities into such quantum gases [5] and the control
of individual lattice sites by means of external fields [6, 7] renders highly localized manipulation of
these quantum systems possible.

In experimental setups, dynamical control of quantum systems is typically achieved by means of
external time-periodic fields [8], such as laser light [6, 7] or AC gate voltages [3]. Floquet theory
provides a powerful method to understand such time-periodic systems [9–12]. Moreover, Floquet
engineering of quantum systems has been employed to tune system parameters in order to achieve a
plethora of interesting phenomena, such as dynamical localization [13], photon assisted tunneling
[14], artificial magnetic fields [15] and induced phase transitions [16].

In the context of engineering future nanoelectronics, a strong focus lies on the study of transport
phenomena. In such electronic systems of discrete nature, the tight binding model has been
demonstrated to be a useful tool to analyze transport phenomena, e. g. in quantum dot arrays [17] and
molecular electronic devices [18].

On the one hand, driven tight binding models have been studied by means of Floquet analysis in
systems where the external periodic field is applied to the entire system [19, 20]. In contrast, the
effects of an external field impinging only on a small region of the system can be investigated. To
this end, Thuberg et al. [21] studied transport phenomena of the tight binding model with a single
periodically driven impurity. For well-tuned parameters, they predicted the formation of bound
states in the continuum which lead to a total destruction of tunneling through the impurity site. This
effect was related to Fano interference, which occurs when a propagating state interacts with discrete
energy levels and which produces transmission resonances with an asymmetric line shape. Such Fano
resonances have previously attracted attention in the context of transport in continuous systems with
oscillating potential barriers [22–24] and quantum pumps [25].

Reyes et al. [26] extended the model of [21] by additionally considering a non-homogeneous
hopping amplitude to the impurity site. This model is expected to better describe possible experimental
realizations where the tunneling amplitude to an impurity may be suppressed or enhanced. They found
that this change in hopping amplitude alters the energy of the Fano resonance and can eliminate or
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Chapter 1 Introduction

restore the resonance, depending on the energy of the resonance with respect to the continuum. A
further extension of the locally driven tight binding chain was regarded in [27], where an additional
interaction between multiple fermionic particles was considered. In this Fermi-Hubbard model, at
strong attractive interactions, the formation of pairs is observed, whose transport properties differ
significantly from those of single particles. This difference was utilized to design pair and single
particle filters.

In this thesis, the tight binding chain with a driven impurity [21, 26] is extended by adding a second
driven impurity site to the system. The resulting model of two periodically driven impurities in a tight
binding chain is introduced in chapter 2. The following chapter 3 gives an introduction to the concepts
of Floquet theory which are then applied to the driven tight binding chain in chapter 4. We find that
in the Floquet formalism, the system’s periodic time dependence is mapped onto a virtual spatial
dimension. The one-dimensional time-periodic system is thus transformed into a two-dimensional
time-independent system which consists of an infinite number of replicas of the original chain. These
copies lie at different equidistant energies and couple to each other at the impurity sites.

To gain analytic insight into the Floquet transformed multichannel system, in chapter 5, the high
frequency limit is considered, where the energy of the driving frequency ℏ𝜔 is much larger than the
bulk hopping amplitude which sets the internal energy scale of the tight binding system. In this limit,
the original model reduces to an effective one-dimensional system where the external driving field
induces modified tunneling amplitudes to the impurities. We show that in the continuum limit of
small spacing between adjacent sites, this high frequency model behaves like a continuous system
of two delta potential peaks representing the impurities. With this analogy in mind, we find several
striking transport characteristics of the high frequency model, such as perfect transmission which
is accompanied by a cavity-mode-like enhancement of the wavefunction in between the impurities.
Furthermore, we demonstrate that, for a critical value of the effective hopping amplitude to the
impurities, perfect transmission at zero momentum arises as a threshold anomaly.

In the final chapter 6, we return to the full Floquet picture derived in chapter 4 where particle
transmission is determined by solving a multichannel scattering problem. To this end, an analogue
multichannel continuous model is derived. Then, after summarizing previous results on single impurity
transport [21, 23, 26], we find that Fano resonances also occur in the model with two driven impurities.
At sufficiently large driving amplitudes however, the effects of Fano interference compete with effects
that are associated to the cavity in between the impurities. Similar to the cavity modes found in
the high frequency model, at lower frequencies, wavefunction enhancement occurs which leads to
prominent transmission maxima.
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CHAPTER 2

Model description

The goal of this thesis is the analysis of transport properties of a one-dimensional tight binding chain
with two AC driven impurities. In this section, the Hamiltonian operator of this system is introduced
and some general characteristics of tight binding systems are discussed before turning to the effect of
the external drives in the next sections.

The Hamiltonian of the system at hand consists of two parts. The first part is the time-independent
Hamiltonian of a tight binding chain with homogeneous hopping amplitude 𝐽. Only the tunneling
amplitudes to the two impurities at sites 𝑗 = 0 and 𝑗 = 𝑙 differ from the homogeneous hopping and
possess amplitudes 𝐽1 and 𝐽2, respectively. This Hamiltonian is thus given by

𝐻̂tb = −𝐽
�

𝑗≠−1,0,𝑙−1,𝑙
(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗) − 𝐽1

�
𝑗=−1,0

(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗) − 𝐽2

�
𝑗=𝑙−1,𝑙

(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗)

(2.1)

where 𝑐†𝑗 creates and 𝑐 𝑗 annihilates a particle at site 𝑗 . Since this thesis only deals with single particles
one does not need to specify whether it obeys Bose or Fermi statistics if not stated otherwise.

The second part of the Hamiltonian is given by two driving terms. They describe two oscillating
chemical potentials at the impurity sites with driving frequency 𝜔, amplitudes 𝜇1 and 𝜇2 and a relative
phase 𝜙. The time-dependent driving Hamiltonian is therefore given by

𝐻̂drive(𝑡) = −𝜇1 cos(𝜔𝑡)𝑐†0𝑐0 − 𝜇2 cos
�
𝜔𝑡 + 𝜙

�
𝑐†𝑙 𝑐𝑙 . (2.2)

This entire system is thus described by the Hamiltonian

𝐻̂ (𝑡) = 𝐻̂tb + 𝐻̂drive(𝑡). (2.3)

and depicted in figure 2.1.
Due to the periodic external drive 𝐻 (𝑡) is time-periodic with period 𝑇 = 2𝜋

𝜔 . Very useful concepts
to study such time-periodic systems are provided by Floquet theory. The principles of Floquet theory
are introduced in section 3 and applied to the system at hand in section 4.
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Chapter 2 Model description

𝐽 𝐽 𝐽 𝐽 𝐽𝐽1 𝐽1 𝐽2 𝐽2

𝜇1 cos(𝜔𝑡) 𝜇2 cos
�
𝜔𝑡 + 𝜙

�
Figure 2.1: Illustration of the model with Hamiltonian (2.3) that is analyzed in this thesis.
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CHAPTER 3

Floquet theory

The one-dimensional tight binding system introduced in section 2 is described by the time-periodic
Hamiltonian (2.3). For such time-periodic systems, the Floquet formalism provides a method to
treat time as a coordinate under time-periodic boundary conditions [9–12]. This often simplifies the
calculation of the system’s physical properties and their time evolution. In order to apply Floquet
analysis to the tight binding chain with two AC driven impurities in section 4, the general concepts of
Floquet theory are explained in this section.

3.1 Floquet states

A time periodic Hamiltonian 𝐻 (𝑡) = 𝐻 (𝑡 + 𝑇) possesses stroboscopically stationary states 𝜓𝛼 (𝑡)
called Floquet states [12]. According to the Floquet theorem they solve the time-dependent Schödinger
equation

𝑖ℏd𝑡
��𝜓(𝑡)� = 𝐻̂ (𝑡)

��𝜓(𝑡)� (3.1)

and can be written in terms of real quasienergies 𝜖𝛼 and time-periodic Floquet modes
��𝑢𝛼 (𝑡)� =��𝑢𝛼 (𝑡 + 𝑇)� as [9]

��𝜓𝛼 (𝑡)� = 𝑒−𝑖 𝜀𝛼𝑡/ℏ
��𝑢𝛼 (𝑡)� . (3.2)

Thus, one finds that Floquet states are eigenstates of the time evolution operator over one driving
period

𝑈̂
�
𝑡0 + 𝑇 , 𝑡0

� ��𝜓𝛼 �𝑡0�� = 𝑒−𝑖 𝜀𝛼𝑇 /ℏ
��𝜓𝛼 �𝑡0�� . (3.3)

For any fixed time 𝑡, it is possible to choose the Floquet states to form a complete orthonormal basis.
According to equation (3.2) the time evolution operator can thus be written as

𝑈̂
�
𝑡2, 𝑡1

�
=
�
𝛼

𝑒−𝑖 𝜀𝛼 (𝑡2−𝑡1)/ℏ
��𝑢𝛼 �𝑡2�� �𝑢𝛼 �𝑡1� �� . (3.4)
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Chapter 3 Floquet theory

Furthermore, any state
��𝜓(𝑡)� can be expressed in terms of Floquet states and modes as

��𝜓(𝑡)� =�
𝛼

𝑐𝛼𝑒
𝑖 𝜀𝛼𝑡0/ℏ ��𝜓𝛼 (𝑡)�

=
�
𝛼

𝑐𝛼𝑒
−𝑖 𝜀𝛼 (𝑡−𝑡0)/ℏ ��𝑢𝛼 (𝑡)� (3.5)

with time-independent coefficients 𝑐𝛼 =
�
𝑢𝛼

�
𝑡0
� ��𝜓 �

𝑡0
��

. Therefore, if a system is prepared in a
Floquet state, its time evolution is governed by the corresponding time-periodic Floquet mode. If the
state is a superposition of multiple Floquet states, its time evolution is governed by two contributions.
The first one, a time-periodic contribution called micromotion, stems from the Floquet modes that
are involved. The second one is a non-periodic contribution that results from the dephasing of phase
factors 𝑒𝑖 𝜀𝛼𝑡0/ℏ. Thus, it is governed by the quasienergies 𝜀𝛼 [12].

3.2 Quasienergy operator and extended Hilbert space

Floquet states
��𝜓𝛼 (𝑡)� and their eigenvalues 𝑒−𝑖 𝜀𝑛𝑇 /ℏ appearing in equation (3.3) are uniquely defined

[12]. One however finds that equation (3.3) does not alter when adding an integer multiple of ℏ𝜔 to
the quasienergy:

𝜀𝛼 ↦→ 𝜀𝛼𝑛 ≡ 𝜀𝛼 + 𝑛ℏ𝜔 𝑛 ∈ Z ⇒ 𝑒−𝑖 𝜀𝛼𝑇 /ℏ ↦→ 𝑒−𝑖 𝜀𝛼𝑇 /ℏ 𝑒−𝑖𝑛𝜔𝑇��������
1

. (3.6)

As the quasienergies are not uniquely defined, neither are the Floquet modes. According to
equation (3.2) they can be transformed as��𝑢𝛼 (𝑡)� ↦→ ��𝑢𝛼𝑛 (𝑡)� ≡ ��𝑢𝛼 (𝑡)� 𝑒𝑖𝑛𝜔𝑡 . (3.7)

From equation (3.2), one can thus write the Floquet states as��𝜓𝛼 (𝑡)� = 𝑒−𝑖 𝜀𝛼𝑛𝑡/ℏ
��𝑢𝛼𝑛 (𝑡)� .

Inserting this into the Schrödinger equation (3.1) leads to the Floquet equation�
𝐻̂ (𝑡) − 𝑖ℏd𝑡

� ��𝑢𝛼𝑛 (𝑡)� = 𝜀𝛼𝑛
��𝑢𝛼𝑛 (𝑡)� . (3.8)

which is an eigenvalue equation in the extended Floquet Hilbert space

F = H ⊗ L𝑇 . (3.9)

Here, H is the Hilbert space of a quantum system and L𝑇 is the space of𝑇-periodically time-dependent
functions. According to the notation in reference [12], the element of F that corresponds to a state��𝑣(𝑡)� in H is denoted |𝑣�� and an operator 𝐴̂ acting in H is denoted 𝐴̄ when it acts in F . The scalar
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3.2 Quasienergy operator and extended Hilbert space

product in F is given by the time average of the scalar product in H :

��𝑢 |𝑣�� = 1
𝑇

∫ 𝑇

0

�
𝑢(𝑡)

��𝑣(𝑡)� .

The operator on the left hand side of the Floquet equation (3.8) is called quasienergy operator

𝑄̂(𝑡) =
�
𝐻̂ (𝑡) − 𝑖ℏd𝑡

�
.

In the extended Hilbert space, the Floquet equation (3.8) can then be written as

𝑄̄ |𝑢𝛼𝑛�� = 𝜀𝛼𝑛 |𝑢𝛼𝑛��. (3.10)

A system’s Floquet modes and quasienergies can thus be obtained by constructing and diagonalizing
the quasienergy operator in the extended Floquet Hilbert space F . The downside of working in a
drastically larger Hilbert space comes with the advantage of treating the system in a time-independent
fashion by treating time as a coordinate under periodic boundary conditions. In section 4.1, this way
of treating the time parameter will be illustrated pictorially when applying Floquet theory to the tight
binding chain with two driven impurities.

Note that, even though two solutions |𝑢𝛼𝑛�� and |𝑢𝛼𝑛��� to equation (3.10) are orthogonal, for 𝑛 ≠ 𝑛�,
they are related by equation (3.7). The same holds for two quasienergies 𝜀𝛼𝑛 and 𝜀𝛼𝑛� that are related
by equation (3.6). The full solution to equation (3.10) thus contains a lot of redundant information
and it is sufficient to consider solutions with quasienegies within one interval of width ℏ𝜔. In analogy
to Bloch theory for spatially periodic systems, this interval is called (Floquet) Brillouin zone.

In order to represent the quasienergy operator 𝑄̄ as a matrix, a set of basis states |𝑎𝑛�� can be
constructed from the basis states |𝑎� of H and the set of time-periodic functions 𝑒𝑖𝑛𝜔𝑡 [12]��𝑎𝑛(𝑡)� = 𝑒𝑖𝑛𝜔𝑡 |𝑎� .

In this basis, the matrix elements of the quasienergy operator 𝑄̄ are

��𝑎�𝑛� |𝑄̄ |𝑎𝑛�� = 1
𝑇

∫ 𝑇

0
d𝑡𝑒−𝑖𝑛

�𝜔𝑡 ��𝑎� |𝐻̂ (𝑡) − 𝑖ℏd𝑡 |𝑎��𝑒𝑖𝑛𝜔𝑡

= ��𝑎� |𝐻̂𝑛�−𝑛 |𝑎�� + 𝛿𝑛�𝑛𝛿𝑎�𝑎𝑛ℏ𝜔 (3.11)

with the Fourier transformed Hamiltonian

𝐻̂𝑛 =
1
𝑇

∫ 𝑇

0
d𝑡𝑒−𝑖𝑛𝜔𝑡 𝐻̂ (𝑡) = 𝐻̂†

−𝑛 ⇔ 𝐻̂ (𝑡) =
∞�

𝑛=−∞
𝑒𝑖𝑛𝜔𝑡 𝐻̂𝑛. (3.12)

With respect to the Fourier index 𝑛, the quasienergy operator thus features a block structure with block
operators

𝑄̂𝑛�𝑛 = 𝐻̂𝑛�−𝑛 + 𝛿𝑛�𝑛𝑛ℏ𝜔. (3.13)

7



Chapter 3 Floquet theory

3.3 Floquet Hamiltonian and micromotion operator

After having learned how to express any state in a time-periodic system in terms of Floquet modes and
quasienergies, and how to obtain these by means of the quasienergy operator, it is time to introduce
the so-called Floquet Hamiltonian 𝐻̂𝐹𝑡0 . This Floquet Hamiltonian is time-independent and generates
the time evolution over a full period after the initial time 𝑡0 [12]

exp
�
− 𝑖

ℏ
𝑇𝐻̂𝐹𝑡0

�
≡ 𝑈̂

�
𝑡0 + 𝑇 , 𝑡0

�
. (3.14)

It is thus useful to study the system’s evolution over time spans that are long compared to a single
driving period. Using the expression (3.4) for the time evolution operator in terms of Floquet modes,
one can show that the Floquet Hamiltonian can be expressed as

𝐻̂𝐹𝑡0 =
�
𝛼

𝜀𝛼
��𝑢𝛼 �𝑡0�� �𝑢𝛼 �𝑡0� �� . (3.15)

Time evolution in between full periods, that is not contained in the Floquet Hamiltonian, is described
by the so-called micromotion operator:

𝑈̂𝐹 (𝑡2, 𝑡1) ≡
�
𝛼

��𝑢𝛼 �𝑡2�� �𝑢𝛼 �𝑡1� �� .

3.4 Obtaining the Floquet Hamiltonian from the quasienergy operator

In section 3.2 the quasienergy operator was introduced as the Hamiltonian-like operator of Floquet
theory. It governs its central eigenvalue equation (3.10) called Floquet equation. With this, the
quasienergy operator is necessary to obtain a system’s Floquet modes and quasienergies. In this
section, it is shown that the quasienergy can in fact also be used to obtain the Floquet Hamiltonian
introduced in section 3.3.

For this consider a unitary transformation 𝑈̂𝐹 which block diagonalizes the quasienergy operator
whith respect to the Fourier index 𝑛. Transforming equation (3.11) with this operator yields [12]

��𝑎�𝑛� |𝑈̄†
𝐹 𝑄̄𝑈̄𝐹 |𝑎𝑛�� = 𝛿𝑛�𝑛

� �
𝑎�
��𝐻̂𝐹 ��𝑎� + 𝛿𝑎�𝑎𝑛ℏ𝜔

�
(3.16)

with the gauge-transformed and time-independent Hamiltonian

𝐻̂𝐹 = 𝑈̂†
𝐹 (𝑡)𝐻̂ (𝑡)𝑈̂𝐹 (𝑡) − 𝑖ℏ𝑈̂†

𝐹 (𝑡)d𝑡𝑈̂𝐹 (𝑡) (3.17)

which will later be called effective Hamiltonian. The central block (𝑛 = 𝑛� = 0) of the block-diagonal
quasienergy operator thus has matrix elements

��𝑎�0|𝑈̄†
𝐹 𝑄̄𝑈̄𝐹 |𝑎0�� = �

𝑎�
��𝐻̂𝐹 ��𝑎� . (3.18)

In a next step, the quasienergy operator can be rewritten by multiplying ��𝑢𝛼𝑛 | from the right to the

8



3.4 Obtaining the Floquet Hamiltonian from the quasienergy operator

Floquet equation (3.10) and summing over 𝛼 and 𝑛:

𝑄̄
�
𝛼

∞�
𝑛=−∞

|𝑢𝛼𝑛����𝑢𝛼𝑛 |
����������������������������������������������

I

=
�
𝛼

∞�
𝑛=−∞

𝜀𝛼𝑛 |𝑢𝛼𝑛����𝑢𝛼𝑛 |

⇒ 𝑄̄ =
�
𝛼

∞�
𝑛=−∞

|𝑢𝛼𝑛��(𝜀𝛼 + 𝑛ℏ𝜔)��𝑢𝛼𝑛 |

where the completeness of the Floquet modes was used and the quasienergy 𝜀𝛼𝑛 was rewritten using
equation (3.6). Using equation (3.7), the central block of this representation is written as

𝑄̄𝑛=0 =
�
𝛼

��𝑢𝛼 (𝑡)� 𝜀𝛼 �𝑢𝛼 (𝑡)�� . (3.19)

Having rewritten the quasienergy operator in these ways, let us return to the task of this section which
is determining its relation to the Floquet Hamiltonian. For this, consider the representation (3.15) of
the quasienergy operator and insert two complete sets of eigenstates in H :

𝐻𝐹𝑡0 =
�
𝛼

𝜀𝛼
��𝑢𝛼 (𝑡0)� �𝑢𝛼 (𝑡0)��

=
�
𝛼

�
𝑎�𝑎

𝜀𝛼
��𝑎�0(𝑡0)� �𝑎�0(𝑡0)��𝑢𝛼 (𝑡0)� �𝑢𝛼 (𝑡0)��𝑎0(𝑡0)

� �
𝑎0(𝑡0)

��
((3.19))
=

�
𝑎�𝑎

��𝑎�0(𝑡0)� �𝑎�0(𝑡0)��
��
𝛼

��𝑢𝛼 (𝑡0)� 𝜀𝛼 �𝑢𝛼 (𝑡0)��
�

������������������������������������������������������������
𝑄̄𝑛=0

��𝑎0(𝑡0)
� �

𝑎0(𝑡0)
��

=
�
𝑎�𝑎

��𝑎�0(𝑡0)� ��𝑎�0|𝑄̄ |𝑎0�� �𝑎0(𝑡0)
��

=
�
𝑎�𝑎

��𝑎�0(𝑡0)� 𝑈̂𝐹𝑈̂†
𝐹 ��𝑎�0|𝑄̄ |𝑎0��𝑈̂𝐹𝑈̂†

𝐹

�
𝑎0(𝑡0)

��
((3.18))
=

�
𝑎�𝑎

𝑈̂𝐹
��𝑎�0(𝑡0)� ��𝑎�0|𝑈̄†

𝐹 𝑄̄𝑈̄†
𝐹 |𝑎0������������������������������������������

�𝑎� |𝐻̂𝐹 |𝑎�

�
𝑎0(𝑡0)

�� 𝑈̂†
𝐹

=


�
𝑎�

𝑈̂𝐹
��𝑎�0(𝑡0)� �𝑎���


𝐻̂𝐹

��
𝑎

��𝑎0(𝑡0)
� �𝑎 | 𝑈̂†

𝐹

�

= 𝑈̂𝐹 (𝑡0)𝐻̂𝐹𝑈̂†
𝐹 (𝑡0). (3.20)

Thus, one finds that the Floquet Hamiltonian 𝐻𝐹𝑡0 can be obtained from the effective Hamiltonian 𝐻𝐹

by means of the unitary gauge transformation 𝑈̂†
𝐹 . The challenge lies in finding this transformation

which block diagonalizes 𝑄̄ and equivalently turns the original Hamiltonian 𝐻̂ (𝑡) time-independent.
In many cases, only approximate transformations and thus Floquet Hamiltonians can be found. One
such example for the given model of a driven tight binding chain will be the high frequency effective
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Chapter 3 Floquet theory

Hamiltonian which will be derived in section 5.1.1.
With the tools of Floquet theory for time-periodic systems at hand, it is time to return to the tight

binding system with two AC driven impurities introduced in section 2. In the next section, Floquet
theory is used to analyze transport properties and time evolution of this model.

10



CHAPTER 4

Floquet analysis of the model

In section 2, the model of a tight binding chain with two periodically driven impurities was introduced.
Next, in section 3, the concepts of Floquet theory were introduced. This theory treats the time-
dependence of such a time periodic Hamiltonian as a coordinate and thus in many cases facilitates the
calculation of the system’s properties. In this section, the tools of Floquet theory will be applied to the
driven tight binding chain to determine its time evolution and transport characteristics.

4.1 Quasienergy operator

Section 3.2 introduced the quasienergy operator which can be seen as the Floquet equivalent of the
Hamilton operator. It was shown how to obtain the Floquet modes and quasienergies by diagonalizing
this operator. Section 3.4 explains how to determine the Floquet Hamiltonian by block diagonalizing
the quasienergy operator.

Finding the driven tight binding chain’s quasienergy operator is therefore a sensible first step of its
Floquet analysis. Equation (3.13) tells us that the blocks of the quasienery operator with respect to the
Fourier index 𝑛 can be found from the Fourier modes of the time periodic Hamiltonian 𝐻̂𝑛 introduced
in equation (3.12). These Fourier modes can easily be obtained from the model’s Hamiltonian (2.3).

The frequency-independent zeroth Fourier mode is simply the Hamiltonian of the undriven tight
binding chain (2.1):

𝐻̂0 = 𝐻̂tb (4.1)

The frequency-dependent Fourier modes with 𝑛 ≠ 0 are obtained by rewriting the Hamiltonian (2.2)

11



Chapter 4 Floquet analysis of the model

describing the external drive:

𝐻̂drive(𝑡) = −𝜇1 cos(𝜔𝑡)𝑐†0𝑐0 − 𝜇2 cos
�
𝜔𝑡 + 𝜙

�
𝑐†𝑙 𝑐𝑙

= −𝜇1
2

�
𝑒𝑖𝜔𝑡 + 𝑒−𝑖𝜔𝑡

�
𝑐+0𝑐0 −

𝜇2
2

�
𝑒𝑖𝜔𝑡+𝑖𝜙 + 𝑒−𝑖𝜔𝑡−𝑖𝜙

�
𝑐𝑙𝑐𝑙

= 𝑒−𝑖𝜔𝑡
�
−𝜇1

2
𝑐0𝑐0 −

𝜇2
2
𝑒−𝑖𝜙𝑐𝑙𝑐𝑙

�
����������������������������������������������������������

𝐻̂−1

+𝑒𝑖𝜔𝑡
�
−𝜇1

2
𝑐0 + 𝑐0 −

𝜇2
2
𝑒𝑖𝜙𝑐𝑙𝑐𝑙

�
��������������������������������������������������������������

𝐻̂1

(4.2)

= 𝑒−𝑖𝜔𝑡 𝐻̂−1 + 𝑒𝑖𝜔𝑡 𝐻̂1.

The system’s quasienergy operator is then constructed using equation (3.13) and the Floquet
equation (3.10) reads

��������������

. . .

𝐻̂−1 𝐻̂0 − 2ℏ𝜔I 𝐻̂1
𝐻̂−1 𝐻̂0 − ℏ𝜔I 𝐻̂1

𝐻̂−1 𝐻̂0 𝐻̂1
𝐻̂−1 𝐻̂0 + ℏ𝜔I 𝐻̂1

𝐻̂−1 𝐻̂0 + 2ℏ𝜔I 𝐻̂1
. . .

��������������

��������������

...
𝑢𝛼,−2
𝑢𝛼,−1
𝑢𝛼,0
𝑢𝛼,1
𝑢𝛼,2
...

��������������

= 𝜀𝛼

��������������

...
𝑢𝛼,−2
𝑢𝛼,−1
𝑢𝛼,0
𝑢𝛼,1
𝑢𝛼,2
...

��������������

.

(4.3)

This way of representing the Floquet equation for the system at hand nicely illustrates the abstract
concept of the extended Floquet Hilbert space F introduced in section 3.2. Each block of 𝑄̄ acts on a
physical state of the quantum mechanical system in H . The time periodicity of 𝐻̂ (𝑡) is the reason
why it can be represented in terms of multiple Fourier modes. They lead to the coupling of multiple
H -operators and extend the original Hilbert space to the Floquet Hilbert space F = H ⊗ L𝑇 .

This quasienergy operator is equivalent to the Hamiltonian of multiple tight binding chains that due
to the off-diagonal block matrices 𝐻̂±1 couple to each other at the impurity sites 0 and 𝑙 (figure 4.1).
According to equation (4.2), the coupling constant at impurity 𝑖 is given by 𝜇𝑖/2. This picture
illustrates how time-periodicity enables Floquet theory to treat time as a coordinate. In this way, it
is possible to apply concepts and intuition from analogous time-independent systems. In sections
6.2 and 6.3, we will discuss how this picture helps in understanding the system’s transport properties.

To determine the time evolution of a physical system, there are two ways to proceed from here: First,
as discussed in section 3.4, 𝑄̄ can be block diagonalized by means of a unitary transformation 𝑈̂𝐹
(equation (3.16)). According to equation (3.17), the so-called effective Hamiltonian can be obtained
from 𝑈̂𝐹 . It was shown that the effective Hamiltonian is equivalent to the Floquet Hamiltonian which
governs the time evolution on long time scales. An approximation to this effective Hamiltonian is
calculated in the limit of large driving frequencies in section 5.1.1.

Secondly, according to equation (3.5), the system’s wavefunction at any time 𝑡 can be constructed
from the quasienergies 𝜀𝛼𝑛 = 𝜀𝛼 + 𝑛ℏ𝜔 and Floquet modes

��𝑢𝛼𝑛�. These can be obtained by
diagonalizing the quasienergy operator 𝑄̄ of the left-hand side of the Floquet equation (4.3). The
results of this procedure are discussed in appendix A. Here, by considering an incoming wave packet
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4.2 Particle transport

𝐽 𝐽 𝐽 𝐽 𝐽𝐽1 𝐽1 𝐽2 𝐽2

𝜇1
2

𝜇2
2

𝜇1
2

𝜇2
2

𝜇1
2

𝜇2
2

𝜇1
2

𝜇2
2

𝑛 = 2

𝑛 = 1

𝑛 = 0

𝑛 = −1

𝑛 = −2

Figure 4.1: The quasienergy operator of equation (4.3) is equivalent to a Hamiltonian describing multiple tight
binding chains labeled by a Fourier index 𝑛 with impurities at two sites at a distance 𝑙 = 5. At these impurities
the chains are coupled to each other.

impinging on the two impurities, the chain’s transport properties can be analyzed for various system and
driving parameters. This however, comes with the cost of diagonalizing the large quasienergy operator
and with a limited momentum resolution. Since we are rather interested in transport characteristics
than in the system’s time evolution, a more sophisticated approach to calculate particle transmission is
presented in the next section.

4.2 Particle transport

In the previous section, the quasienergy operator of a system with two AC driven impurities was
calculated and interpreted to describe a set of coupled tight binding chains. In this section, we will
use this interpretation to derive the system’s transport properties in a more elegant way inspired by
reference [26].

The goal of this derivation is considering an incoming wave from the left with energy 𝜀 to find a
steady state solution to the Floquet equation (4.3). Since we are interested in the solution for a specific
energy, the index 𝛼 can be dropped in the following calculations. Let us first find a general solution to
the Floquet equation before making an ansatz for the wavefunction. For this, we express the Floquet
mode with Fourier index 𝑛 in terms of single site amplitudes 𝜙 𝑗 ,𝑛,��𝑢𝑛� = �

𝑗

𝜙 𝑗 ,𝑛𝑐
†
𝑗 |0� , (4.4)

where |0� is the vacuum state denoting an empty tight binding chain. Inserting this into the Floquet
equation (4.3), one finds

𝐻0

�
𝑗

𝜙 𝑗 ,𝑛𝑐
†
𝑗 |0� + 𝐻1

�
𝑗

𝜙 𝑗 ,𝑛+1𝑐
†
𝑗 |0� + 𝐻−1

�
𝑗

𝜙 𝑗 ,𝑛−1𝑐
†
𝑗 |0� = (𝜀 + 𝑛ℏ𝜔)

�
𝑗

𝜙 𝑗 ,𝑛𝑐
†
𝑗 |0� (4.5)

with the Fourier components of the original Hamiltonian from equations (4.1) and (4.2).
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In equation (4.5), the following combinations of creation an annihilation operators appear:

(𝑐†𝑖 𝑐𝑖+1 + 𝑐†𝑖+1𝑐𝑖)𝑐†𝑗 , 𝑐†0𝑐0𝑐
†
𝑗 and 𝑐†𝑙 𝑐𝑙𝑐

†
𝑗 .

The the first term stems from the Hamiltonian 𝐻0 where the site index 𝑗 has been renamed to 𝑖.
Using either the bosonic or fermionic commutation relations and the fact that 𝑐 𝑗 |0� = 0, equa-

tion (4.5) can be simplified with the following calculations:
�
𝑗

𝜙 𝑗 ,𝑛

�
𝑐†𝑖 𝑐𝑖+1 + 𝑐†𝑖+1𝑐𝑖

�
𝑐†𝑗 |0� =

�
𝑗

𝜙 𝑗 ,𝑛

�
𝑐†𝑖 𝛿𝑖+1, 𝑗 + 𝑐†𝑖+1𝛿𝑖, 𝑗

�
|0�

=
�
𝜙𝑖+1,𝑛𝑐

†
𝑖 + 𝜙𝑖,𝑛𝑐

†
𝑖+1

�
|0� (4.6)

and �
𝑗

𝜙 𝑗 ,𝑛+1𝑐
†
𝑖 𝑐𝑖𝑐

†
𝑗 |0� =

�
𝑗

𝜙 𝑗 ,𝑛+1𝑐
†
𝑖 𝛿𝑖, 𝑗 |0�

= 𝜙𝑖,𝑛+1𝑐
†
𝑖 |0� .

Inserting these relations into equation (4.5), shifting indices and collecting all terms that act on
the same site of the tight binding chain, yields the following recurrence relations for the single site
wavefunctions:

−𝐽1

�
𝜙1,𝑛 + 𝜙−1,𝑛

�
− 𝜇1

2

�
𝜙0,𝑛+1 + 𝜙0,𝑛−1

�
= (𝜀 + 𝑛ℏ𝜔)𝜙0,𝑛 𝑗 = 0 (4.7)

−𝐽𝜙±2,𝑛 − 𝐽1𝜙0,𝑛 = (𝜀 + 𝑛ℏ𝜔)𝜙±1,𝑛 𝑗 = ±1 (4.8)

−𝐽2

�
𝜙𝑙+1,𝑛 + 𝜙𝑙−1,𝑛

�
− 𝜇2

2

�
𝜙𝑙,𝑛+1𝑒

𝑖𝜙 + 𝜙𝑙,𝑛−1𝑒
−𝑖𝜙

�
= (𝜀 + 𝑛ℏ𝜔)𝜙𝑙,𝑛 𝑗 = 𝑙 (4.9)

−𝐽𝜙𝑙±2,𝑛 − 𝐽2𝜙𝑙,𝑛 = (𝜀 + 𝑛ℏ𝜔)𝜙𝑙±1,𝑛 𝑗 = 𝑙 ± 1 (4.10)
−𝐽𝜙 𝑗+1,𝑛 − 𝐽𝜙 𝑗−1,𝑛 = (𝜀 + 𝑛ℏ𝜔)𝜙 𝑗 ,𝑛 else (4.11)

In order to solve this set of coupled recurrence relations, let us first rescale all parameters in terms
of the system’s internal energy scale 𝐽:

𝐽 �𝑖 ≡
𝐽𝑖
𝐽

𝜇�
𝑖 ≡

𝜇𝑖
𝐽

𝜀� ≡ 𝜀

𝐽
𝜔� ≡ ℏ𝜔

𝐽
. (4.12)

To determine the tight binding chain’s transport properties, we now consider an incoming plane wave
from the left exp

�
𝑖𝑘0 𝑗

�
in Floquet channel 𝑛 = 0 with amplitude 1. At the first impurity on site 𝑗 = 0,

this incoming wave is partly reflected to multiple chains with respective amplitudes 𝑟𝑛 or transmitted
with amplitudes 𝑡 �𝑛. On the second impurity, this transmitted wave is again either reflected with
amplitudes 𝑟 �𝑛 or transmitted with amplitudes 𝑡𝑛. The general ansatz (4.4) therefore becomes

��𝑢𝑛� =�
𝑗<0

�
𝛿𝑛,0𝑒

𝑖𝑘0 𝑗 + 𝑟𝑛𝑒
−𝑖𝑘𝑛 𝑗

�
𝑐†𝑗 |0� + 𝜙0,𝑛𝑐

†
0 |0� +

�
0< 𝑗<𝑙

�
𝑡 �𝑛𝑒

𝑖𝑘𝑛 𝑗 + 𝑟 �𝑛𝑒
−𝑖𝑘𝑛 𝑗

�
𝑐†𝑗 |0�

+ 𝜙𝑙,𝑛𝑐
†
𝑙 |0� +

�
𝑗>𝑙

𝑡𝑛𝑒
𝑖𝑘𝑛 𝑗𝑐†𝑗 |0� (4.13)

14



4.2 Particle transport

Before determining the single site amplitudes 𝜙 𝑗 ,𝑛, let us relate the momenta 𝑘𝑛 to the incoming
wave’s energy 𝜀. Inserting the ansatz (4.13) into the bulk recurrence relation (4.11) leads to the
dispersion relation

𝜀� + 𝑛𝜔� = −2 cos
�
𝑘𝑛
�
. (4.14)

For the central chain 𝑛 = 0, this yields the dispersion relation of a homogeneous tight binding chain
𝜀� = −2 cos

�
𝑘0
�

with |𝜀� | < 2. Since the corresponding wavefunction solution is delocalized over
the entire chain, it is referred to as an unbound channel [26]. The same holds for any chain with��𝜀� + 𝑛𝜔��� < 2.

For chains with
��𝜀� + 𝑛𝜔��� > 2 however, the dispersion relation (4.14) leads to a complex momentum

𝑘𝑛 = 𝑖𝜅𝑛 for negative energy and 𝑘𝑛 = 𝑖𝜅𝑛 + 𝜋 for positive energy. The dispersion relation then
becomes

𝜀� + 𝑛𝜔� = ∓2 arccos
�
𝑘𝑛
�

(4.15)

where the negative sign refers to negative energies.

From here on we can work our way through the recurrence relations (4.7) to (4.10). One can start
with equations (4.8) and (4.10) which contain only terms with the same Fourier index 𝑛 and therefore
describe single chains processes without coupling between chains. Inserting (4.13) into relation (4.8)
yields

𝐸𝑛 =
�
𝛿𝑛,0 + 𝑟𝑛

�
=
�
𝑡 �𝑛 + 𝑟 �𝑛

�
with 𝐸𝑛 ≡ 𝐽 �1𝜙0,𝑛. (4.16)

Similarly, equation (4.10) gives

𝐽 �2𝑒
−𝑖𝑘𝑛𝑙𝜙𝑙,𝑛 = 𝑡𝑛 = 𝑡 �𝑛 + 𝑟 �𝑛𝑒

−𝑖2𝑘𝑛𝑙

⇒ 𝑡𝑛 = 𝐸𝑛 − 2𝑖𝑟 �𝑛𝑒
−𝑖𝑘𝑛𝑙 sin

�
𝑘𝑛𝑙

�
. (4.17)

In this way, all coefficients can be expressed in terms of 𝐸𝑛 and 𝑟 �𝑛.

Now, we can turn towards the recurrence relations (4.7) and (4.9). They describe couplings between
different chains and therefore contain the system’s time dependence. Inserting these coefficients and
the ansatz (4.13) into equation (4.7) gives 𝑟 �𝑛 in terms of 𝐸𝑛:

𝑖𝑟 �𝑛 =
1

sin
�
𝑘𝑛
�


𝐸𝑛


𝑒𝑖𝑘𝑛 − 1�

𝐽 �1
�2 cos

�
𝑘𝑛
�

+ 𝜇�
1

4
1�
𝐽 �1
�2 �

𝐸𝑛+1 + 𝐸𝑛−1
� − 𝑖𝛿𝑛,0 sin

�
𝑘0
�

(4.18)

Finally, inserting relations (4.16) to (4.18) into equation (4.10) gives a recurrence relation for 𝐸𝑛:

𝛽𝑛 =
2�

𝑘=−2
𝛼 (𝑛)
𝑘 𝐸𝑛+𝑘 (4.19)
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with

𝛽0 = − 2𝑖 sin
�
𝑘0
�
sin

�
𝑘−1

�
sin

�
𝑘1
� 
− sin

�
𝑘0(𝑙 − 1)� − 𝑒𝑖𝑘0 sin

�
𝑘0𝑙

� + 2
1�
𝐽 �2
�2 cos

�
𝑘0
�
sin

�
𝑘0𝑙

�
𝛽±1

=2𝑖
𝜇�

2

2
�
𝐽 �2
�2 𝑒∓𝑖𝜙 sin

�
𝑘0
�
sin

�
𝑘±1

�
sin

�
𝑘±2

�
sin

�
𝑘0𝑙

�
𝛽𝑛 =0 else

𝛼 (𝑛)
0 =2 sin

�
𝑘𝑛+1

�
sin

�
𝑘𝑛−1

� � − 𝑒𝑖𝑘𝑛𝑙 cos
�
𝑘𝑛
�
sin

�
𝑘𝑛
� + 𝑒𝑖𝑘𝑛

�
sin

�
𝑘𝑛 (𝑙 − 1)� + 𝑒𝑖𝑘𝑛 sin

�
𝑘𝑛𝑙

� �
− 1�

𝐽 �1
�2 cos

�
𝑘𝑛
� �

sin
�
𝑘𝑛 (𝑙 − 1)� + 𝑒𝑖𝑘𝑛 sin

�
𝑘𝑛𝑙

� �

+ 1�
𝐽 �2
�2 cos

�
𝑘𝑛
� �

𝑒𝑖𝑘𝑛𝑙 sin
�
𝑘𝑛
� − 2𝑒𝑖𝑘𝑛 sin

�
𝑘𝑛𝑙

� � �

+ 4 sin
�
𝑘𝑛+1

�
sin

�
𝑘𝑛−1

� 1�
𝐽 �1
�2 1�

𝐽 �2
�2 cos2 �𝑘𝑛� sin

�
𝑘𝑛𝑙

�

+ 𝜇�
1

2
�
𝐽 �1
�2 𝜇�

2

2
�
𝐽 �2
�2 sin

�
𝑘𝑛
� �

𝑒−𝑖𝜙 sin
�
𝑘𝑛+1

�
sin

�
𝑘𝑛−1𝑙

� + 𝑒𝑖𝜙 sin
�
𝑘𝑛−1

�
sin

�
𝑘𝑛+1𝑙

� �

𝛼 (𝑛)
±1 = sin

�
𝑘𝑛∓1

� � 𝜇�
1

2
�
𝐽 �1
�2 sin

�
𝑘𝑛±1

� �
sin

�
𝑘𝑛 (𝑙 − 1)� + 𝑒𝑖𝑘𝑛 sin

�
𝑘𝑛𝑙

� �

+ 𝜇�
2

2
�
𝐽 �2
�2 𝑒±𝑖𝜙 sin

�
𝑘𝑛
� �− sin

�
𝑘𝑛±1

�
𝑒𝑖𝑘𝑛±1𝑙 + 2 sin

�
𝑘𝑛±1𝑙

�
𝑒𝑖𝑘𝑛±1

� �

− 2 sin
�
𝑘𝑛∓1

� � 𝜇�
1

2
�
𝐽 �1
�2 1�

𝐽 �2
�2 sin

�
𝑘𝑛±1

�
cos

�
𝑘𝑛
�
sin

�
𝑘𝑛𝑙

�

+ 𝜇�
2

2
�
𝐽 �2
�2 1�

𝐽 �1
�2 𝑒±𝑖𝜙 sin

�
𝑘𝑛
�
cos

�
𝑘𝑛±1

�
sin

�
𝑘𝑛±1𝑙

� �

𝛼 (𝑛)
±2 =

𝜇�
1

2
�
𝐽 �1
�2 𝜇�

2

2
�
𝐽 �2
�2 𝑒±𝑖𝜙 sin

�
𝑘𝑛
�
sin

�
𝑘𝑛∓1

�
sin

�
𝑘𝑛±1𝑙

�
(4.20)

Equation (4.19) can equally be written as

����������

. . .

𝛼 (−1)
−2 𝛼 (−1)

−1 𝛼 (−1)
0 𝛼 (−1)

1 𝛼 (−1)
2

𝛼 (0)
−2 𝛼 (0)

−1 𝛼 (0)
0 𝛼 (0)

1 𝛼 (0)
2

𝛼 (1)
−2 𝛼 (1)

−1 𝛼 (1)
0 𝛼 (1)

1 𝛼 (1)
2

. . .

��������������������������������������������������������������������������������������������������������������������������������������������������
𝐴

����������

...
𝐸−1
𝐸0
𝐸1
...

��������������������
�𝐸

=

����������

...
𝛽−1
𝛽0
𝛽1
...

��������������������
�𝛽

with the infinite-dimensional matrix 𝐴 and vectors �𝐸 and �𝛽. Note that only the coefficients 𝛽𝑖 with
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4.2 Particle transport

𝑖 ∈ {1, 0, 1} do not vanish.
The wavefunction amplitudes can now be determined by cutting 𝐴, �𝐸 and �𝛽 at some cutoff indices

±𝑛max and then inverting 𝐴 numerically. The coefficients 𝐸𝑛 are then calculated as

�𝐸 = 𝐴−1 �𝛽. (4.21)

Using equations (4.16) to (4.18), the other scattering amplitudes from the ansatz (4.13) are then
calculated one after the other to obtain the full wavefunction on all tight binding chains.

Having found a scattering solution to the Floquet equation, it remains open to determine its transport
properties. The transmission probability is defined as the ratio of transmitted and incoming current.
To calculate transmission, one can therefore consider the two site current operator defined by [26]

𝑗𝑚 ≡ −𝑖𝐽
�
𝑐†𝑚𝑐𝑚+1 − 𝑐†𝑚+1𝑐𝑚

�
. (4.22)

The total current on the left hand side of the impurities is then given by

𝐽− =
�
𝑚<0

�
𝜙−
�� 𝑗𝑚��𝜙−� = −2𝐽𝑁− sin

�
𝑘0
�

������������������������������
incoming

+ 2𝐽𝑁−
�
𝑛

��𝑟𝑛��2 sin
�
𝑘𝑛
�

��������������������������������������������������
reflected

(4.23)

where the incoming and the reflected currents have been identified. Equally, the total current and on
the right hand side of the impurity reads

𝐽+ =
�
𝑚>𝑙

�
𝜙+
�� 𝑗𝑚��𝜙+� = −2𝐽𝑁+

�
𝑛

��𝑡𝑛��2 sin
�
𝑘𝑛
�
. (4.24)

Here, the numbers of sites left and right of the impurities 𝑁− =
�
𝑗<0 1 and 𝑁+ =

�
𝑗>𝑙 1 have been

introduced which are infinite in the general model but will cancel out later. Furthermore, shorthand
notations for the extended wavefunctions at each side of the impurities have been introduced:

��𝜙−� = �
𝑗<0

�
𝑛

𝜙 𝑗 ,𝑛𝑐
+
𝑗 |0� =

�
𝑗<0

�
𝑛

�
𝑒𝑖𝑘0 𝑗 + 𝑣𝑛𝑒

−𝑖𝑘𝑛𝐽
�
𝑐+𝑗 |0�

��𝜙+� = �
𝑗>𝑙

�
𝑛

𝜙 𝑗 ,𝑛𝑐
+
𝑗 |0� =

�
𝑗>𝑙

�
𝑛

𝑡𝑛𝑒
𝑖𝑘𝑛 𝑗 𝑐+𝑗 |0�

where the sums over 𝑛 only run over unbound channels with |𝜀 + 𝑛𝜔 | < 2𝐽. As explained above in this
section, only the wavefunctions on those channels extend over the entire chain and therefore influence
its transport properties. Therefore, according to equation (4.19), only components of the matrix 𝐴 and
vectors �𝐸 and �𝛽 with indices

𝑛 ≤
�����
�
2𝐽 + |𝜀 |

𝜔

�
+ 2

�����
are required to calculate the transmission. It becomes clear that for small driving frequencies 𝜔/𝐽, the
number of unbound channels and therefore the computational cost is large. The cutoff index 𝑛max
however needs to be chosen higher for the numerical inversion of 𝐴 to yield acceptable results.
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Chapter 4 Floquet analysis of the model

Next, all currents are normalized such that the incoming current from equation (4.23) is 1 and the
transmission probability is finally computed as the ratio of transmitted and incoming current:

𝐽in =
1
𝜈

�
−2𝐽𝑁− sin

�
𝑘0
� � !

= 1 ⇒ 𝜈 = −2𝐽𝑁− sin
�
𝑘0
�

𝑇 =
1
𝜈 𝐽+
𝐽in

=
�
𝑛

��𝑡𝑛��2 sin
�
𝑘𝑛
�

sin
�
𝑘0
� . (4.25)

Here 𝑁− = 𝑁+ was used which is satisfied for an infinite chain and also holds for a finite chain when the
impurities sit in their center. We have arrived at an expression for the transmission probability stating
that the total transmission probability is obtained by the summing over transmission probabilities of
all propagating channels, weighted by the particle velocities in the respective channels.

The computation of transmission can be further simplified by imposing current conservation 𝐽+ = 𝐽−
[26]. Equating equation (4.23) with equation (4.24) and eliminating 𝑟 �𝑛 by means of equation (4.16)
gives the transmission probabiliy

𝑇 = 2 Re
�
𝐸0
� −�

𝑛

��𝐸𝑛��2 sin
�
𝑘𝑛
�

sin
�
𝑘0
� . (4.26)

Compared to equation (4.25), this expression has the advantage that only the coefficients 𝐸𝑛 need to
be computed using relation (4.21) to determine the transport probability. Due to current conservation,
the reflection probability is then simply given by 𝑅 = 1 − 𝑇 .

With this derivation, we are now able to determine transport through a tight binding chain with
two AC driven impurities. Regarding, that this is a time-dependent model with a large set of tunable
parameters it is quite impressive to have arrived at a compact expression to determine transport
properties for any set of system parameters. Before discussing the results of this general derivation in
chapter 6, we will consider the special case of large driving frequencies in the following chapter 5 in
order to gain a first insight into the system’s transport characteristics.
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CHAPTER 5

High frequency limit

In the previous sections 2 and 4, the model of a tight binding chain with two AC driven impurities
was introduced and a general method to calculate its transport properties and the wavefunction’s time
evolution using the Floquet formalism (section 3) were presented. Transmission through the two
impurities can now be determined for any given set of system and drive parameters. However, so far,
all equations yield numerical results that cannot be calculated in a closed form and are thus hard to
interpret.

In order to gain physical understanding of the system’s transport properties, in this chapter, the
high frequency limit ℏ𝜔 � 𝐽 is considered where the time scale of the external drive 𝜔−1 is much
shorter than the system’s internal time scale ℏ𝐽−1. In this regime, one expects the driving oscillations
to average out and to obtain an effective time-independent model. After deriving this effective model
in section 5.1, a continuous analogue system is constructed in section 5.2 to understand characteristic
features of transport. After relating the discrete and the continuous model to each other in section 5.2.3,
the transport features will be explained in section 5.3 by taking into account the system’s wavefunctions
and by identifying confined modes and bound states. The chapter will be closed by analyzing how the
transport properties changes in systems with asymmetric impurities in section 5.4.
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Chapter 5 High frequency limit

5.1 Discrete high frequency effective model

In this section, we will learn that a Floquet system where the energy scale of the external driving
frequency exceeds the system’s internal energy scale can be described by an effective time-independent
model. In the first subsection 5.1.1, this result will be applied to the tight binding chain with driven
impurities (section 2) which was analyzed by means of Floquet theory (sections 3 and 4). In the
following subsection 5.1.2, transmission through this high frequency effective model will be computed.

5.1.1 Derivation of the high frequency effective model

As explained in section 3.4, the unitary gauge transformation 𝑈̂𝐹 that block diagonalizes the quasienergy
operator is equivalent to the transformation that transforms the Hamiltonian 𝐻 (𝑡) to an effective, time-
independent Hamiltonian 𝐻̂𝐹 that is equivalent to the Floquet Hamiltonian introduced in section 3.3.
The goal of this section is to find this effective Hamiltonian in the limit of large driving frequencies
compared to the internal energy scale given by the hopping amplitude: 𝜔 � 𝐽. For this, first, relate
the effective Hamiltonian to the Fourier components of the Hamiltonian. Then, transform the original
Hamiltonian such that a meaningful high frequency limit can be determined.

Following reference [28], first, consider the time evolution operator of a system with 𝑇-periodically
time-dependent Hamiltonian 𝐻̂ (𝜏) with the dimensionless time 𝜏 = 𝜔𝑡:

𝑈 (𝑡) = exp

�
− 𝑖

ℏ

∫ 𝑡

0
d𝑡 � 𝐻̂

�
𝜔𝑡 �

�� ⇒ 𝑈̂ (𝜏) = exp
�
− 𝑖

ℏ𝜔

∫ 𝜏

0
d𝜏� 𝐻̂

�
𝜏�
� �

In the high frequency limit, this time evolution operator can be expanded in terms of 1/𝜔 to find

𝑈̂ (𝜏) = 1 − 𝑖

ℏ𝜔

∫ 𝜏

0
d𝜏� 𝐻̂

�
𝜏�
� + O

�
1
𝜔

�2
(5.1)

⇒ 𝑈̂ (2𝜋) = 1 − 𝑖

ℏ𝜔

∫ 2𝜋

0
d𝜏� 𝐻̂

�
𝜏�
� + O

�
1
𝜔

�2

Now, Fourier expand the Hamiltonian to find

⇒
∫ 2𝜋

0
d𝜏� 𝐻̂

�
𝜏�
�
=
∫ 2𝜋

0
d𝜏�

�
𝑛

𝐻̂𝑛𝑒
𝑖𝑛𝜏� =

�
𝑛

𝐻̂𝑛

∫ 2𝜋

0
d𝜏� 𝑒𝑖𝑛𝜏

�

��������������������������
2𝜋 𝛿𝑛

= 2𝜋𝐻̂0

⇒ 𝑈̂ (2𝜋) = 1 − 𝑖
2𝜋
ℏ𝜔

𝐻̂0 + O
�

1
𝜔

�2
(5.2)

According to the definition (3.14), the time evolution after a full period 𝜏 = 2𝜋 is governed by the
Floquet Hamiltonian:

𝑈̂ (2𝜋) = exp
�
− 𝑖

ℏ
2𝜋
𝜔

𝐻̂𝐹

�
= 1 − 𝑖

2𝜋
ℏ𝜔

𝐻̂𝐹 + O
�

1
𝜔

�2
. (5.3)

By comparing equations (5.2) and (5.3), one obtains the first order high frequency approximation to
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5.1 Discrete high frequency effective model

the Floquet Hamiltonian

𝐻̂𝐹 = 𝐻̂0 + O
�

1
𝜔

�2
. (5.4)

Higher order terms can be found in reference [29].

To first order, the Floquet Hamiltonian is therefore given by Hamiltonian’s zeroth Fourier component
which is equivalent to its average over one driving period. It is easy to see that the original
Hamiltonian (2.3) does not lead to a meaningful result here, because the time-dependent driving term
averages out and the time-independent part does not contain the driving at all. The reason for this is
the fact, that the expansion of the time evolution operator in equation (5.1) is only justified for the
original Hamiltonian if 𝜔 � 𝜇𝑖 and 𝜔 � 𝐽. Since we are interested in an approximation for arbitrary
driving amplitudes, one needs to transform the original Hamiltonian such that only the internal energy
scale 𝐽 appears as a factor.

We are therefore required to gauge transform 𝐻̂ (𝑡) in a way, analogue to the one discussed in
section 3.4. To find an appropriate gauge transformation, insert the Hamiltonian (2.3) into the equation
for the gauge transformed Hamiltonian (3.17):

𝐻̂𝐺 = 𝑈̂†
𝐺 (𝑡)

�
𝐻̂tb + 𝐻̂drive(𝑡)

�
𝑈̂𝐺 (𝑡) − iℏ𝑈̂†

𝐺 (𝑡)d𝑡𝑈̂𝐺 (𝑡)

The factors 𝜇𝑖 appearing in 𝐻̂drive(𝑡) can be canceled by choosing the gauge transformation 𝑈̂𝐺 such
that it removes the driving Hamiltonian:

0 = 𝑈̂†
𝐺 (𝑡)𝐻̂drive(𝑡)𝑈̂𝐺 (𝑡) − iℏ𝑈̂†

𝐺 (𝑡)d𝑡𝑈̂𝐺 (𝑡)
⇒ iℏd𝑡𝑈̂𝐺 (𝑡) = 𝐻̂drive(𝑡)𝑈̂𝐺 (𝑡).

One solution to this differential equation is given by the gauge transformation

𝑈̂𝐺 (𝑡) = exp ���
𝑖

ℏ

�
𝜇�

1
𝜔� sin(𝜔𝑡)𝑐†0𝑐0 +

𝜇2
𝜔

sin
�
𝜔𝑡 + 𝜙

�
𝑐†𝑙 𝑐𝑙

����
.

In this gauge, the gauge transformed Hamiltonian is given by

𝐻̂𝐺 = 𝑈̂†
𝐺 (𝑡)𝐻̂tb𝑈̂𝐺 (𝑡) (5.5)

To calculate this gauge transformed Hamiltonian, one needs to determine how the annihilation
operator 𝑐 𝑗 transforms. Following reference [28] this can be done in a few steps. For this, first,
introduce the dimensionless time 𝜏 ≡ 𝜔𝑡 and use the rescaled driving parameters of equation (4.12) to
rewrite

𝑎 ≡ 𝜇�
1

𝜔� sin(𝜏) and 𝑏 ≡ 𝜇�
2

𝜇�
1

sin
�
𝜏 + 𝜙

�
sin(𝜏)

⇒ 𝑈̂𝐺 (𝜏) = exp
�
𝑖𝑎𝑉̂

�
with 𝑉̂ = 𝑐†0𝑐0 + 𝑏𝑐†𝑙 𝑐𝑙
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Chapter 5 High frequency limit

The gauge transformed annihilation operator then reads

𝑐 𝑗 (𝑎) ≡ 𝑈̂†
𝐺 (𝜏)𝑐 𝑗𝑈̂𝐺 (𝜏)

= 𝑒−𝑖𝑎𝑉̂ 𝑐 𝑗𝑒
𝑖𝑎𝑉̂ .

This operator can be determined by differentiating it with respect to 𝑎:

𝑖d𝑎𝑐 𝑗 (𝑎) = 𝑖
�
−𝑖𝑒−𝑖𝑎𝑉̂ 𝑉̂𝑐 𝑗𝑒

𝑖𝑎𝑉̂ + 𝑖𝑒−𝑖𝑎𝑉̂ 𝑐 𝑗𝑉̂𝑒𝑖𝑎𝑉̂
�

= 𝑒𝑖𝑎𝑉̂
�
𝑉̂ , 𝑐 𝑗

�
𝑒𝑖𝑎𝑉̂

Even though the commutation relations of fermionic and bosonic creation and annihilation operators
differ, it is easy to show that in both cases�

𝑉̂ , 𝑐 𝑗

�
= −(𝛿 𝑗 ,0 + 𝑏𝛿 𝑗 ,𝑙)𝑐 𝑗 .

For fermionic operators, one might use [ 𝐴̂𝐵̂, 𝐶̂] = 𝐴{𝐵̂, 𝐶̂} − {𝐵̂, 𝐶̂}𝐵 to proof this. The resulting
differential equation

𝑖d𝑎𝑐 𝑗 (𝑎) = −(𝛿 𝑗 ,0 + 𝑏𝛿 𝑗 ,𝑙)𝑐 𝑗 (𝑎)

with the initial condition 𝑐 𝑗 (0) = 𝑐 𝑗 is solved by

𝑐 𝑗 (𝑎) =


𝑒𝑖𝑎𝑐0 𝑗 = 0
𝑒𝑖𝑎𝑏𝑐𝑙 𝑗 = 𝑙

𝑐 𝑗 else
.

Having calculated how the annihilation operator transforms under the gauge transformation 𝑈̂𝐺 (𝜏),
the gauge transformed Hamiltonian (5.5) is given by

𝐻̂𝐺 =𝑒−𝑖𝑎𝑉̂
�
−𝐽

�
𝑗≠−1,0,𝑙−1,𝑙

(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗)

− 𝐽1

�
𝑗=−1,0

(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗) − 𝐽2

�
𝑗=𝑙−1,𝑙

(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗)
�
𝑒−𝑖𝑎𝑉̂

= − 𝐽
�

𝑗≠−1,0,𝑙−1,𝑙
(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗)

− 𝐽1

�
𝑒𝑖𝑎𝑐†−1𝑐0 + 𝑒−𝑖𝑎𝑐†0𝑐−1 + 𝑒−𝑖𝑎𝑐†0𝑐1 + 𝑒𝑖𝑎𝑐†1𝑐0

�
− 𝐽2

�
𝑒𝑖𝑎𝑏𝑐†𝑙−1𝑐𝑙 + 𝑒−𝑖𝑎𝑏𝑐†𝑙 𝑐𝑙−1 + 𝑒−𝑖𝑎𝑏 + 𝑐†𝑙 𝑐𝑙+1 + 𝑒𝑖𝑎𝑏𝑐†𝑙+1𝑐𝑙

�
= −

�
𝑗

𝐽 𝑗

�
𝑔 𝑗 (𝜏)𝑐†𝑗𝑐 𝑗+1 + 𝑔∗𝑗 (𝜏)𝑐†𝑗+1𝑐 𝑗

�
(5.6)
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5.1 Discrete high frequency effective model

where the site-dependent hopping amplitudes 𝐽 𝑗 and the prefactors 𝑔 𝑗 (𝜏) are defined as

𝐽 𝑗 =



𝐽1 𝑗 ∈ {−1, 0}
𝐽2 𝑗 = {𝑙 − 1, 𝑙}
𝐽 else

and 𝑔 𝑗 =




𝑒
𝑖
𝜇�1
𝜔� sin(𝜏)

𝑗 = −1

𝑒
−𝑖 𝜇

�
1

𝜔� sin(𝜏)
𝑗 = 0

𝑒
𝑖
𝜇�2
𝜔� sin(𝜏+𝜙) 𝑗 = 𝑙 − 1

𝑒
−𝑖 𝜇

�
2

𝜔� sin(𝜏+𝜙) 𝑗 = 𝑙

1 else

.

The prefactors 𝑔 𝑗 (𝜏) can be rewritten by means of the Jacobi Anger expansion [30]

𝑒𝑖𝑧 sin 𝜃 =
∞�

𝑛=−∞
J𝑛 (𝑧)𝑒𝑖𝑛𝜃

with 𝑧, 𝜃 ∈ C and J𝑛 being the 𝑛-th Bessel function of the first kind. Fourier expanding 𝑔 𝑗 (𝜏) and
using the Bessel function’s property J𝑛 (−𝑧) = (−1)𝑛J𝑛 (−𝑧), one finds

𝑔𝑖 (𝜏) =
�
𝑛

𝑔 𝑗𝑛𝑒
𝑖𝑛𝜏 with 𝑔 𝑗𝑛 =




J𝑛
�
𝜇�1
𝜔�

�
𝑗 = −1

(−1)𝑛J𝑛
�
𝜇�1
𝜔�

�
𝑗 = 0�

𝑒𝑖𝜙
�𝑛

J𝑛
�
𝜇�2
𝜔�

�
𝑗 = 𝑙 − 1

(−1)𝑛
�
𝑒𝑖𝜙

�𝑛
J𝑛

�
𝜇�2
𝜔�

�
𝑗 = 𝑙

𝛿𝑛,0 else

.

With this, the gauge transformed Hamiltonian (5.6) can be expressed in terms of Fourier modes:

𝐻̂𝐺 =
�
𝑛

𝐻̂𝐺𝑛 𝑒𝑖𝑛𝜏 with 𝐻̂𝐺𝑛 = −
�
𝑗

𝐽 𝑗

�
𝑔 𝑗𝑛𝑐

†
𝑗𝑐 𝑗+1 + 𝑔∗𝑗 ,−𝑛𝑐

†
𝑗+1𝑐 𝑗

�
.

It is apparent that as argued above, the gauge transformation 𝑈̂𝐺 merged the time-independent and the
driven part of the original Hamiltonian (2.3) into a single term that contains all internal and external
energy scales. Before deriving the high frequency Floquet Hamiltonian from this gauge transformed
Hamiltonian, let us discuss its physical meaning.

In section 4.1, it was argued that the quasienergy operator constructed from 𝐻̂(t) describes multiple
tight binding chains that are each coupled to two other chains at the impurity sites 𝑗 ∈ {0, 𝑙}. Using
equation (3.13), the gauge transformed Hamiltonian leads to a quasienergy operator that appears way
more complex: Here, at the impurity sites, each tight binding chain with Fourier index 𝑛� couples to
each other chain of Fourier index 𝑛�� with an amplitude 𝑔 𝑗 ,𝑛�−�� ∼ J𝑛�−𝑛�� (𝜇𝑖/𝜔). However, the situation
simplifies drastically when deriving the high frequency approximation to the Floquet Hamiltonian

𝐻̂eff ≡ lim
𝜔→∞ 𝐻̂𝐹
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Chapter 5 High frequency limit

from 𝐻̂𝐺 . According to equation (5.4), 𝐻̂eff is given by the zeroth Fourier component of 𝐻̂𝐺

𝐻̂eff = −𝐽
�

𝑗≠−1,0,𝑙−1,𝑙
(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗) − 𝐽1,eff

�
𝑗=−1,0

(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗) − 𝐽2,eff

�
𝑗=𝑙−1,𝑙

(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗)

(5.7)

with effective hopping amplitudes to the impurities

𝐽𝑖,eff = 𝐽𝑖J0(𝜆𝑖) with 𝜆𝑖 =
𝜇�
𝑖

𝜔� =
𝜇𝑖
𝜔
, 𝑖 ∈ {1, 2}. (5.8)

Here, J0(𝑥) is the zeroth Bessel function of the first kind which is plotted in figure 5.1. It is impressive
to see, that in the high frequency limit, the time-dependent Hamiltonian (2.3) breaks down to a
time-independent effective one that describes a single homogeneous tight binding chain with modified
hopping amplitudes to the two impurities 𝐽𝑖,eff (figure 5.2). To describe this effective model, we will
use the shorthand notation 𝑀HFD. Here, the index HFD stands for ’high frequency discrete’ model, do
distinguish it from an analogue continuous model that will be derived in section 5.2. In the following
section a method to compute transport through this high frequency model is presented.

Figure 5.1: Zeroth Bessel function of the first kind which in the high frequency limit modulates the original
hopping amplitudes to the impurities (equation (5.8))

𝐽 𝐽 𝐽 𝐽 𝐽𝐽1,eff 𝐽1,eff 𝐽2,eff 𝐽2,eff

Figure 5.2: In the high frequency limit, the time-dependent tight binding chain described in section 2 behaves
like a time-independent tight binding chain with modified hopping amplitudes to the two impurities. This is
illustrated for a distance of 𝑙 = 5 sites in between the two impurities.

5.1.2 Particle transport in the high frequency effective model

In the previous section 5.1.1, we found that the tight binding chain with two driven impurities can, for
high driving frequencies, be described as a tight binding chain with effective hopping amplitudes to the
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5.1 Discrete high frequency effective model

impurities but without any time-dependence. In this section, the transport properties of this effective
model 𝑀HFD, described by the Hamiltonian (5.7), are computed in a way that is partly analogue to the
calculation of transport in the driven chain (section 4.2).

When computing transport of the driven tight binding chain in section 4.2, we started from the
Floquet equation which is an eigenvalue equation for time-periodic systems. The Hamiltonian (5.7)
whose transport properties we want to determine now, does not feature any time dependence. Therefore,
to find the system’s wavefunction

��𝜙�, we simply start from the time independent Schrödinger equation

𝐻̂eff
��𝜙� = 𝜖

��𝜙� (5.9)

and insert a general ansatz by writing the wavefunction in terms of single site amplitudes 𝜙 𝑗��𝜙� = �
𝑗

𝜙 𝑗𝑐
†
𝑗 |0�

where, as in 4.2, |0� is the vacuum state of an empty tight binding chain.
The only combination of creation and annihilation operators appearing in the Schrödinger equa-

tion (5.9) is (𝑐†𝑘𝑐𝑘+1 + 𝑐†𝑘+1𝑐𝑘)𝑐†𝑗 which can be simplified as in equation (4.6). Collecting terms in
equation (5.9) that act on the same site, yields the following recurrence relations for the single site
wavefunction amplitudes:

−𝐽1,eff
�
𝜙1 + 𝜙−1

�
= 𝜖𝜙0 (5.10)

−𝐽𝜙±2 − 𝐽1𝜙0 = 𝜖𝜙±1 (5.11)
−𝐽2,eff

�
𝜙𝑙+1 + 𝜙𝑙−1

�
= 𝜖𝜙𝑙 (5.12)

−𝐽𝜙𝑙±2 − 𝐽2𝜙𝑙 = 𝜖𝜙𝑙±1 (5.13)

−𝐽
�
𝜙 𝑗+1 + 𝜙 𝑗−1

�
= 𝜖𝜙 𝑗 for 𝑗 ∉ {−1, 0, 1, 𝑙 − 1, 𝑙, 𝑙 + 1} (5.14)

To find a solution to the Schrödinger equation which allows to determine the system’s transport
characteristics, one can make an analogue ansatz to equation (4.13) with an incoming wave from the
left that is either reflected or transmitted at each impurity:
��𝜙� = �

𝑗<0

�
𝑒𝑖𝑘 𝑗 + 𝑟𝑒−𝑖𝑘 𝑗

�
𝑐†𝑗 |0� + 𝜙0𝑐

†
0 |0� +

�
0< 𝑗<𝑙

�
𝑡 �𝑒𝑖𝑘 𝑗 + 𝑟 �𝑒−𝑖𝑘 𝑗

�
𝑐†𝑗 |0� + 𝜙𝑙𝑐

†
𝑙 |0� +

�
𝑗>𝑙

𝑡𝑒𝑖𝑘 𝑗𝑐†𝑗 |0�

(5.15)

The only difference to the ansatz (4.13) to the time-dependent Floquet system lies in the fact that this
system consists of multiple tight binding chains labeled by the Fourier index 𝑛. In contrast the high
frequency effective Hamiltonian describes a single chain which simplifies the following calculations.

Before determining the scattering amplitudes of ansatz (5.15), note that inserting plane wave
solutions 𝑒𝑖𝑘 𝑗 to the bulk recurrence relation (5.14) yields the dispersion relation of a homogeneous
tight binding chain

𝜖 � ≡ 𝜖

𝐽
= −2 cos(𝑘). (5.16)

with the dimensionless energy 𝜖 �. From here on, analogously to equation (4.12), we use the rescaled
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Chapter 5 High frequency limit

effective hopping amplitudes

𝐽 �𝑖,eff ≡ 𝐽𝑖,eff/𝐽 . (5.17)

The scattering amplitudes are now computed by stepwise inserting the ansatz (5.15) into the
recurrence relations . First, relation (5.11) gives

𝐸 = (1 + 𝑟) = �
𝑡 � + 𝑟 �

�
with 𝐸 ≡ 𝐽 �1,eff𝜙0. (5.18)

Similarly, relation (5.13) yields

𝐽 �2,eff𝑒
−𝑖𝑘𝑙𝜙𝑙 = 𝑡 = 𝑡 � + 𝑟 �𝑒−𝑖2𝑘𝑙 (5.19)

⇒ 𝑡 = 𝐸 − 2𝑖𝑟 �𝑒−𝑖𝑘𝑙 sin (𝑘𝑙) . (5.20)

Note that the recurrence relations (4.8) and (4.10) that were derived for the Floquet system, describe
single chain processes without coupling between chains and therefore yield equivalent results
(4.16) and (4.17) as for the time-independent system. In contrast, equations (5.10) to (5.12) differ
from equations (4.7) and (4.9) which do contain coupling terms.

Inserting the ansatz (5.15) into recurrence relation (5.10) yields

𝑖𝑟 � =
1

sin(𝑘)


𝑒𝑖𝑘 − 1�

𝐽 �1,eff

�2 cos(𝑘)

𝐸 − 𝑖 (5.21)

Combining the expressions (5.18) to (5.21) connecting the wavefunction amplitudes with relation (5.12)
gives an equation for the coefficient 𝐸 which is proportional to the wavefunction at site 0 (see
equation (5.18)):

𝐸 = 𝑖

�
sin

�
𝑘 (𝑙 − 1)� +


𝑒𝑖𝑘 − 2

1�
𝐽 �2,eff

�2 cos(𝑘)


sin(𝑘𝑙)
�

·
�
− 𝑒𝑖𝑘𝑙 cos(𝑘)


1 − 1�

𝐽 �2,eff

�2


+ 1

sin(𝑘)


𝑒𝑖𝑘 − 1�

𝐽 �1,eff

�2 cos(𝑘)



sin

�
𝑘 (𝑙 − 1)� + �����

𝑒𝑖𝑘 − 2
1�

𝐽 �2,eff

�2 cos(𝑘)
�����

sin(𝑘𝑙)


�−1

(5.22)

Having found a closed expression for 𝐸 , all wavefunction amplitudes can be computed from equations
(5.18) to (5.21). For any incoming momentum 𝑘 , we thus find one solution to the Schrödinger equation,
that is a solution that solves the recurrence relations (5.10) to (5.14). We can therefore deduce that
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5.1 Discrete high frequency effective model

we have found all possible solutions for the given situation and can proceed by determining the
transmission probability as a function of the incoming momentum

𝑇 = |𝑡 |2 =8(𝐽 �1,eff)4(𝐽 �2,eff)4 sin4(𝑘)

·
� �

6 − 12
�
(𝐽 �1,eff)2 + (𝐽 �2,eff)2

�
+ 7

�
(𝐽 �1,eff)4 + (𝐽 �2,eff)4

�
+ 24(𝐽 �1,eff)2(𝐽 �2,eff)2

− 14
�
(𝐽 �1,eff)4(𝐽 �2,eff)2 + (𝐽 �2,eff)4(𝐽 �1,eff)2

�
+ 11(𝐽 �1,eff)4(𝐽 �2,eff)4�

+ 4 cos(2𝑘) �2 − 4
�
(𝐽 �1,eff)2 + (𝐽 �2,eff)2

�
+ 2

�
(𝐽 �1,eff)4 + (𝐽 �2,eff)4

�
+ 8(𝐽 �1,eff)2(𝐽 �2,eff)2

− 4
�
(𝐽 �1,eff)4(𝐽 �2,eff)2 + (𝐽 �2,eff)4(𝐽 �1,eff)2

�
+ (𝐽 �1,eff)4(𝐽 �2,eff)4�

+ cos(4𝑘) �2 − 4
�
(𝐽 �1,eff)2 + (𝐽 �2,eff)2

�
+
�
(𝐽 �1,eff)4 + (𝐽 �2,eff)4

�
+ 8(𝐽 �1,eff)2(𝐽 �2,eff)2

− 2
�
(𝐽 �1,eff)4(𝐽 �2,eff)2 + (𝐽 �2,eff)4(𝐽 �1,eff)2

�
+ (𝐽 �1,eff)4(𝐽 �2,eff)4�

− cos
�
2𝑘 (𝑙 − 2)� �1 − 3

�
(𝐽 �1,eff)2 + (𝐽 �2,eff)2

�
+ 2

�
(𝐽 �1,eff)4 + (𝐽 �2,eff)4

�
+ 9(𝐽 �1,eff)2(𝐽 �2,eff)2

− 6
�
(𝐽 �1,eff)4(𝐽 �2,eff)2 + (𝐽 �2,eff)4(𝐽 �1,eff)2

�
+ 4(𝐽 �1,eff)4(𝐽 �2,eff)4�

− cos
�
2𝑘 (𝑙 − 1)� �4 − 10

�
(𝐽 �1,eff)2 + (𝐽 �2,eff)2

�
+ 6

�
(𝐽 �1,eff)4 + (𝐽 �2,eff)4

�
+ 24(𝐽 �1,eff)2(𝐽 �2,eff)2

− 14
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�
+ 4(𝐽 �1,eff)4(𝐽 �2,eff)4�

− cos
�
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�
(𝐽 �1,eff)2 + (𝐽 �2,eff)2

�
+ 2

�
(𝐽 �1,eff)4 + (𝐽 �2,eff)4

�
+ 8(𝐽 �1,eff)2(𝐽 �2,eff)2

− 2
�
(𝐽 �1,eff)4(𝐽 �2,eff)2 + (𝐽 �2,eff)4(𝐽 �1,eff)2

� �
− cos

�
2𝑘 (𝑙 + 2)� �1 − (𝐽 �1,eff)2 − (𝐽 �2,eff)2 + (𝐽 �1,eff)2(𝐽 �2,eff)2� �−1

. (5.23)

A different way to write the same expression is given in appendix B.1 (equation (B.1)). The following
sections aim to analyze this long expression by first considering different limiting cases for the hopping
amplitudes and then relating the underlying effective model 𝑀HFD to an analogue continuous model.
Before turning to this analysis let us briefly discuss the effect of the hopping amplitudes’ sign.

According to section 5.1.1 and as explicitly stated by equation (5.8), in 𝑀HFD, the hopping amplitudes
are modified by the zeroth Bessel function J0(𝑥). Since this function is negative for some values of 𝑥,
the effective hopping can be negative as well. Equation (5.23), however, states that the transmission
through the two impurities does not depend on the sign of 𝐽 �𝑖,eff since they only appear in powers of 2
and 4. The reason for this is that, according to the dispersion relation (5.16), the absolute value of the
particle’s energy is symmetric with respect to the sign of the hopping amplitude. In fact the mapping
𝐽 ↦→ −𝐽 is equivalent to mirroring the momentum around 𝜋/2 : 𝑘 = 𝜋/2 + 𝑘 � ↦→ 𝜋/2 − 𝑘 � where the
transmission probability is equally symmetric, as will be discussed in section 5.3.1.

The physical reason behind these symmetries is the effective Hamiltonian’s particle hole symmetry:
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Chapter 5 High frequency limit

For non-interacting Hamiltonians like the effective Hamiltonian (5.7), application of particle hole
conjugation (charge conjugation) Ĉ simply leads to a negative sign: Ĉ𝐻̂eff Ĉ−1 = −𝐻̂eff [31]. Therefore,
changing the sign of the hopping amplitude is equivalent to considering the transport properties of a
hole instead of a particle, which in the case of single particle transport does not alter any equation.

In order to gain insight into transport properties of 𝑀HFD, an illustrative way to understand the long
expression for the transmission probability (5.23) is required. For this, in the following section 5.2,
a system with continuous instead of a discrete position parameter is derived. We will learn that
scattering and transport in this analogue model are described by more concise expressions which
reproduce the low momentum limit of the discrete model.
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5.2 High frequency analogue continuous model

5.2 High frequency analogue continuous model

In the previous section 5.1, the high frequency effective model to the tight binding chain with two
AC driven impurities 𝑀HFD was derived and transport in this model was computed. In order to later
understand this effective model’s transport characteristics, in this section an analogous one-dimensional
system 𝑀HFC with a continuous position parameter is constructed and, as for 𝑀HFD, transport is
calculated.

The effective discrete Hamiltonian (5.7) features no potential but the effective hopping amplitudes
around sites 0 and 𝑙 have a kinetic effect by leading to a change in momentum of an incident particle.
To find a continuous model 𝑀HFC with similar characteristics, we need to introduce the lattice spacing
𝑎 into 𝑀HFD and then relate the tight binding dispersion relation in the limit of small 𝑎 to the dispersion
relation in a continuous system. For this, rewrite the dimensionless momentum which was used up to
here, as the product of a dimensioned momentum 𝑘dim and the lattice spacing

𝑘 = 𝑘dim𝑎. (5.24)

Next, define a shifted energy 𝜖shifted such that propagating particles with real momentum have positive
energy [26]:

𝜖shifted = 𝜖 + 2𝐽 ((5.16))
= 2𝐽 (1 − cos

�
𝑘dim𝑎

�). (5.25)

Expanding the dispersion relation in the limit of small lattice spacing and equating with the continuum
kinetic energy yields a relation between the hopping amplitude of a tight binding chain and an effective
mass of a continuous system:

𝜖shifted → 𝐽𝑎2𝑘2
dim

!
=
ℏ2𝑘2

dim
2𝑚(𝑥) ⇒ 𝐽𝑎2 =

ℏ2

2𝑚(𝑥) . (5.26)

Note that for ℏ2

2𝑚(𝑥) to stay finite, the continuum limit corresponds to simultaneously taking the limits
𝑎 → 0 and 𝐽 → ∞.

When working with dimensionless momentum 𝑘 in units of the inverse lattice spacing as before,
according to equation (5.24), the continuum limit corresponds to 𝑘 → 0. We therefore expect an
analogue continuous model 𝑀HFC to reproduce the low momentum results of the discrete model
𝑀HFD.

Furthermore, equation (5.26) gives a prescription on rescaling physical quantities in an analogue
continuous system: As all energetic quantities in the discrete system were rescaled by 𝐽−1 (equations
(4.12) and (5.17)), the analogue quantities in 𝑀HFC can be written in terms of ℏ2

2𝑚 to be comparable to
the discrete system.

The impurities of 𝑀HFD with Hamiltonian (5.7) are described by a local change in the hopping
amplitude 𝐽. Equation (5.26) determines how such a change in the hopping amplitude can be
represented in the continuous system in terms of an effective position-dependent mass 𝑚(𝑥). One
finds the following relation between 𝑀HFD and 𝑀HFC:

𝐽 �𝑖,eff ≈ 0 ↔ 𝑚(𝑥𝑖) → ∞ and 𝐽 �𝑖,eff ≈ 1 ↔ 𝑚(𝑥𝑖) ≈ 𝑚0 (5.27)

with the bulk effective mass 𝑚0 and the impurity positions 𝑥1 = 0 and 𝑥2 = 𝑙.
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In the following section 5.2.1, such a continuous system is constructed which possesses two
impurities that are characterized by local changes in the effective mass. We will find that such a system
can be related to a system with two Dirac delta peaks by translating the position-dependent mass to an
effective potential.

5.2.1 Effective position-dependent mass

As argued above, the continuous representation of the position-dependent hopping amplitude of 𝑀HFD
is given by an effective position-dependent mass function 𝑚(𝑥). However, the standard procedure
to calculate transport in one-dimensional continuous systems can deal with potentials but not with
position-dependent mass. Luckily, it is possible to translate a position-dependent mass to a system
with a new position parameter 𝑦, a potential 𝑉̃ (𝑦) and a constant mass by means of a so-called
point-canonical transformation [32]. One starts from the Schrödinger equation for a particle with
constant mass 𝑚: �

d2

d𝑦2 − [𝑉̃ �(𝑦) − 𝐸 �]
�
𝜓(𝑦) = 0 (5.28)

where according to the prescription induced by equation (5.26) the dimensionless potential and
eigenenergy were introduced as

𝑉̃ �(𝑦) = 2𝑚
ℏ2 𝑉̃ (𝑦) and 𝐸 � =

2𝑚
ℏ2 𝐸 .

Inserting the point-canonical transformation

𝑦 = 𝑞(𝑥), 𝜓(𝑦) = 𝑔(𝑥)Φ(𝑥)

into the Schrödinger equation (5.28) yields [32]




𝑑2

𝑑𝑥2 +
�
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𝑔�

𝑔
− 𝑞��
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�
𝑑

𝑑𝑥
+
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𝑔��

𝑔
− 𝑞��
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𝑔�

𝑔

�
− �

𝑞�
�2 [𝑉̃ �(𝑞(𝑥)) − 𝐸 �]


Φ(𝑥) = 0. (5.29)

In turn, the Schrödinger equation with position-dependent mass 𝑚(𝑥) is given by [32]�
d2

d𝑥2 − 𝑀 �

𝑀

d
d𝑥

− 𝑀 [𝑉 �(𝑥) − 𝐸 �]
�
Φ(𝑥) = 0.

where potential and mass were rescaled according to

𝑉 �(𝑥) = 2𝑚0

ℏ2 𝑉 (𝑥) and 𝑀 (𝑥) = 𝑚(𝑥)
𝑚0

. (5.30)

One finds that this position-dependent mass Schrödinger equation can be related to the point-canonically
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5.2 High frequency analogue continuous model

transformed Schrödinger equation (5.29) by demanding

𝑞(𝑥) =
∫ 𝑥

−∞

�
𝑀 (𝑥 �)d𝑥 � (5.31)

𝑉 �(𝑥) = 𝑉̃ �(𝑞(𝑥)) + 1
4𝑀


𝑀 ��

𝑀
− 7

4

�
𝑀 �

𝑀

�2
. (5.32)

To be able to transform the position-dependent mass 𝑀 (𝑥) into a potential 𝑉 �(𝑥) ≠ 0, according
to equations (5.31) and (5.32),

�
𝑀 (𝑥) needs to be integrable and the first derivative of the mass

function should not vanish: 𝑀 �(𝑥) ≠ 0. Additionally, the requirements (5.27) need to be met for
the position-dependent mass to resemble the tight binding chain with two impurities. One could
be tempted to describe the impurities in 𝑀 (𝑥) by means of the Dirac delta distribution with terms
const1 · 𝛿(𝑥) and const2 · 𝛿(𝑥− 𝑙). Considering that the derivative of the delta distribution is determined
by [33]

𝑓 (𝑥) · 𝛿�(𝑥) = − 𝑓 �(𝑥) · 𝛿(𝑥) (5.33)

such terms would produce 𝑀 �(𝑥) = 0 and would therefore not lead to a non-vanishing potential 𝑉 (𝑥)
(see equation (5.32)).

Another possibility to construct a one-dimensional system with a (rescaled) position-dependent
mass 𝑀 (𝑥) that only differs from 1 around 𝑥 ∈ {0, 𝑙} is the function

𝑀 (𝑥) = 1 − 𝜈1 exp
�
− |𝑥 |

𝜎

�
− 𝜈2 exp

�
− |𝑥 − 𝑙 |

𝜎

�
. (5.34)

Here, the strength of the impurities is described by parameters 𝜈𝑖 . 𝜈𝑖 = 0 corresponds to no impurity,
whereas 𝜈𝑖 > 0 describes a decrease in kinetic energy analogously to 𝐽 � < 1 in the discrete case and
𝜈𝑖 < 0 increases the kinetic energy like 𝐽 � > 1. The parameter 𝜎 describes the peak width, so the
smaller 𝜎, the more localized are the impurities. In figure 5.3, 𝑀 (𝑥) is plotted for different values of
𝜈1 = 𝜈2 = 𝜈.

Figure 5.3: Position-dependent mass of equation (5.34) for different values of 𝜈 with 𝑙 = 5, 𝜎 = 0.1 .
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Chapter 5 High frequency limit

Let us apply the point canonical transformation introduced above, that is equations (5.31) and (5.32),
to the analogue continuous system described by the position-dependent mass (5.34). Unfortunately,
there is no way to analytically solve the integral in equation (5.31) to perform the coordinate
transformation 𝑦 = 𝑞(𝑥). However, by construction one finds 𝑀 (𝑥) ≈ 1 except for small regions
around the impurities. Especially when 𝜎 is chosen to be small, it is thus legitimate to neglect the
coordinate shift introduced by equation (5.31) and replace 𝑦 ↦→ 𝑥.

Furthermore, in our system 𝑉 �(𝑥) = 0 since there is no potential in the Hamiltonian (5.7) of 𝑀HFD.
By inserting this and equation (5.34) into equation (5.32), one thus obtains the effective potential

𝑉̃ �(𝑥) = 1
4𝑀2(𝑥)

1
𝜎2

�
7
4

1
𝑀 (𝑥)

�
sign(𝑥)𝜈1 exp

�
− |𝑥 |

𝜎

�
+ sign(𝑥 − 𝑙)𝜈2 exp

�
− |𝑥 − 𝑙 |

𝜎

� �2
+ �

𝜈1 exp
�
− |𝑥 |

𝜎

�
+ 𝜈2 exp

�
− |𝑥 − 𝑙 |

𝜎

� ��
. (5.35)

Unfortunately, there is no analytical way to calculate transport through this potential. One could
therefore either proceed by determining the transmission probability numerically, e. g. using the
method described in reference [34]. Such a numerical calculation is performed in appendix B.2. It is
however hard to gain a deeper physical understanding from these results. Instead, one can proceed
by regarding the shape of the effective potential (5.35) plotted in figure 5.4 for the values of 𝜈 from
figure 5.3.

Figure 5.4: Effective potential obtained from the position-dependent mass (5.34) with the values of 𝜈 from
figure 5.3 using equation (5.32). Parameters: 𝑙 = 5, 𝜎 = 0.1.

From figure 5.3, it is apparent that, at least for 𝜈 � −0.1 and in the limit 𝜎 → 0, each peak of the
effective potential approaches a Dirac delta function. In this limit, the potential seems to be described
by a double delta potential of the form

𝑉 �
double delta pot.(𝑥) = 𝑉 �

1𝛿(𝑥) +𝑉 �
2𝛿(𝑥 − 𝑙). (5.36)

with 𝑉 �
𝑖 ≶ 0 for 𝜈𝑖 ≶ 0. Note that the according physical potential 𝑉double delta pot.(𝑥) has dimension

energy, whereas the 𝑉𝑖 have dimension energy × length. Nevertheless, since we are working with
dimensionless momentum 𝑘 and thus dimensionless length, both parameters are rescaled according to
the same equation (5.30). In order to obtain dimensional quantities to compare to 𝑀HFD, one is therefore
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5.2 High frequency analogue continuous model

required to multiply with the according powers of the discrete lattice spacing 𝑎 (equation (5.24)).
In order to find a relation between 𝑉̃ �(𝑥) and the double delta potential, it is instructive to split

𝑉̃ �(𝑥) into the two peaks and determine the integral over one of the peaks:

𝑉̃ �(𝑥) ≈ 𝑉̃
�𝜈1
peak(𝑥) + 𝑉̃

�𝜈2
peak(𝑥 − 𝑙)

with 𝑉̃ �𝜈
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�
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⇒
∫ ∞

−∞
d𝑥𝑉̃ �𝜈

peak(𝑥) =
(8 − 𝜈)𝜈

16(1 − 𝜈)2𝜎
if 0 ≤ 𝜈 ≤ 1. (5.37)

This can be related to the double delta potential (5.36), by considering

𝑉 �
double delta pot.(𝑥) = 𝑉 �

1𝛿(𝑥) +𝑉 �
2𝛿(𝑥 − 𝑙) and

∫ ∞

−∞
d𝑥𝑉 �

𝑖 𝛿(𝑥) = 𝑉 �
𝑖

Therefore, for 0 ≤ 𝜈 ≤ 1, the effective potential of equation (5.35) that results from the position-
dependent mass (5.34) can be related to the double delta potential by setting

𝑉 �
𝑖 =

(8 − 𝜈𝑖)𝜈𝑖
16(1 − 𝜈𝑖)2𝜎

⇔ 𝜈𝑖 =
4(1 + 4𝜎𝑉 �

𝑖 −
�

1 + 7𝜎𝑉 �
𝑖 )

1 + 16𝜎𝑉 �
𝑖

. (5.38)

We have thus found that for 0 ≤ 𝜈𝑖 ≤ 1 and for narrow impurities 𝜎 → 0, the continuous
position-dependent mass system (5.34) that we constructed to understand 𝑀HFD, behaves like a system
with two delta peak potentials. And whilst transmission through the effective potential 𝑉̃ �(𝑥) can
only be calculated numerically, transport through one or multiple Dirac delta peaks can be computed
analytically. Therefore, we arrived at a simple description of scattering off two impurities in a
one-dimensional system where we can hope to understand features that we observe similarly in𝑀HFD.

We will proceed by deriving the scattering wavefunction in the system with two Dirac delta peaks
in the following section 5.2.2. In appendix B.2, the resulting transmission will be compared to the
numerically determined transmission through the effective potential (5.35) using relation (5.38). Here,
also the case of 𝜈 > 1 is regarded, where the relations (5.37) and (5.38) do not hold.

5.2.2 Double delta potential

In the previous section 5.2.1, a continuous model was found, that relates a tight binding chain with two
impurities to a system with position-dependent mass and then to an effective potential. For impurities
with small spacial extent this effective potential approaches a double Dirac delta potential. From now
we will refer to this model as 𝑀HFC. To gain understanding of the previous models, it is instructive to
analyze transport through the double delta potential of equation (5.36):

𝑉 �
double delta pot.(𝑥) = 𝑉 �

1𝛿(𝑥) +𝑉 �
2𝛿(𝑥 − 𝑙).

Transport through such a system has been studied extensively by means of different methods of
scattering analysis [35–38]. In this section, we reproduce the findings of these papers using the standard
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Chapter 5 High frequency limit

approach of solving the Schrödinger equation analogously to the discrete computation performed for
the 𝑀HFD in section 5.1.2. We again start with an incoming plane wave from the left that has different
scattering amplitudes on the left, in between and on the right of the two potential peaks:

𝜓(𝑥) =


𝑒𝑖𝑘𝑥 + 𝑟𝑒−𝑖𝑘𝑥 𝑥 ≤ 0
𝑡 �𝑒𝑖𝑘𝑥 + 𝑟 �𝑒−𝑖𝑘𝑥 0 < 𝑥 ≤ 𝑙

𝑡𝑒𝑖𝑘𝑥 𝑙 < 𝑥

. (5.39)

By demanding continuity of the wavefunction and integrating over the Schrödinger equation to
calculate the discontinuities in the first derivative of the wavefunction, a system of four equations is
obtained. The solution is given by:
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with the denominator
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From this, the transmission is calculated to
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. (5.41)

In appendix B.2, this analytical transport probability through the double delta potential is compared to
the numerical transport probability for the position-dependent mass system derived in section 5.2.1.
The results in this appendix illustrate that, indeed, the same transmission spectrum is retrieved.

In contrast to the effective potential (5.35) determined in section 5.2.1, we are thus able to
determine transport through the double delta potential analytically which permits to well analyze the
characteristics of transport. This is especially important since the expression for transport through
the double delta potential is way more concise than the expression (5.23) which we found for 𝑀HFD
in section 5.1.2. After quantitatively relating 𝑀HFD to 𝑀HFC in the next subsection 5.2.3, we will
therefore use the continuous transmission probability (5.41) to explain features of transport in 𝑀HFD
in the next section 5.3.
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5.2 High frequency analogue continuous model

5.2.3 Relation between discrete and continuous model

After having determined the transmission probability through a set of two Dirac delta potential peaks
it is time to relate this continuous model 𝑀HFC to the high frequency discrete one that it is supposed
to resemble. This relation will then be used in the following section 5.3 to thoroughly compare their
transport characteristics.

As argued in section 5.2.2, 𝑀HFC can be seen as the low momentum limit of 𝑀HFD. For this reason,
it is sensible to relate the two models to each other at small momenta. Therefore, we consider the low
momentum Taylor expansion of the transmission probability in 𝑀HFD (5.23) and in 𝑀HFC given by
equation (5.41):

discrete model: 𝑇𝑘→0 =
(𝐽 �1,eff)4(𝐽 �2,eff)4𝑘2

�
2𝑙 − (2𝑙 − 1)

�
(𝐽 �1,eff)2 + (𝐽 �2,eff)2

�
+ 2(𝑙 − 1) (𝐽 �1,eff)2(𝐽 �2,eff)2

�2 + O(𝑘)4

and continuous model: 𝑇𝑘→0 =
4𝑘2

(𝑙𝑉 �
1𝑉

�
2 +𝑉 �

1 +𝑉 �
2)2 + O(𝑘)4.

By equating these two expressions, one finds that for low momenta, 𝑀HFD and 𝑀HFC can be translated
to each other by relating the impurity strengths as

𝑉 �
𝑖 = −2 ���

𝐽 �2𝑖,eff − 1

𝐽 �2𝑖,eff

���
= 2 ���

1
𝐽 �2𝑖,eff

− 1���
⇔ 𝐽 �𝑖,eff =

1�
𝑉 �
𝑖 /2 + 1

. (5.42)

Here, only the case of positive hopping amplitudes was considered, since, as argued in section 5.1.2,
for single particles the sign of the hopping amplitude does not affect transport. This relation (5.42)
is plotted for symmetric impurities with 𝐽 �1,eff = 𝐽 �2,eff ≡ 𝐽 � and 𝑉 �

1 = 𝑉 �
2 ≡ 𝑉 � in figure 5.5, which

illustrates the divergent delta potential height𝑉 � for small impurity hopping amplitudes 𝐽 �. Furthermore,
it is interesting to note that, according to relation (5.42), positive hopping amplitudes 𝐽 � > 0 map to
peak heights −2 < 𝑉 � and smaller 𝑉 � do not have a counterpart in 𝑀HFD.

Figure 5.5: Relation between the discrete system of section5.1.2 and the continuous one of section 5.2.2 by
plotting 𝑉 � as a function of 𝐽 � using relation (5.42).
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With this, the discussion of 𝑀HFC can be closed. In this section, we have explained how the
impurities with effective hopping amplitudes in 𝑀HFD can be represented in terms of a position-
dependent mass in a continuous model 𝑀HFC. It was shown that such a position-dependent mass
can readily be translated into a potential consisting of two distinct peaks and how this potential can
be described in terms of Dirac delta distributions. Finally, the transmission probability through
such a set of two delta peaks was computed as a function of the impurity strength. This impurity
strength was then quantitatively related to the effective impurity hopping amplitude of 𝑀HFD derived
in section 5.1.1. This relation will be used in the following section 5.3 to discuss the high frequency
model’s transport spectrum and to explain characteristic features of transport.
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5.3 Explanation of transport characteristics

5.3 Explanation of transport characteristics

In section 5.1.1, it was shown that a tight binding chain with two AC driven impurities reduces, in
the limit of high frequency, to a time-independent model 𝑀HFD with effective hopping amplitudes to
the two impurity sites. Transport characteristics were computed for 𝑀HFD in section 5.1.2. To gain
physical insight into these features, in section 5.2, an analogue continuous model 𝑀HFC was developed
leading to a system with two delta potentials at the positions of the impurities. A quantitative relation
between 𝑀HFD and 𝑀HFC was found by using the fact that 𝑀HFC describes particularly well the low
momentum region of the transmission spectrum in the discrete model 𝑀HFD.

We begin this section by briefly summarizing the transport properties of the high frequency models
with a single impurity in section 5.3.1. In section 5.3.2, we discuss examples of the transmission spectra
of 𝑀HFD and 𝑀HFC with two impurities for varying impurity strengths 𝐽 � and 𝑉 �. Several interesting
transport characteristics are found and explained in the consecutive sections. In section 5.3.3, the
sharp transmission peaks that are observed for strong impurities 𝐽 � → 0 are explained by identifying
confined wavefunction modes. A change in the impurity strength leads to a shift in the momentum of
maximal transmission, which is explained in section 5.3.4 by means of 𝑀HFC. Finally, for the case of
increased effective hopping 𝐽 � > 1 a value of 𝐽 � is identified where transmission is maximal at zero
momentum. This feature of the transmission spectrum is explained in section 5.3.5 by relating it to the
number of bound states that are present for 𝐽 � > 1.

5.3.1 Transport through a single impurity in the limit of high frequency

Before considering the full high frequency models with two impurities in the following chapters, let
us first summarize transport through a single static impurity. Transport through the resulting discrete
model has been analyzed thoroughly in references [21, 26, 27]. Setting 𝐽2,eff = 𝐽 in equation (5.23)
removes the second impurity, and one obtains the transmission probability [21]

𝑇𝐽 �2,eff=1 =
sin2(𝑘)

sin2(𝑘) +
�
1/
�
𝐽 �1,eff

�2
− 1

�2
cos2(𝑘)

. (5.43)

Transmission through a single delta potential, obtained as the analogue continuous model 𝑀HFC in
the high frequency limit, has been analyzed in standard text books such as [39]. The transmission
probabiliy through this potential is obtained from equation (5.41) by setting 𝑉 �

2 = 0 [39]:

𝑇𝑉 �
2=0 =

𝑘2

𝑘2 + �
𝑉 �

1/2
�2 . (5.44)

As found in section 5.2.3, the two equations (5.43) and (5.44) for transmission through a single
impurity in the high frequency limit coincide in the limit 𝑘 → 0 when using relation (5.42) between 𝐽𝑖
and 𝑉 �

𝑖 . This is illustrated in figure 5.6, where the transmission spectra 𝑀HFD and 𝑀HFC are compared
for different values of 𝐽 �1,eff and the corresponding peak heights 𝑉 �

1.
From figure 5.6 and equation (5.43), it is apparent that transmission in both models increases

monotonically in the range 𝑘 ∈ (0, 𝜋/2). Due to the symmetry of the terms sin2(𝑘) and cos2(𝑘)
around 𝑘 = 𝜋/2, the transmission in 𝑀HFD is perfect at 𝑘 = 𝜋/2 and decreases for 𝑘 > 𝜋/2 mirrored
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Chapter 5 High frequency limit

Figure 5.6: Comparison of the transmission spectra of 𝑀HFD and 𝑀HFC with different strengths 𝑉 �
1 and 𝐽 �1,eff

of a single impurity. The parameters 𝑉 �
1 and 𝐽 �1,eff are related by equation (5.42). The case of 𝐽 �1,eff = 1 is not

shown, since it corresponds to no impurity at all and thus leads to perfect transmission over the entire spectrum.

to the increase at 𝑘 < 𝜋/2. This behavior stems from the symmetry of the tight binding dispersion
relation (5.16) around 𝑘 = 𝜋/2 where the particle energy is 𝜖 = 0 independently of the hopping
amplitude. Therefore, at this specific energy, the impurity does not have any effect on the incoming
particle which is hence fully transmitted.

At any other momentum, the dispersion relations away from the impurity and at the impurity differ
more, the more 𝐽 �1,eff deviates from 1, leading to lower transmission. Note however that the factor

�
1/
�
𝐽 �1,eff

�2
− 1

�2

which appears in the transmission probability (5.43) through a single impurity is not symmetric around
𝐽 � = 1. This is why transmission at 𝐽 � > 1 does not decrease in the same manner as for 𝐽 � < 1.

The transmission spectrum of 𝑀HFC coincides with the one of 𝑀HFD at low momenta where the
approximations sin(𝑘) ≈ 𝑘 and cos(𝑘) ≈ 1 hold. At larger momenta, the transmission spectra of
𝑀HFC lie below the ones of 𝑀HFD. Since the continuous dispersion relation (5.25) does not have
any symmetry around 𝑘 = 𝜋/2, the continuous transmission spectra do not show any feature at
this momentum. In contrast to the discrete spectra, the continuous transmission keeps increasing
monotonically for 𝑘 > 𝜋/2, approaching 𝑇 = 1 in the limit 𝑘 → ∞ where the delta potential height
is negligible compared to the particle energy. It is finally worth noting that the continuous single
impurity transmission depends on

�
𝑉 �

1
�2 and is thus independent of the potential’s sign. With this, we

can close the discussion of transport through a single static impurity and turn towards the transmission
spectra of the high frequency model with two impurities.

5.3.2 Transmission spectra and perfect transmission

In the previous chapter, we found that transmission through a single impurity in the high frequency
limit increases monotonously for momenta of an incoming particle in the range 𝑘 ∈ (0, 𝜋/2) with
𝑇 = 1 at 𝑘 = 𝜋/2 . Above this momentum, the transmission spectrum is mirrored. Furthermore, the

38



5.3 Explanation of transport characteristics

transmission decreases the further 𝐽 �1,eff is from 1. In this section, we ’switch on’ the second impurity
and compare the resulting transmission spectra to the ones of a single impurity. In figure 5.7, the
transmission spectrum of 𝑀HFD is plotted for different symmetric impurity strengths, meaning that
the hopping amplitudes to the first and the second impurity are identical: 𝐽 �1,eff = 𝐽 �1,eff ≡ 𝐽 �. These
hopping amplitudes are translated into an impurity strength 𝑉 � of 𝑀HFC using relation (5.42) and the
corresponding transmission spectra are compared to those of 𝑀HFD.

Figure 5.7: Comparison of the transmission spectra of 𝑀HFD and 𝑀HFC with 𝑙 = 10 for different impurity
strengths. 𝑉 � and 𝐽 � are related by equation (5.42). This figure can be compared to figure 5.6 where transmission
through a single impurity of the same strengths is plotted.

The spectra of figure 5.7 give us a first insight into various transmission properties of the high
frequency model with two impurities. At each symmetric impurity strength, besides 𝑘 = 𝜋/2, perfect
transmission is observed for various incoming momenta. The transmission spectra seem to oscillate
around the single impurity spectra of figure 5.6. While the transmission peaks are sharp at small 𝐽 �,
they broaden for increasing 𝐽 � and the momenta of perfect transmission shift towards lower values.
These two effects are explained thoroughly in sections 5.3.3 and 5.3.4. Furthermore, there is a hopping
amplitude 𝐽 � > 1.05 for which the first transmission maximum occurs at zero momentum. This effect
is named threshold anomaly [36, 38] and is related to the appearance of bound states as discussed in
section 5.3.5.

Let us first quantify the effect of perfect transmission which is observed in figure 5.7 and which
will guide us to a deeper understanding of the two systems in the following sections. First of all, as
for the single impurity case described in section 5.3.1, one finds that the transmission spectrum is
symmetric around the incoming momentum of 𝑘 = 𝜋/2 and always features perfect transmission at
this momentum independently of the effective hopping amplitudes. This can again be explained by the
fact that according to the dispersion relation (5.16), the particle’s energy on the tight binding chain at
𝑘 = 𝜋/2 is independent of the hopping amplitude and therefore does not ’see’ any impurity.

The momenta of perfect transmission are given by the roots of the reflection amplitudes. The
reflection amplitude in 𝑀HFD is found from equations (5.18) to (5.22) and its roots for symmetric
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impurities are given by the equation

0 =
�
𝐽 �2 − 1

� �
−1 + 𝑒2𝑖𝑘𝑙

�
cos(𝑘) − 2𝑖𝐽 �2

�
1 + 𝑒2𝑖𝑘𝑙

�
sin(𝑘)

⇒ 𝐽 �2 − 1
𝐽 �2

=
tan(𝑘)
tan(𝑘𝑙) . (5.45)

The reflection amplitude of 𝑀HFC is given by equation (5.40) and for symmetric impurities its roots
are given by

0 = 2𝑖𝑘
�
1 + 𝑒2𝑖𝑘𝑙

�
+
�
1 − 𝑒2𝑖𝑘𝑙

�
𝑉 �

⇒ 𝑉 �

2
= − 𝑘

tan(𝑘𝑙) . (5.46)

This condition for perfect transmission through a symmetric double delta potential has been found
before in [36].

As argued before, we expect the analogue continuous limit to reproduce the low momentum results
of 𝑀HFD. Comparing the transcendent equations (5.45) and (5.46) in the limit of small momenta
where tan(𝑘) ≈ 𝑘 , we retrieve the analytic relation (5.42) between 𝑉 � and 𝐽 �.

Figure 5.8: Transmission as a function of momentum and impurity strength with the curves of perfect transmission
highlighted according to equations (5.46) (𝑀HFC) and (5.45) (𝑀HFD). Left: Transmission for 𝑀HFC calculated
from equation (5.41). Center: Transmission for 𝑀HFC calculated from equation (5.41) where the peak height 𝑉 �

is translated into a hopping amplitude 𝐽 � according to relation (5.42). This relation mirrors the the transmission
spectrum of the left figure on the 𝑥-axis and then stretches it along the 𝑦-axis. Right: Transmission for 𝑀HFD
given by equation (5.23).

Figure 5.8 illustrates the curves of perfect transmission on top of transmission heat maps for 𝑀HFD
and 𝑀HFC. In the following sections, we discuss how perfect transmission appears in different limits
of the impurity strengths 𝐽 � and 𝑉 �. We will begin with strong impurities (𝐽 � → 0, 𝑉 � → ±∞) where
very sharp transmission peaks are found (see figures 5.7 and 5.8).

5.3.3 Resonances and confined modes at strong impurities

In section 5.3.2, we observed that for 𝑀HFD, sharp transmission peaks appear for strong impurities with
𝐽 � → 0. In figure 5.9, this is illustrated for 𝐽 � = 0.4. Using the relation 𝐽 � ↔ 𝑉 � of equation (5.42), one
finds that this effective hopping amplitude corresponds to an impurity strength in 𝑀HFC of 𝑉 � = 10.5.
The corresponding spectrum for 𝑀HFC is also plotted in figure 5.9.
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5.3 Explanation of transport characteristics

Figure 5.9: Comparison of the transmission spectra of 𝑀HFD and 𝑀HFC with 𝑙 = 10 and strong impurities with
𝐽 � = 0.4 and 𝑉 � = 10.5.

In section 5.2, we explained that 𝑀HFC describes the low momentum limit of 𝑀HFD which is why
the two models were related to each other in this limit with equation (5.42). Thus, the spectra of
discrete and continuous model plotted in figure 5.9 match best for small momenta. This can be seen
quantitatively from the Taylor series of the transmission probabilities (equations (5.23) and (5.41)) for
a strong impurity:

discrete model: 𝑇𝐽 �→0 =
tan4(𝑘)

4 sin2(𝑘𝑙)
𝐽 �8 + O(𝐽 �)10,

continuous model: 𝑇𝑉 �→±∞ =
𝑘4

4 sin2(𝑘𝑙)

�
2
𝑉 �

�4
+ O

�
1
𝑉 �

�5
. (5.47)

Recognizing that in the limit of strong impurities 𝐽 � → 0, the relation (5.42) between 𝐽 � and 𝑉 �

becomes 𝑉 � = 2/𝐽 �2, the continuous transmission corresponds to the low frequency limit tan(𝑘) ≈ 𝑘

of the discrete transmission. The fact that the strong impurity limit equation holds up to order O �
𝐽 �
�9

justifies to consider 𝐽 � = 0.4 which is plotted in figure 5.9 as a strong impurity.
The transmission spectra of figure 5.9 can be well understood by means of the strong impurity

transmission amplitudes (5.47): In the strong impurity limit with 𝐽 � → 0 and 𝑉 � → ±∞, the two
impurities form large barriers making it unlikely for an incoming particle to tunnel through. Here the
terms 𝐽 �8 and

�
𝑉 ��−4 create a background with nearly vanishing transmission amplitude. The sharp

transmission peaks that are observed for a few momenta in the transmission spectra of figure 5.9, in
turn, stem from a vanishing denominator in equation (5.47) with

sin(𝑘𝑙) = 0 ⇒ 𝑘 = 𝑛
𝜋

𝑙
.

Interestingly, this relation is also known to describe modes of an optical resonator [40]. As in a
resonator, the transmission peaks are an effect of constructive interference: A wave that tunnels
through the first impurity and is reflected on the second one has picked up a phase of 𝑘 · 2𝑙 when
arriving back at the first impurity. Constructive interference with a wave from a previous reflection
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takes place if the phase difference is an integer multiple of 2𝜋 yielding momenta of constructive
interference

𝑘 · 2𝑙 = 𝑛 · 2𝜋 ⇒ 𝑘 = 𝑛
𝜋

𝑙
.

To check whether it is legitimate to identify the transmission peaks of 𝑀HFD and 𝑀HFC as resonances,
let us determine the poles of the transmission amplitude in both models [41]. For symmetric impurities,
the continuous transmission amplitude (5.40) has poles at

0 = (2𝑘 + 𝑖𝑉 �)2 + 𝑒2𝑖𝑘𝑙 �𝑉 ��2 ⇒ 𝑉 � =
2𝑖𝑘

1 ± 𝑒𝑖𝑘𝑙
(5.48)

where the ’+’ (’−’) solutions yield symmetric (antisymmetric) wavefunctions. This resonance
condition was found in reference [38] where it was emphasized that, interestingly, the resonance
condition is different from the condition for perfect transmission (5.46). As discussed in reference [42],
this effect is also observed for other standard potentials like the rectangular potential well/barrier
and is due to the fact that other background resonances contribute to the transmission probability
and shift the transmission maximum away from the pole. As discussed in references [38, 43], in
the limit of strong impurities |𝑉 � | � 𝑘 , the resonance condition (5.48) and the perfect transmission
condition (5.46) simplify to the same condition 𝑘 = 𝑛𝜋/𝑙 . This is why in this limit, it is legitimate to
identify the transmission maxima as resonant modes of the system.

Equally, the resonances of 𝑀HFD are given by the poles of the transmission amplitude which is
determined from equations (5.18) to (5.22). One obtains poles at

0 =𝐽 �4𝑒𝑖𝑘
�
sin

�
𝑘 (𝑙 − 1)� + 𝑒𝑖𝑘 sin(𝑘𝑙)

�
− 𝐽 �2 cos(𝑘)

��
𝐽 �2 − 1

�
𝑒𝑖𝑘𝑙 sin(𝑘) + sin

�
𝑘 (𝑙 − 1)� + 3𝑒𝑖𝑘 sin(𝑘𝑙)

�

+ 2 cos2(𝑘) sin(𝑘𝑙) (5.49)

which, as for 𝑀HFC, differs from the condition for perfect transmission (5.45). In the strong impurity
limit 𝐽 � → 0 where terms of order 𝐽 �2 can be neglected the resonance condition becomes

0 = cos2(𝑘) sin(𝑘𝑙) + O �
𝐽 �
�2

which corresponds to the same limit of the perfect transmission equation (5.45). We can thus
conclude that the analogy to optical cavities only holds in the limit of strong impurities where perfect
transmission and the resonance pole coincide. Staying in this limit, we may take this analogy further
by considering the wavefunction of an incoming particle at resonance.

We know that the light field in an optical resonator builds up as incoming light is in resonance
with the resonance frequency which is also called cavity mode [40]. Let us check whether the
same effect is observed for the wavefunction of an incoming particle in 𝑀HFD and 𝑀HFC. The
wavefunction of a particle in 𝑀HFD is calculated using the running wave ansatz (5.15) with its
coefficients being determined using equations (5.18) to (5.22). For 𝑀HFC an analogue ansatz (5.39)
with coefficients (5.40) has been derived.

The complex resonance momenta can be determined by inserting 𝑘 = Re(𝑘) + 𝑖 Im(𝑘) into the
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resonance condition (5.48) to obtain a non-linear system of two equations

0 = 𝑉 �
�
1 ± 𝑒− Im(𝑘)𝑙 cos

�
Re(𝑘)𝑙� � + 2 Im(𝑘)

0 = ±𝑉 �𝑒− Im(𝑘)𝑙 sin
�
Re(𝑘)𝑙� − 2 Re(𝑘) (5.50)

which can be solved numerically. Note that the imaginary part of the momentum gives the resonance
width [41].

In order to give an example to compare perfect transmission momenta and resonances in 𝑀HFD and
𝑀HFC, let us choose an impurity strength of 𝑉 � = 10.5 corresponding to 𝐽 � = 0.4 where according to
figure 5.9 the transmission spectrum shows very sharp peaks of perfect transmission. At this impurity
strength, the system of equations (5.50) for 𝑀HFC is solved by

𝑘 = 0.3082936 − 𝑖0.0001689 (first resonance)
and 𝑘 = 0.616625 − 𝑖0.000672 (second resonance).

the first and second resonance. These momenta barely differ from the momenta of perfect transmission

𝑘 = 0.3082937 (first transmission peak)
and 𝑘 = 0.616627 (second transmission peak).

and their small imaginary parts demonstrate the narrow width of the resonances.
As for 𝑀HFC, one obtains a system of long equations for Re(𝑘) and Im(𝑘) from the resonance

condition of 𝑀HFD (5.49). Numerical solutions for 𝐽 � = 0.4 are given by

𝑘 = 0.3081047 − 𝑖0.0001796 (first resonance)
and 𝑘 = 0.614942 − 𝑖0.000872 (second resonance).

Comparing with the momenta of perfect transmission from equation (5.45)

𝑘 = 0.308105 (first transmission peak)
and 𝑘 = 0.614945 (second transmission peak).

shows again how perfect transmission appears close to resonance in the limit of strong impurities.
Since 𝑀HFD is the model of interest, we pick its momenta of resonance and compare the probability
densities at those two momenta with those of 𝑀HFC in the left figure 5.10.

Just as for an optical cavity, for resonant momenta, we observe a strongly enhanced particle density
in between the impurities. We can call this a confined mode. The wavefunctions are normalized to an
incoming amplitude 1 which, due to interference with the reflected wave, leads to a maximal probability
density of 4 on the left of the impurities. The density on the right of the impurities only stems from
the transmitted wave and is therefore 1 for perfect transmission and between 0 and 1 otherwise. As
apparent from the figure, for an impurity hopping amplitude of 𝐽 � = 0.4, the probability density of the
first confined mode is enhanced by a factor 1000. Due to a slight mismatch of resonant momenta in
𝑀HFD and 𝑀HFC, the enhancement in 𝑀HFC is less pronounced but still features a probability density
of 600 and a transmission probability of about 0.5.

The probability densities of the second resonance mode are less enhanced than the ones of the first

43



Chapter 5 High frequency limit

Figure 5.10: Probability densities of an incoming particle from the left for 𝑀HFD with 𝐽 � = 0.4 and 𝑀HFC with
𝑉 � = 10.5. In both models, the impurities are at a distance of 𝑙 = 10. Left: The incoming particle’s momenta
are at resonance with the system’s length scale. To illustrate the strong density enhancement, it is plotted in a
semi-logarithmic scale. Right: Slightly off-resonant momenta with linear scale for the probability density. The
normalization of all wavefunctions is chosen such that the incoming wave from the left has an amplitude of 1.
In the right figure the reflection amplitude does not vanish which leads to interference at 𝑥 < 0. The result is an
oscillating pattern in the probability density of which only the first oscillation is visible in the plot.

resonances. This is not observed for optical resonators where the internal light field does not depend
on the order of the mode [40]. The reduction of the enhancement is due to the finite effective hopping
amplitude 𝐽 � = 0.4 and vanishes for 𝐽 � → 0. Furthermore, the probability densities of the second
resonance mode in 𝑀HFD and 𝑀HFC differ more than those of the first mode. This is again due to the
fact that the continuous and discrete model match best for small momenta.

The right figure 5.10 illustrates the probability densities of particles with slightly off-resonant
momenta, just outside the sharp resonance peaks of figure 5.9, scattering off the two impurities. At the
given distance between the impurities, particles with these momenta do not interfere constructively
anymore, yielding a reduced instead of an enhanced density in between the impurities. Therefore and
due to the strong impurities, the particle transmission tends to zero.

We have thus learned that the sharp transmission peaks appearing for strong impurities in 𝑀HFD and
𝑀HFC are accompanied by a strong enhancement of the wavefunction between the impurities. This
can be explained by the fact that in the limit of strong impurities, the momenta of perfect transmission
are equal to the momenta of resonance, which is why the systems behave analogously to optical
resonators.

A second approach to further substantiate this observation is the analysis of the discrete model’s
eigensystem. To check whether the system’s eigenvalue spectrum and its eigenstates hint towards
confined modes, which are observed with a running wave ansatz, we need to diagonalize the high
frequency effective Hamiltonian (5.7). This can be achieved numerically by choosing a finite system
size 𝑁 � 𝑙, with the two impurities positioned symmetrically around the center, and by representing
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the Hamiltonian as a matrix:

𝐻̂eff =

���������������������������

. . . 𝐽
𝐽 0 𝐽

𝐽 0 𝐽1,eff
𝐽1,eff 0 𝐽1,eff

𝐽1,eff 0 𝐽
𝐽 0 𝐽

. . .
. . .

. . .

𝐽 0 𝐽
𝐽 0 𝐽2,eff

𝐽2,eff 0 𝐽2,eff
𝐽2,eff 0 𝐽

𝐽 0 𝐽

𝐽
. . .

���������������������������

𝑗 = 0

𝑗 = 𝑙

(5.51)

For a finite system size, this matrix can be diagonalized numerically to determine its eigensystem.
An example with 𝑁 = 61 is given in figure 5.11, where 𝑁 is odd such that for even 𝑙 = 10 the impurities
sit symmetrically around the chain’s center.

The lower right plot in figure 5.11 demonstrates that most eigenstates are degenerate since they
feature a symmetric and an anti-symmetric solution. Therefore, their probability distribution is equal
and only one of the two degenerate eigenstates is visible in the probability density plots. There are
some non-degenerate exceptions, such as eigenvalues 5, 10, 12, 17, 24. Comparing eigenvalues
and eigenfunctions, it becomes clear, that these non-degenerate eigenvalues correspond to confined
eigenfunctions that show an increased density in between the impurities. The fact that these confined
eigenfunctions are non-degenerate assures that they are unique to the system and appear independently
of the choice of basis states. In figure 5.12, the first ten eigenfunctions are plotted whose eigenvalues
are non-degenerate and which feature a confined density.

Comparing the eigenenergies of these confined eigenfunctions to the system’s transmission spectrum
in figure 5.9, one easily sees that these states with non-degenerate eigenenergies appear exactly at the
energies of perfect transmission and equally (in the limit of strong impurities) at the resonant modes.
To complete the comparison of eigenstates and resonant modes, in appendix B.3, the wavefunctions
in the different models (𝑀HFD, 𝑀HFC, position-dependent mass system) are compared at resonance.
This appendix again shows that especially for small momenta 𝑀HFC provides a very good description
of 𝑀HFD.

We have thus learned that the transmission peaks appearing at strong impurities correspond to
resonances of the system analogous to the resonance modes of an optical resonator. The confined
wavefunctions at these resonances are observed for running waves in infinite systems and appear as
confined eigenstates in finite systems. However, we already learned that the correspondence of perfect
transmission and resonance does not hold when leaving the limit of strong impurities (compare e. g.
equations (5.46) and (5.48)). The next section is therefore dedicated to explaining how resonances,
perfect transmission peaks and confined modes change when decreasing the impurity strength.
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Figure 5.11: Upper left, upper right and lower left: Probability density of the first 30 eigenfunctions of the
Hamiltonian (5.7) with 𝐽 � = 0.4, 𝑙 = 10 and a finite system size of 𝑁 = 61 sites. The dashed lines indicate the
impurities. Lower right: The corresponding energy eigenvalues 𝜖 �EV.

Figure 5.12: Confined eigenfunctions with their corresponding eigenvalues for 𝑀HFD with 𝐽 � = 0.5, 𝑙 = 10 and
a finite system size of 𝑁 = 61.

46



5.3 Explanation of transport characteristics

5.3.4 Change in transmission spectra for weaker impurities

In the previous section 5.3.3, we learned that the sharp transmission peaks at strong impurities
correspond to resonances analogue to the modes of an optical resonator at 𝑘 = 𝑛 𝜋𝑙 . Just as in an
optical cavity, these resonances are accompanied by a strong wavefunction enhancement in between
impurities. However, we also found that the analogy to optical resonators does not hold any more at
weaker impurities where the transmission maxima do not occur at resonance any more (compare the
perfect transmission conditions (5.46) and (5.45) to the resonance conditions (5.48) and (5.49)). In
this section, let us discuss why the transmission peaks shift when the impurity strength decreases and
how this affects the confined wavefunction modes observed at strong impurities.

According to figure 5.7, the transmission peaks get broader and shift towards lower momenta as the
impurity strength decreases (that is, as 𝐽 � shifts from 0 towards 1). The overall transmission probability
increases which fits the intuitive picture that the impurities represent smaller barriers which are more
likely to be tunneled through. This is again illustrated in figure 5.13 where the transmission spectra of
𝑀HFD and 𝑀HFC are plotted for a few small impurity strengths.

Figure 5.13: Comparison of the transmission spectra of 𝑀HFD and 𝑀HFC with 𝑙 = 10 and weak impurities with
𝐽 � = 0.95 (𝑉 � = 0.216) and 𝐽 � = 1.05 (𝑉 � = −0.186). Note that in contrast to previous transmission spectra, in
order to better observe differences in the spectra, the 𝑇-axis ranges only from 0.5 to 1 .

Taylor-expanding the transmission probabilities (5.23) and (5.41) in this limit of small impurity
strength (𝐽 � → 1, 𝑉 � → 0) yields:

discrete model: 𝑇𝐽 �→1 = 1 − 16 cos2(𝑘𝑙)
tan2(𝑘)

(𝐽 � − 1)2 + O(𝐽 � − 1)3

and continuous model: 𝑇𝑉 �→0 = 1 − cos2(𝑘𝑙)
𝑘2

�
𝑉 ��2 + O �

𝑉 ��3. (5.52)

One finds these two expressions to match in the low momentum limit when tan(𝑘) ≈ 𝑘 for 𝑉 � =
±4(𝐽 � − 1). Writing 𝐽 � = 1 + 𝛿 and neglecting terms O(𝛿)2, one can show that this fits to the weak
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impurity limit of relation (5.42):

𝑉 � = −2

�
𝐽 �2 − 1
𝐽 �2

�
= −2 + 4𝛿 − 2 + O(𝛿)2

1 + O(𝛿) ≈ −4𝛿 = −4(𝐽 � − 1).

In this approximation, the transmission spectrum is dominated by two contributions: The term
1/tan2(𝑘), and 1/𝑘2 in 𝑀HFC correspondingly, generally prohibits a finite transmission probability
for 𝑘 → 0 but vanishes rapidly for finite momenta. The term cos2(𝑘𝑙), in turn, produces oscillations
in the transmission spectrum with perfect transmission at 𝑘 = (𝑛 + 1

2 ) 𝜋𝑙 and minimal transmission
for 𝑘 = 𝑛𝜋

𝑙 . Comparing the weak impurity transmission of equations (5.52) to the strong impurity
transmission (5.47), one observes a shift in the perfect transmission momenta by 𝜋

2𝑙 . This shift is
equally observed in the transmission heat maps of figure 5.16 and in the perfect transmission conditions
(5.46) and (5.45).

In section 5.3.3, we found that in the limit of strong impurities, perfect transmission occurs at
resonance. Let us determine how the shift in perfect transmission for weaker impurities is related to
such resonances. For this, due to its simplicity, let us first consider 𝑀HFC introduced in section 5.2.2
which was found to reproduce the low momentum results of 𝑀HFD. In the left figure 5.14, the momenta
of perfect transmission computed from equation (5.46) are compared to the real and imaginary part
of the momenta of resonance given by equation (5.48) (or more explicitly the momenta solving
the non-linear system of equations (5.50)) . The same comparison is drawn for 𝑀HFD in the right
figure 5.14. Here, perfect transmission has been determined from equation (5.45) whereas the complex
momenta solving the discrete resonance condition (5.49) are determined numerically.

Figure 5.14: Momentum of perfect transmission and real and imaginary part of the numerically determined
resonance momentum as a function of the impurity strength with impurities at a distance 𝑙 = 10. For those
cases where 𝑘res = 0 the numerical calculation failed. Left: 𝑀HFC. Right: 𝑀HFD.

Both figures demonstrate how the resonances shift further away from the momenta of perfect
transmission, the weaker the impurity gets. At the same time, the imaginary parts of the resonant
momenta increase creating broader resonances. For 𝑀HFC, these two effects have already been
quantified and discussed in [38]. The increasing imaginary parts, in turn, explain the difference
between perfect transmission and resonance because the broader the resonances get, the more of them
contribute to the transmission probability at a given momentum [42]. For very broad resonances,
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as they occur at weak impurities, perfect transmission is present when the contributions of multiple
neighboring resonances interfere constructively which generally is not equal to the pole momentum of
the transmission amplitude. Figure (5.49) therefore suggests that the momenta of perfect transmission
shift as result of two overlapping effects: Firstly, the resonant momenta shift when the impurity
strength changes. Secondly, the resonances get broader, such that multiple ones contribute to a single
peak of perfect transmission.

Regarding figure 5.14, one should note that for some weak impurity strengths a vanishing resonant
momentum 𝑘res = 0 is found. This result indicates a failure of the numerical computation due to a poor
initial guess when the real part of the resonant momentum differs significantly from the momentum of
perfect transmission.

Let us now analyze how the confined wavefunction modes that were observed at strong impurities
(section 5.3.3) change when the impurity strength is decreased. It is especially interesting whether the
wavefunction in between impurities is maximally enhanced at resonance or at perfect transmission.
This question is answered in figure 5.15 where wavefunctions tunneling through weak impurities are
plotted at (the real parts of) resonant momenta and at momenta of perfect transmission.

Figure 5.15: Wavefunctions incoming with momenta of perfect transmission or at resonance, scattered off two
impurities at a distance of 𝑙 = 10. Left: 𝑀HFC with 𝑉 � = 0.05. Right: 𝑀HFC with 𝐽 � = 0.9759 which according
to relation (5.42) corresponds to 𝑉 � = 0.05.

According to this figure, maximal wavefunction enhancement occurs at the momenta of perfect
transmission instead of the resonant momenta. This suggests that outside of the limit of strong
impurities is not justified to identify the confined wavefunction modes as resonances. In turn, each
mode contains contributions of multiple broad resonances.

To measure the wavefunction enhancement for different impurity strengths, in figure 5.16, the
mean probability density in between impurities is plotted as a function of incoming momentum and
impurity strength. The red lines indicating momenta of perfect transmission support the observation of
maximal enhancement at perfect transmission whereas the kinks delineated by the resonant momenta
in figure 5.14 do not show in figure 5.16. Only for small momenta and weak impurities, maximal
wavefunction enhancement appears at a different momentum than perfect transmission. This can be
explained with the appearance of shallow bound states for 𝑉 � < 0 and 𝐽 � > 1 which boost transmission
but not the confined scattering mode. This effect will be further explained in section 5.3.5.

Let us finalize the discussion of confined modes and perfect transmission by considering a finite
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Figure 5.16: Mean probability density in between impurities as a function of incoming momentum and impurity
strength. The red curve indicates momenta of perfect transmission. Left: 𝑀HFC. Center: 𝑀HFC where the peak
height 𝑉 � is translated into a hopping amplitude 𝐽 � according to relation (5.42). Right: 𝑀HFD.

system. In section 5.3.3, we found that finite systems with strong impurities show confined eigenstates
whose eigenenergies are equal to the resonant energies of the infinite system and thus, in this limit, also
equal to the energies of perfect transmission. The left figure 5.17 illustrates how these eigenenergies
of the confined eigenstates change when decreasing the impurity strength. As for infinite systems we
observe the confined eigenstates appearing at energies of perfect transmission and not at resonance.

Figure 5.17: Left: Comparison of the energies of maximal transmission in an infinite system with 𝑙 = 10 (solid)
to the eigenenergies of confined eigenstates of the corresponding finite system with 𝑁 = 61 (dotted) as a function
of the impurity strength 𝐽 �. Right: Comparison of eigenvalue spectra at two different impurity strengths. Since
the transmission peaks get wider at weaker impurity strength, more non-degenerate eigenvalues contribute.

By taking a closer look at figure 5.17, a step-like structure in the eigenenergy plots can be identified
which is not present in the plots of perfect transmission momenta. These steps are a finite size effect
and can be explained by considering how the eigenvalue spectrum changes with decreasing impurity
strength. Whereas the energies of perfect transmission shift with increasing 𝐽 �, the other eigenvalues do
not shift. Instead, starting at high energies, they become non-degenerate which indicates that multiple
eigenstates contribute to the same transmission peak (see right figure 5.17). If a perfect transmission
eigenvalue approaches a background eigenvalue, instead of passing by, the two eigenstates hybridize
and share the confined density. When further increasing 𝐽 � the previous background eigenvalue
becomes the one corresponding to the confined state and vice versa. By choosing larger system sizes,
the entire eigenvalue spectrum becomes denser which is why more of these avoided crossings take
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place. At the same time, the energy difference between neighboring eigenvalues decreases which
is why the steps become less apparent and vanish for infinite systems where the spectrum becomes
continuous.

In this section, we have learned how perfect transmission at weak impurities results from constructive
interference of multiple broad resonances. Enhanced wavefunction modes at perfect transmission
are observed for scattered running waves and as confined eigenstates of finite systems. According
to figure 5.16, the only case where the correspondence between perfect transmission and enhanced
wavefunction does not hold, is the combination of weak impurities and low momenta. In the following
section, this effect is explained by the appearance of bound states which can furthermore create the
unique feature of perfect transmission at zero momentum.

5.3.5 Bound states and threshold anomaly

In the previous sections, we analyzed the resonance spectra of 𝑀HFD and 𝑀HFC. We showed how these
resonances create confined wavefunctions and perfect transmission in the limit of strong impurities
(section 5.3.3) and for weaker impurities (section 5.3.4). After investigating the systems’ resonances,
it is a natural next step to determine their bound state spectrum. As promised before, with our findings
we will be able to explain the effect of perfect transmission at zero momentum.

Let us begin with computing the bound state spectrum of 𝑀HFC of section 5.2.2 and then proceed
analogously with 𝑀HFD derived in section 5.1.1. Without any previous knowledge, bound states
could be determined by making an ansatz similar to the plane wave ansatz (5.39) but without the
incoming plane wave and with replacing the plane wave terms 𝑒±𝑖𝑘𝑥 by exponentially decaying terms
𝑒∓𝜅𝑥 characteristic for bound states. This corresponds to the replacement 𝑘 ↦→ 𝑖𝜅 After solving the
Schrödinger equation by demanding continuity of the wavefunction and determining the jump in its
first derivative, we would expect to obtain a condition for one or multiple discrete bound states.

As we have already solved the scattering wave ansatz (5.39) without specifying whether 𝑘 is real or
complex, we can use the fact that, for any system, bound states correspond to resonances with purely
imaginary momentum [41]. This fact was used in reference [38] to derive bound states of the double
delta potential and we will, in the following, summarize their findings. Inserting 𝑘 = 𝑖𝜅, 𝜅 ∈ R into
the transmission amplitude (5.40), one finds poles at

𝑉 �
1𝑉

�
2𝑒

−2𝜅𝑙 =
�
2𝜅 +𝑉 �

1
� �

2𝜅 +𝑉 �
2
�
. (5.53)

Using the findings of [38], let us comment on this transcendent equation, which can only be solved
numerically or graphically, before turning to the case of symmetric impurities. For this, consider
equation (5.53) in the following three cases:

1. 𝑉 �
1,𝑉

�
2 ≥ 0: For any combination of potential heights, one finds 𝐿𝐻𝑆 > 𝑅𝐻𝑆 which is why

equation (5.53) does not have any solutions. There are no bound states present.

2. 𝑉 �
1 > 0,𝑉 �

2 < 0 or vice versa: A single bound state exists if

d
d𝜅

𝐿𝐻𝑆

����
𝜅=0

>
d
d𝜅

𝑅𝐻𝑆

����
𝜅=0

⇒ 𝑙 >
−(𝑉 �

1 +𝑉 �
2)

𝑉 �
1𝑉

�
2

.

Otherwise there is no bound state present.
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3. 𝑉 �
1,𝑉

�
2 < 0: 𝐿𝐻𝑆 and 𝑅𝐻𝑆 always intersect once, so there is always at least a single bound state

present. The second one appears when 𝑙 >
−(𝑉 �

1+𝑉 �
2 )

𝑉 �
1𝑉

�
2

which is calculated as in the previous case.

For symmetric impurities 𝑉 �
1 = 𝑉 �

2 ≡ 𝑉 �, the bound state condition (5.53) reduces to

±𝑉 �𝑒−𝜅𝑙 = 2𝜅 +𝑉 � (5.54)

which features either two bound states if

𝑉 � < −2/𝑙 . (5.55)

or a single bound state if −2/𝑙 < 𝑉 � < 0.

Before analyzing the bound states’ influence on the transport characteristics of 𝑀HFC, let us derive
the bound state criterion for 𝑀HFD in an analogous fashion. For this, consider again the poles of the
transmission amplitude calculated from equations (5.18) to (5.22) for purely imaginary momentum
𝑘 = 𝑖𝜅. One obtains the bound state condition�

𝑒2𝜅 − 1
�
(𝐽 �1,eff)2

1 + 𝑒2𝜅 − 2(𝐽 �1,eff)2 =
−1 + 𝑒2𝜅 (𝑙+1) + (𝐽 �2,eff)2 + 𝑒2𝜅𝑙

�
1 − 2(𝐽 �2,eff)2

�
+ 𝑒2𝜅

�
−1 + (𝐽 �2,eff)2

�
�
1 + 𝑒2𝜅

� �
−1 + (𝐽 �2,eff)2

�
which can be rewritten as

0 =𝑥𝑙+2 − 𝑥𝑙+12
�
(𝐽 �1,eff)2 + (𝐽 �2,eff)2 − 1

�
+ 𝑥𝑙

�
2(𝐽 �1,eff)2 − 1

� �
2(𝐽 �2,eff)2 − 1

�
−
�
(𝐽 �1,eff)2 − 1

� �
(𝐽 �2,eff)2 − 1

� �
𝑥2 + 𝑥 + 1

�
(5.56)

with 𝑥 =𝑒2𝜅

Similarly to 𝑀HFC, the number of bound states solving this condition depends on the sign of the
impurity strengths 𝐽 �𝑖,eff: For 𝐽 �1,eff, 𝐽

�
2,eff ≤ 1 the system does not exhibit any bound state. In case one

of the effective hopping amplitudes exceeds 1, a single bound state appears if the condition

2𝑙 >
(𝐽 �1,eff)2

(𝐽 �1,eff)2 − 1
+ (𝐽 �2,eff)2

(𝐽 �2,eff)2 − 1
(5.57)

is fulfilled. And if both effective hopping amplitudes exceed 1, one bound state is always present and
the second one exists if the same condition (5.57) is satisfied. For symmetric impurities with 𝐽 � > 1
the bound state condition (5.56) becomes

0 =𝐽 �4
�
−2𝑒2𝜅𝑙 + 𝑒2𝜅 + 1

�
+ 𝐽 �2𝑒𝜅 cosh(𝜅)

��
𝐽 �2 − 2

�
𝑒2𝜅 − 𝐽 �2 + 4𝑒2𝜅𝑙 − 2

�

− 4𝑒𝜅 (𝑙+2) cosh2(𝜅) sinh(𝜅𝑙) (5.58)
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which always features a single bound state for 𝐽 � > 1 and the second one appears if

𝐽 � >

�
𝑙

𝑙 − 1
. (5.59)

It is reassuring to note that this condition for a second bound in 𝑀HFD can be transformed into to the
corresponding condition for 𝑀HFC (5.55) by means of the previously found relation (5.42) between
the two models.

It is known that the shallower a bound states lies (the closer to free energies) the more it affects
low momentum scattering1. Before relating the presence of bound states for 𝑉 � < 0 and 𝐽 � > 1 to
the transmission characteristics of these models, it is therefore interesting to determine their energy
as a function of impurity strength. For this, the imaginary parts of the bound state momenta 𝜅 are
determined by solving relations (5.54) and (5.58) and plotted in figure 5.18. One nicely sees how the
first bound states appear as soon as 𝑉 � < 0 and 𝐽 � > 1. According to equations (5.55) and (5.59),
for impurities at a distance of 𝑙 = 10, the second bound states then appear at impurity strengths
of 𝑉 � = −0.2 and 𝐽 � =

�
10/9 ≈ 1.054 which fits to the appearance of the upper bound states in

figure 5.18.

Figure 5.18: Imaginary parts 𝜅 of bound states for systems with impurities at a distance of 𝑙 = 10. Left: 𝑀HFC.
Right: Comparison between 𝑀HFD and 𝑀HFC where the peak height 𝑉 � is converted into an effective hopping
amplitude 𝐽 � according to relation (5.42).

Figure 5.19 relates the presence of bound states to the systems’ transmission spectrum. Here, the
bound states’ energies are calculated from the momenta’s imaginary parts according to

discrete model: 𝜖 �bs =
𝜖bs
𝐽

= −2 cos(𝑘) = −2 cosh(𝜅)

and continuous model: 𝜖 �bs =
2𝑚
ℏ2 𝜖bs = 𝑘2 = −𝜅2.

Figure 5.19 demonstrates that shallow bound states increase transmission at low momenta since they
influence scattering like a nearby resonance. According to equations (5.46) and (5.45), this effect can
even lead to perfect transmission at zero momentum occurring exactly when the second bound state
1 For a thorough discussion of how shallow bound states affect scattering see [44].
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Figure 5.19: Transmission probability for energies of propagating particles in the continuum and bound state
energies for systems with impurities at a distance of 𝑙 = 10. Left: 𝑀HFC. Center: 𝑀HFC where the peak height
𝑉 � is translated into a hopping amplitude 𝐽 � according to relation (5.42). Right: 𝑀HFD.

appears. This effect, which has been named ’threshold anomaly’ [36] and is thoroughly discussed in
reference [37], is a critical phenomenon as illustrated in figure 5.20.

Figure 5.20: Transmission spectrum of 𝑀HFD and 𝑀HFC around 𝐽 � =
�

10/9 (corresponding to 𝑉 � = −0.2)
where, according to equation (5.55), for 𝑙 = 10 the second bound state appears.

It is apparent that transmission at 𝑘 = 0 is perfect at exactly 𝑉 � = − 2
𝑙 but completely vanishes

otherwise. Physically, this phenomenon can be interpreted by considering a wave packet with no
average kinetic energy placed on one side of the impurities. The very low momentum components
are then nearly perfectly transmitted through the impurities and scattering on the impurities simply
appears as wave packet spreading [38].

Let us close this section by verifying whether bound states that are found for infinite systems are
present in finite systems as well. For this, proceed as in the previous sections 5.3.3 and 5.3.4 by
diagonalizing the Hamiltonian of a finite system that could feature bound states. In figure 5.21, the
lowest eigenstates of such a system are plotted for different impurity strengths.

Indeed, the bound states that were identified in infinite systems are retrieved for finite discrete
systems. In this context, figure 5.21 nicely illustrates the appearance of a second bound state around
the effective hopping amplitude given by condition (5.59). When increasing this hopping amplitude
from 𝐽 � = 1.06 to 1.07, the curvature of the second lowest eigenstates changes and the delocalized state
turns into a localized one. The finite system size only shifts the appearance of this second bound state
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Figure 5.21: Probability densities and eigenenergies of the lowest eigenstates of a finite system with
𝑁 = 61 and 𝑙 = 10 for 𝐽 � = 1.06 (left) and 𝐽 � = 1.07 (right) where a second bound state appears. In
a corresponding infinite system, the second bound state would appear at 𝐽 � = 1.054 (equation (5.59))
2_driven_sites_high_freq_eigvals_eigvecs

to slightly larger 𝐽 � compared to infinite systems. We can deduce that for some value 1.06 < 𝐽 � < 1.07
there exists a state with 𝜖 � = −2 which is then responsible for perfect transmission at zero momentum.

A quantitative relation between bound states in finite and infinite systems can be drawn by fitting
the function

|𝜙� =
�
𝑗

𝜙 𝑗𝑐
+
𝑗 |0� with 𝜙 𝑗 = 𝐴1𝑒

−𝜅 | 𝑗 | + 𝐴2𝑒
−𝜅 | 𝑗−𝑙 | (5.60)

to the decaying parts of finite systems bound states. Note that this ansatz is only valid to describe the
wavefunction outside of the impurities. To describe the full wavefunction, analogously to the running
wave ansatz (5.15), one would require five terms. The resulting decay parameters 𝜅fit can then be
compared to the theoretical values from the dispersion relation (5.16)

𝜖 � = 2 cos(𝑘) = 2 cosh(𝜅) ⇒ 𝜅theo = arcosh

�
|𝜖 � |
2

�
.

This comparison is drawn in figure 5.22. It is also checked for asymmetric impurites 𝐽1 ≠ 𝐽2
in section 5.4 (figure 5.28). For the symmetric case, we observe a good match between fitted and
theoretical decay constant. The slight deviations, than can also be identified in the plots, can be
ascribed to the limited fitting region due to the finite system size of 61 sites.

With these considerations, we can close the discussion of how bound states affect transmission
in 𝑀HFD and 𝑀HFC. We found that shallow bound states lead to an increase in the transmission
probability at small momenta since bound states, just as nearby resonances, enhance the wavefunction
in between impurities.

Thus, all characteristic transmission features appearing in systems with symmetric impurities could
be explained by means of the continuous analogue system 𝑀HFC derived in section 5.2. We found
that for strong impurities the high frequency effective model 𝑀HFD behaves analogous to an optical
resonator: Perfect transmission appears at resonance when confined wavefunction modes show up. As
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Figure 5.22: Probability density of the two bound states of a finite system with 𝑁 = 61 and 𝑙 = 10 for 𝐽 � = 1.1
and bound state ansatz (5.60) fitted to the wavefunction. Left: 𝜖 � = −2.04, 𝜅theo. = 0.199715 with fit parameters
𝜅fit = 0.199778(15), 𝐴1 = 𝐴2 = 0.269355(14). Right: 𝜖 � = −2.015, 𝜅theo. = 0.12363 with fit parameters
𝜅fit = 0.12537(25), 𝐴1 = −𝐴2 = −0.42515(28) .

the impurity strength decreases, the resonances become broader and resonant momenta shift. As a
consequence, each peak of perfect transmission becomes wider and shows contributions of multiple
resonances. As soon as the effective hopping amplitudes at the impurities exceed the value of the
bulk hopping amplitude, bound states emerge which enhance low momentum transmission. At the
transition from a delocalized state to a second bound state, perfect transmission at zero momentum
arises as a threshold anomaly. After having discussed mainly systems with symmetric impurities, the
following section analyzes how these transport characteristics change for systems with asymmetric
impurities. This will finalize the discussion of the high frequency limit.
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5.4 Asymmetric impurities

In the previous sections, the high frequency model of a tight binding chain with two AC driven
impurities 𝑀HFD was derived and its transport characteristics were explained by means of an analogue
continuous model 𝑀HFC. Even though all calculations were performed for arbitrary impurities, all
results were presented for symmetric impurities to limit the number of free parameters and thus find a
physical explanation of characteristic transport and wavefunction features. In this section, we will
review how these features that were discussed in detail in section 5.3 change when impurities become
asymmetric. To this end, we will keep the structure of the previous section to first discuss resonances
appearing at strong impurities, then turn towards the changes in spectrum for weaker impurities and
finally discuss the effects of bound states.

In section 5.3.3, we found that for strong impurities, very sharp resonances at momenta 𝑘 = 𝑛 𝜋𝑙 lead
to perfect transmission and strongly confined wavefunction modes. To analyze how these properties
change for asymmetric impurities, in figure 5.23 the transmission spectra of 𝑀HFD are plotted for
𝐽1,eff = 0.5 and different values of 𝐽2,eff .

Figure 5.23: Transmission spectra of 𝑀HFD for asymmetric impurities at a distance of 𝑙 = 10 and with 𝐽1,eff = 0.5.
The right panel is a zoom into the first transmission maximum of the left panel.

First of all, it seems like perfect transmission is only observed for the case of symmetric impurities.
This observation can be tested by means of 𝑀HFC. Here, perfect transmission occurs as a root of the
reflection amplitude (5.40) which is determined from the transcendent equation

2𝑘

�
1 + 𝑉 �

2
𝑉 �

1
𝑒2𝑖𝑘𝑙

�
+ 𝑖𝑉 �

2

�
1 − 𝑒2𝑖𝑘𝑙

�
= 0. (5.61)

For symmetric impurities, this turns into equation (5.46) where the complex terms form the tangent
function permitting real momentum solutions. As was previously found in reference [38], the only
real momentum solution to equation (5.61) with asymmetric impurities is given by the antisymmetric
case 𝑉 �

1 = −𝑉 �
2 where the brackets vanish at momenta 𝑘 = 𝑛 𝜋𝑙 . Away from the case of symmetric

or asymmetric impurities, the imaginary parts of the momenta solving the perfect transmission
equation (5.61) increase for larger differences between the impurity strengths

��𝑉 �
1 − |𝑉 �

2 |
��.

Let us check whether perfect transmission for asymmetric impurities can likewise be observed in
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𝑀HFD. One finds that, just as in 𝑀HFC, the discrete system’s reflection amplitude which is determined
from equations (5.18) to (5.22) has roots at 𝑘 = 𝑛 𝜋𝑙 if the effective hopping amplitudes fulfill the
condition

𝐽 �21,eff + 𝐽 �22,eff − 2𝐽 �21,eff𝐽
�2
2,eff = 0 ⇒ 𝐽 �𝑖,eff =

𝐽 �𝑗 ,eff�
2𝐽 �2𝑗 ,eff − 1

with 𝑖 ≠ 𝑗 . (5.62)

which is plotted in the left figure 5.24.
In contrast to 𝑀HFC, perfect transmission with asymmetric impurities cannot be achieved for any

impurity strength on the first impurity. In fact, if one of the impurities has 𝐽 �𝑖,eff ≤ 1√
2
, perfect

transmission is only possible for symmetric impurities. This artifact can be understood by considering
the mapping (5.42) for 𝑉 �

𝑖 ↔ 𝐽 �𝑖,eff which was found in section 5.2.3. According to this relation,
hopping amplitudes 𝐽 �𝑖,eff < 1√

2
, where perfect transmission with asymmetric impurities is impossible,

correspond to continuous impurity strengths 𝑉 �
𝑖 > 2. For such impurity strengths, perfect transmission

in 𝑀HFC is observed for 𝑉 �
𝑗 = −𝑉 �

𝑖 < 0 which, according to relation (5.42), do not have a discrete
counterpart. Thus, the set {𝑉 �

1,𝑉
�
2} cannot be mapped to a set of hopping amplitudes {𝐽 �1,eff , 𝐽

�
2,eff}.

Transmission spectra for selected combinations of asymmetric impurities with perfect transmission
are compared in the right figure 5.24. Indeed, all plotted spectra show perfect transmission at the
same momenta 𝑘 = 𝑛 𝜋𝑙 .

Figure 5.24: Left: Combinations of asymmetric effective hopping amplitudes where according to relation (5.62)
the model 𝑀HFD shows perfect transmission at momenta 𝑘 = 𝑛 𝜋𝑙 . Right: Transmission spectra for selected
combinations of 𝐽 �1,eff and 𝐽 �2,eff that feature perfect transmission.

Considering again figure 5.23, one can furthermore observe that for the case of one strong and
one weak impurity the envelope function is more pronounced compared to the single transmission
peaks. To quantify this change in spectrum, let us Taylor-expand the transmission probability (5.23)
for 𝐽 �1,eff → 0 and 𝐽 �2,eff → 1:

𝑇𝐽 �1,eff→0,𝐽 �2,eff→1 =

�
1 − 4 sin(2𝑘𝑙)

tan(𝑘) (1 − 𝐽 �2,eff)
�

tan2(𝑘) (𝐽 �1,eff)4 + O
�
𝐽 �1,eff

�6
+ O

�
𝐽 �2,eff − 1

�2
. (5.63)

This approximation is compared to the exact transmission in figure 5.25. It is interesting to note
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that the fine structure of the spectrum is a result of the weak impurity 𝐽 �2,eff and for vanishing 𝐽 �2,eff,
one obtains the transmission through a single impurity without any fine structure. Furthermore, the
transmission maxima lie at 𝑘 =

�
𝑛 + 3

4

�
𝜋
𝑙 which is right in between the two limiting cases of two

weak impurities and two strong ones.

Figure 5.25: Transmission spectra of 𝑀HFD with one weak and one strong impurity. The exact result calculated
with equation (5.23) is compared to the Taylor expansion (5.63).

Let us now analyze the influence of asymmetric impurities on the wavefunction enhancement at
perfect transmission by again considering the analogy to optical resonators which is valid for strong
impurities: If the first mirror of an optical cavity is fixed, the internal mode intensity is maximized by
choosing the second mirror’s reflectivity as large as possible [40]. Note that this increases the mode
field but decreases transmission. In turn, for a fixed second mirror, mode intensity is maximal when
the first mirror is symmetric to the second one which also maximizes transmission.

The left figure 5.26 checks whether the analogy between the optical resonator modes and the
wavefunction enhancement in 𝑀HFD with small impurity hopping amplitudes holds for for asymmetric
impurities. Here, either 𝐽 �1,eff = 0.4 or 𝐽 �2,eff = 0.4 is fixed and the averaged probability density in
between impurities at the first momentum of maximal transmission is plotted as a function of the other
effective hopping amplitude that is varied. Indeed, the analogy to optical resonators holds: When
the first impurity strength is fixed, the wavefunction enhancement is maximal for maximal second
impurity strength, whereas, for fixed second impurity strength, maximal wavefunction enhancement is
observed for symmetric impurities. Note that in the case of fixed 𝐽 �1,eff, even though choosing 𝐽 �2,eff as
small as possible enhances the probability density in between impurities, maximal transmission is still
achieved for the symmetric case of 𝐽 �1,eff = 𝐽 �2,eff.

The right figure 5.26 illustrates how the wavefunction enhancement for asymmetric hopping
amplitudes changes when one of the impurities is fixed to a low impurity strength. The most important
difference between strong and weak impurity regimes lies in the fact that for fixed first impurity strength,
maximal mode enhancement does not occur at the strongest second impurity but reaches a plateau
below some finite second impurity strength. In fact, this behavior corresponds to the observation
made earlier when discussing the transmission spectrum in the limiting case of one strong and one
weak impurity (equation (5.63)). We found that the weaker impurity creates the single transmission
peaks and, therefore, in this limiting case dominates the wavefunction enhancement. Thus, when
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Figure 5.26: Mean probability density in between impurities at the lowest momenta of maximal transmission in
the high frequency discrete system with 𝑙 = 10. In each plot one of the effective hopping amplitudes 𝐽 �1,eff and
𝐽2,eff is fixed while the other one is varied. Left: One strong impurity 𝐽 �𝑗 ,eff = 0.4. The oscillations at small
𝐽 �𝑖,eff are of numerical nature. Right: One weak impurity 𝐽 �𝑗 ,eff = 0.9.

𝐽 �1,eff → 1, variations in the strong impurity 𝐽 �2,eff barely influence wavefunction enhancement.
Secondly, it is worth noticing that the two plots of the right figure 5.26 intersect at those combinations

of 𝐽 �1,eff and 𝐽 �2,eff where perfect transmission occurs. For symmetric impurities, this intersection is
trivial and observed for any impurity strength (see left figure 5.26). The only non-trivial case where
wavefunction enhancement does not change when interchanging 𝐽 �1,eff and 𝐽 �2,eff is therefore given by
the perfect transmission condition for asymmetric impurities (5.62).

Let us finally check whether the threshold anomaly discussed in section 5.3.5 survives for asymmetric
impurities by regarding figure 5.27. In the left panel, equation (5.56) is used to find combinations of
𝐽 �1,eff and 𝐽 �2,eff where a second bound state is just appearing which again leads to the threshold anomaly
of finite transmission probability at zero momentum. However, in contrast to symmetric systems,
perfect transmission is not reached. Instead one finds that the zero momentum transmission is lower,
the more the impurity strengths differ. The same effect was already observed for other transmission
maxima (see figure 5.23) .

The right panel of figure 5.27 illustrates that as for symmetric impurities, the threshold anomaly
stays a critical phenomenon for asymmetric impurities. To show this, 𝐽1,eff = 1.09 is fixed where
according to equation (5.57) a second bound state appears at 𝜖 �bs = −2 for 𝐽 �2,eff = 1.039. The figure
illustrates that only at this critical value of 𝐽 �2,eff the transmission probability at zero momentum does
not vanish.

As a last comment on bound states, it is interesting to note that, as soon as the impurities differ
significantly from each other, each bound state is localized to one of the two impurities. In this
case, the energetically lower state is the one which is localized to the stronger impurity. This effect
even shows for the bound states at slightly differing impurities of 𝐽 �1 = 1.1 and 𝐽 �2 = 1.11 depicted
in figure 5.28. Here, similarly to figure 5.22, fitted decay constants are compared to the theoretical
values demonstrating good agreement between the results computed for finite and infinite systems.

With this, we can close the discussion of asymmetric impurities and of the high frequency limit. In
this section, we found that all transport characteristics that were discussed for symmetric impurities in
section 5.3 are retrieved for systems with asymmetric impurities. Even though perfect transmission
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5.4 Asymmetric impurities

Figure 5.27: Transmission spectra of 𝑀HFD for asymmetric impurities at a distance of 𝑙 = 10. Left: Systems
with combinations of 𝐽 �1,eff and 𝐽 �2,eff where according to equation (5.56) a bound state is present exactly at
𝜖 �bs = −2. Right: 𝐽 �1,eff = 1.09 is fixed and 𝐽2,eff is varied which demonstrates the criticality of the threshold
anomaly.

Figure 5.28: Probability density of the two bound states of a finite system with 𝑁 = 61 and 𝑙 = 10 for 𝐽 �1 = 1.1,
𝐽 �2 = 1.11 and bound state ansatz (5.60) fitted to the wavefunction. Left: 𝜖 � = −2.043, 𝜅theo. = 0.207730 with fit
parameters 𝜅fit = 0.207774(11), 𝐴1 = 0.225780(11), 𝐴2 = 0.324463(10). Right: 𝜖 � = −2.018, 𝜅theo. = 0.13350
with fit parameters 𝜅fit = 0.13466(18), 𝐴1 = 0.44270(17), 𝐴2 = −0.39461(21) .
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Chapter 5 High frequency limit

only occurs in symmetric systems, sharp transmission resonances are still observed for slightly
asymmetric impurities. The more the impurities differ, the weaker these transmission peaks get and
the more the transmission spectrum is dominated by the strong impurity.

Furthermore, confined wavefunction modes are still observed at the momenta of maximal transmis-
sion. Just as in an optical cavity, the mode density is enhanced by maximizing the strength of the
second impurity. And even though perfect transmission at zero momentum only occurs in symmetric
systems, the threshold anomaly of non-vanishing transmission survives for asymmetric impurities.

After this thorough discussion of the time-independent high frequency limit of the tight binding
chain with two driven impurities, it is time to consider lower frequencies. In the following section
we will thus return to the original time-dependent model, which was introduced in section 2 and
its treatment in Floquet theory discussed in section 4. We will analyze which of the transport
characteristics that are found at high frequencies exist in the full Floquet picture and whether new
properties emerge.
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CHAPTER 6

Solution of the Floquet picture

In chapter 2, the model of a tight binding chain with two driven impurities was introduced. In
the previous chapter 5, we derived that for large driving frequencies this model reduces to a
time-independent effective model 𝑀HFD with effective hopping amplitudes to the impurities. The
transmission spectrum of this effective model was analyzed thoroughly by drawing comparisons to an
analogue continuous high frequency model 𝑀HFC with impurities represented by static delta potentials.
Several interesting transmission characteristics like perfect transmission, resonances and threshold
anomalies were discussed.

It is now time to leave the high frequency limit and return to the Floquet picture of the original
model which was derived in section 4. To observe how the high frequency characteristics change at
finite frequencies and which new features emerge, we will proceed as follows: In the first section 6.1,
a time-dependent analogue continuous model will be derived by combining the ideas of sections
4 and 5.2. Then, to get a first insight into the multichannel transport problem, in section 6.2, previous
results on single impurity systems with discrete and continuous position parameters are summarized.
Finally, in section 6.3, transport in the Floquet picture wi two driven impurities is discussed.
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Chapter 6 Solution of the Floquet picture

6.1 Time-dependent continuous model

In chapter 5, we found that transmission through the static high frequency effective model 𝑀HFD shows
similar characteristics as an analogue continuous model 𝑀HFC consisting of two delta potentials at the
positions of the impurities. Due to more compact expressions (compare the transmission probabilities
(5.23) and (5.41)), 𝑀HFC was used to explain features of 𝑀HFD. With the same motivation, it is,
therefore, instructive to derive a continuous model that is analogue to the time-dependent discrete
model described by the Hamiltonian (2.3). We will use the shorthand notations 𝑀TDD for the time-
dependent discrete model and 𝑀TDC for its analogue continuous model. After the derivation of 𝑀TDC
in subsection 6.1.1, a method to determine transport in this model is calculated in subsection 6.1.2 and
compared to the discrete model’s method in subsection 6.1.3

6.1.1 Derivation of the time-dependent analogue continuous model

To derive a continuous model 𝑀TDC for the discrete model’s Hamiltonian (2.3), let us first only
consider the static tight binding term (2.1):

𝐻̂tb = −𝐽
�

𝑗≠−1,0,𝑙−1,𝑙
(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗) − 𝐽1

�
𝑗=−1,0

(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗) − 𝐽2

�
𝑗=𝑙−1,𝑙

(𝑐†𝑗𝑐 𝑗+1 + 𝑐†𝑗+1𝑐 𝑗).

In section 5.1.1, we found that the high frequency effective Hamiltonian (5.7) has the same form as this
tight binding Hamiltonian. Only the hopping amplitudes to the impurities were rescaled by the zeroth
Bessel function leading to effective hopping amplitudes 𝐽𝑖 → 𝐽𝑖,eff (equation (5.8)). In section 5.2,
it was then argued that the continuous analogue model 𝑀HFC to the high frequency effective model
𝑀HFD is given by equation (5.36):

𝑉 �
double delta pot.(𝑥) = 𝑉 �

1𝛿(𝑥) +𝑉 �
2𝛿(𝑥 − 𝑙)

where all physical quantities were rescaled according to equation (5.30). Equation (5.42) gives the
relation between 𝑀HFC and 𝑀HFD

𝑉 �
𝑖 = 2 ���

1
𝐽 �2𝑖,eff

− 1���
⇔ 𝐽 �𝑖,eff =

1�
𝑉 �
𝑖 /2 + 1

with the dimensionless effective hopping amplitudes 𝐽 �𝑖,eff = 𝐽𝑖,eff/𝐽 (equation (5.17)).
Due to the same form of the Hamiltonians (2.1) and (5.7), the continuous analogue potentials

must have the same form as well. This results a potential that is analogue to the tight binding
Hamiltonian (2.1)

𝑉tb, analogue(𝑥) = 𝑣1𝛿(𝑥) + 𝑣2𝛿(𝑥 − 𝑙) (6.1)

with the relation to the tight binding Hamiltonian

𝑣�𝑖 = 2

�
1
𝐽 �2𝑖

− 1

�
⇔ 𝐽 �𝑖 =

1�
𝑣�𝑖/2 + 1

64



6.1 Time-dependent continuous model

where the hopping amplitudes 𝐽 �𝑖 are rescaled according to equation (4.12). 𝑣�𝑖 describe the rescaled
impurity strengths

𝑣�𝑖 ≡
2𝑚
ℏ2 𝑣𝑖 .

where the 𝑣𝑖 parameterize the impurity strengths of 𝑀TDC.
Having found a continuous correspondence to the static part of the discrete Hamiltonian, let us now

turn to the driving Hamiltonian of equation (2.2):

𝐻̂drive(𝑡) = −𝜇1 cos(𝜔𝑡)𝑐†0𝑐0 − 𝜇2 cos
�
𝜔𝑡 + 𝜙

�
𝑐†𝑙 𝑐𝑙 .

In contrast to the tight binding Hamiltonian (2.1), this driving Hamiltonian does not contain any
kinetic term 𝑐†𝑗𝑐 𝑗+1 and is therefore straight forward to translate into a continuous expression:

𝑉drive, analogue(𝑡) = 𝛾1 cos(𝜔𝑡)𝛿(𝑥) + 𝛾2 cos
�
𝜔𝑡 + 𝜙

�
𝛿(𝑥 − 𝑙). (6.2)

Here, the 𝛾𝑖 represent the driving amplitudes and are, therefore, expected to be proportional to the
chemical potentials of strengths 𝜇𝑖 in the discrete system. This proportionality will be quantified in
the following section when deriving transport in 𝑀TDC.

Containing the static potential (6.1) and the driven one (6.2), the total Hamiltonian of 𝑀TDC is
given by

𝐻̂cont. analogue(𝑡) = − ℏ2

2𝑚
𝜕2

𝜕𝑥2 +𝑉tb, analogue(𝑥) +𝑉drive, analogue(𝑥)

= − ℏ2

2𝑚
𝜕2

𝜕𝑥2 + �
𝑣1 + 𝛾1 cos(𝜔𝑡)� 𝛿(𝑥) + �

𝑣2 + 𝛾2 cos
�
𝜔𝑡 + 𝜙

� �
𝛿(𝑥 − 𝑙) (6.3)

where 𝑚 is the mass of the particle considered. In the following section, transport through this system
will be calculated using the Floquet formalism.

6.1.2 Particle transport in the time-dependent analogue continuous model

After having derived a Hamiltonian (6.3) with continuous position parameter which is analogous to
the Hamiltonian (2.3) with discrete position, transmission through the analogue continuous model
𝑀TDC can be calculated in a similar fashion as described for 𝑀TDD in section 4.2. The following
calculation is analogue to the one in reference [45], where transport through a continuous system with
(a combination of a static and an oscillating) single barrier has been calculated.

In this case, we are first required to determine the Fourier modes of the Hamiltonian (6.3) 𝐻𝑛 for
the Fourier expansion

𝐻̂ (𝑡) =
∞�

𝑛=−∞
𝐻𝑛𝑒

𝑖𝑛𝜔𝑡 .
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Chapter 6 Solution of the Floquet picture

One finds that the zeroth mode is given by the time-independent terms

𝐻̂0 = − ℏ2

2𝑚
𝜕2

𝜕𝑥2 +𝑉tb, analogue(𝑥) (6.4)

and the time-dependent drive potential (6.2) can be rewritten in terms of Fourier modes:

𝑉drive, analogue(𝑥) = 𝛾1 cos(𝜔𝑡)𝛿(𝑥) + 𝛾2 cos
�
𝜔𝑡 + 𝜙

�
𝛿(𝑥 − 𝑙)

=
𝛾1
2

�
𝑒𝑖𝜔𝑡 + 𝑒−𝑖𝜔𝑡

�
𝛿(𝑥) + 𝛾2

2

�
𝑒𝑖𝜔𝑡+𝑖𝜙 + 𝑒−𝑖𝜔𝑡−𝑖𝜙

�
𝛿(𝑥 − 𝑙)

= 𝑒−𝑖𝜔𝑡
�
𝛾1
2
𝛿(𝑥) + 𝛾2

2
𝑒−𝑖𝜙𝛿(𝑥 − 𝑙)

�
����������������������������������������������������������������

𝐻̂−1

+𝑒𝑖𝜔𝑡
�
𝛾1
2
𝛿(𝑥) + 𝛾2

2
𝑒𝑖𝜙𝛿(𝑥 − 𝑙)

�
��������������������������������������������������������������

𝐻̂1

(6.5)

= 𝑒−𝑖𝜔𝑡 𝐻̂−1 + 𝑒𝑖𝜔𝑡 𝐻̂1.

As discussed in section 3, inserting a time-periodic Hamiltonian into the Schrödinger equation
leads to the Floquet equation (3.8) (and rewritten equation (3.10)). By means of the block structure of
the quasienergy operator given in equation (3.13), the Floquet equation of 𝑀TDC can be written in the
same fashion as for the discrete system, given by equation (4.3)

𝐻0
��𝑢𝑛� + 𝐻1

��𝑢𝑛+1
� + 𝐻−1

��𝑢𝑛−1
�
= 𝐸𝑛

��𝑢𝑛� (6.6)

with the quasienergies 𝐸 + 𝑛ℏ𝜔 . Here,
��𝑢𝑛� are the Floquet modes introduced in equation (3.2). Since

both, 𝑀TDC and 𝑀TDD, are driven with a single frequency component, the quasienergy operators take
the same tridiagonal block structure. The resulting quasienergy operator is equivalent to a Hamiltonian
which describes multiple one-dimensional systems coupling to each other at the positions of the
impurities (see figure 6.1 which is analogue to figure 4.1 for 𝑀TDD). According to equation (6.5),
the coupling strength between two systems is given by 𝛾𝑖/2. In the following sections 6.2 and 6.3,
we will discuss how this picture helps in understanding the system’s transport properties. Inserting
the Hamiltonian’s Fourier components given by equations (6.4) and (6.5), the Floquet equation (6.6)
becomes

− ℏ2

2𝑚
𝜕2

𝜕𝑥2

��𝑢𝑛� +
�
𝑣1
��𝑢𝑛� + 𝛾1

2

���𝑢𝑛+1
� + ��𝑢𝑛−1

���
𝛿(𝑥)

+
�
𝑣2
��𝑢𝑛� + 𝛾2

2

�
𝑒−𝑖𝜙

��𝑢𝑛+1
� + 𝑒𝑖𝜙

��𝑢𝑛−1
���

𝛿(𝑥 − 𝑙) = 𝐸𝑛
��𝑢𝑛� . (6.7)

Having derived the Floquet equation governing the Floquet modes of 𝑀TDC, transport through this
system can be determined by making an analogue ansatz to the one in section 4.2. We consider an
incoming plane wave with momentum 𝑘0 from the left in the zeroth channel and scattered plane waves
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𝑣1 𝑣2

𝛾1
2

𝛾2
2

𝛾1
2
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𝛾2
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𝑛 = 2

𝑛 = 1

𝑛 = 0

𝑛 = −1

𝑛 = −2

Figure 6.1: The quasienergy operator of 𝑀TDC, which has the form of equation (4.3), is equivalent to a
Hamiltonian describing multiple one-dimensional systems labeled by a Fourier index 𝑛 with static potentials at
two positions which we call impurities. At these impurities the chains are coupled to each other.

on all channels

��𝑢𝑛� =


𝛿0,𝑛𝑒

𝑖𝑘𝑛𝑥 + 𝑟𝑛𝑒
−𝑖𝑘𝑛𝑥 𝑥 ≤ 0

𝑡 �𝑛𝑒
𝑖𝑘𝑛𝑥 + 𝑟 �𝑛𝑒

−𝑖𝑘𝑛𝑥 0 < 𝑥 ≤ 𝑙

𝑡𝑛𝑒
𝑖𝑘𝑛𝑥 𝑙 < 𝑥

. (6.8)

The energy of the incoming wave is given by the non-relativistic dispersion relation

𝐸 =
ℏ2𝑘2

0
2𝑚

(6.9)

and according to equation (3.6) the quasienergy in channel 𝑛 is given by

𝐸𝑛 = 𝐸 + 𝑛ℏ𝜔 ≡ ℏ2𝑘2
𝑛

2𝑚
. (6.10)

Demanding continuity of the wavefunction at 𝑥 = 0 and 𝑥 = 𝑙, one obtains the relations

𝜂𝑛 ≡ 𝛿𝑛,0 + 𝑟𝑛 = 𝑡 �𝑛 + 𝑟 �𝑛 and 𝑡𝑛 = 𝑡 �𝑛 + 𝑟 �𝑛𝑒
−𝑖2𝑘𝑛𝑙 (6.11)

where 𝜂𝑛 is the wavefunction at 𝑥 = 0 in channel 𝑛. The analogue wavefunction at site 0 in the
discrete system was called 𝐸𝑛 (equation (4.16)) but is named differently here to prevent confusion
with the energy in channel 𝑛. Two more relations between the wavefunction amplitudes are obtained
by integrating the Floquet equation (6.7) over infinitesimally small regions around 𝑥 = 0 and 𝑥 = 𝑙 to
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Chapter 6 Solution of the Floquet picture

calculate the discontinuities of the wavefunctions’ first derivatives:

𝑖ℏ2

𝑚
𝑘𝑛

�
𝑡 �𝑛 − 𝑟 �𝑛 − 𝛿𝑛,0 + 𝑟𝑛

�
= 𝛾1

�
𝜂𝑛−1 + 𝜂𝑛+1

� + 2𝑣1𝜂𝑛 (6.12)

and
𝑖ℏ2

𝑚
𝑘𝑛𝑒

𝑖𝑘𝑛𝑙
�
𝑡𝑛 − 𝑡 �𝑛 + 𝑟 �𝑛𝑒

−𝑖2𝑘𝑛𝑙
�
= 𝛾2

�
𝑡𝑛−1𝑒

𝑖𝑘𝑛−1𝑙𝑒−𝑖𝜙 + 𝑡𝑛+1𝑒
𝑖𝑘𝑛+1𝑙𝑒𝑖𝜙

�
+ 2𝑣2𝑡𝑛𝑒

𝑖𝑘𝑛𝑙 . (6.13)

Inserting relations (6.11) into equation (6.12) leads to

2𝑖𝑟 �𝑛 = 2𝑖
�
𝜂𝑛 − 𝛿𝑛,0

�
− 𝑚

ℏ2𝑘𝑛

�
𝛾1

�
𝜂𝑛−1 + 𝜂𝑛+1

� + 2𝑣1𝜂𝑛

�
. (6.14)

Finally, inserting equations (6.11) and (6.14) into equation (6.13) gives a recurrence relation equivalent
to equation (4.19) of the form

𝛽𝑛 =
2�

𝑘=−2
𝛼 (𝑛)
𝑘 𝜂𝑛+𝑘 (6.15)

with coefficients

𝛽0 = − 2𝑖𝑘0𝑘1𝑘−1

�
𝑘0𝑒

−𝑖𝑘0𝑙 + 𝑣�2 sin
�
𝑘0𝑙

� �
𝛽±1 = − 𝑖𝛾�

2𝑒
∓𝑖𝜙𝑘0𝑘±1𝑘±2 sin

�
𝑘0𝑙

�
𝛽𝑛 =0 else

𝛼 (𝑛)
0 =𝑘𝑛𝑘𝑛+1𝑘𝑛−1𝑒

−𝑖𝑘𝑛𝑙 �−2𝑖𝑘𝑛 + 𝑣�1 + 𝑣�2
�

+ 𝑘𝑛+1𝑘𝑛−1𝑣
�
1𝑣

�
2 sin

�
𝑘𝑛𝑙

�
+ 𝛾�

1𝛾
�
2

4
𝑘𝑛

�
𝑒−𝑖𝜙𝑘𝑛+1 sin

�
𝑘𝑛−1𝑙

� + 𝑒𝑖𝜙𝑘𝑛−1 sin
�
𝑘𝑛+1𝑙

� �

𝛼 (𝑛)
±1 =𝑘𝑛𝑘𝑛+1𝑘𝑛−1

�
𝛾�

1
2
𝑒−𝑖𝑘𝑛𝑙 + 𝛾�

2
2
𝑒±𝑖𝜙𝑒−𝑖𝑘𝑛±1𝑙

�

+ 𝑘𝑛∓1

�
𝛾�

1
2
𝑣�2𝑘𝑛±1 sin

�
𝑘𝑛𝑙

� + 𝛾�
2

2
𝑣�1𝑒

±𝑖𝜙𝑘𝑛 sin
�
𝑘𝑛±1𝑙

� �

𝛼 (𝑛)
±2 =

𝛾�
1𝛾

�
2

4
𝑒±𝑖𝜙𝑘𝑛𝑘𝑛∓1 sin

�
𝑘𝑛±1𝑙

�
(6.16)

where the driving amplitudes were rescaled in the same manner as all quantities in continuous systems
with dimension energy or energy × length:

𝛾�
𝑖 =

2𝑚
ℏ2 𝛾𝑖 .

As discussed in section 5.2.1 below equation (5.36), since we work with momenta in units of the
inverse discrete lattice spacing 𝑎 (equation (5.24)), all lengths are scaled in untis of 𝑎. Therefore,
quantities of dimension energy × length are scaled in the same fashion as quantities of dimension
energy. In order to recover dimensional quantities, a multiplication with the according powers of 𝑎 is
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required.

The recurrence relation (6.15) can be written as a system of linear equations

����������

. . .

𝛼 (−1)
−2 𝛼 (−1)

−1 𝛼 (−1)
0 𝛼 (−1)

1 𝛼 (−1)
2

𝛼 (0)
−2 𝛼 (0)

−1 𝛼 (0)
0 𝛼 (0)

1 𝛼 (0)
2

𝛼 (1)
−2 𝛼 (1)

−1 𝛼 (1)
0 𝛼 (1)

1 𝛼 (1)
2

. . .

��������������������������������������������������������������������������������������������������������������������������������������������������
𝐴

����������

...
𝜂−1
𝜂0
𝜂1
...

��������������������
�𝜂

=

����������

...
𝛽−1
𝛽0
𝛽1
...

��������������������
�𝛽

. (6.17)

As in equation (4.21), the wavefunction coefficients 𝜂𝑛 can be determined by cutting 𝐴, �𝜂 and �𝛽 at
some cutoff index ±𝑛max and numerically inverting 𝐴:

�𝐸 = 𝐴−1 �𝛽.

Having obtained the coefficients 𝜂𝑛, transmission is determined by demanding current conservation.
For this, consider the general probability density current [46]

𝑗 (𝑥) = ℏ
2𝑚𝑖

�
𝜓∗( 𝜕

𝜕𝑥
𝜓) −

�
𝜕

𝜕𝑥
𝜓∗
�
𝜓

�

with its discrete analogue given by equation (4.22). To calculate the current in the system at hand,
define the total propagating wavefunction 𝜓 =

�
𝑛

��𝑢𝑛� where 𝑛 runs over all propagating channels
with 𝐸 + 𝑛ℏ𝜔 > 0. The total current on the left hand side of the potentials is then given by

𝐽− =
∫ 0

−∞
𝑗 (𝑥)d𝑥

=
ℏ

2𝑚𝑖

�
𝑛

𝑖𝑘𝑛

∫ 0

−∞

� �
𝛿𝑛,0𝑒
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(6.18)

where the infinite length of the system on the left hand side of the potentials 𝐿− was introduced which
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will cancel out later. Analogously, the total current on the right hand side of the potentials is given by

𝐽+ =
∫ ∞
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𝑗 (𝑥)d𝑥
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In a next step, all currents are normalized such that the total incoming current from equation (6.18)
is 1. The transmission probability is then given by the ratio of transmitted and incoming current:

𝐽in =
1
𝜈

ℏ
𝑚
𝐿−𝑘0

!
= 1 ⇒ 𝜈 =

ℏ
𝑚
𝐿−𝑘0

𝑇 =
1
𝜈 𝐽+
𝐽in

=
�
𝑛

��𝑡𝑛��2 𝑘𝑛
𝑘0

. (6.20)

where 𝐿− = 𝐿+ was used which is valid for an infinite system and for a finite system where the
potential barriers are placed in the center. As in 𝑀TDD, where transmission is given by equation (4.25),
the transmission probability in 𝑀TDC is given by the sum over the transmission probabilities of all
unbound channels weighted by the particle velocity. Comparison of equations (4.25) and (6.20)
demonstrates that the respective particle velocities form a main difference between 𝑀TDC and 𝑀TDD.

The transmission probability can, finally, be expressed in terms of the coefficients 𝜂𝑛 by demanding
current conservation 𝐽− = 𝐽+. Equating the integrated currents of equations (6.18) and (6.19) and
writing 𝑟𝑛 in terms of 𝜂𝑛 by means of relation (6.11) gives the transmission

𝑇 = 2 Re
�
𝜂0
� −�

𝑛

��𝜂𝑛��2 𝑘𝑛
𝑘0

where the sum runs again over all unbound channels. This expression only differs from equation (4.26)
for 𝑀TDD in the particle velocity factors 𝑘𝑛 ↔ sin

�
𝑘𝑛
�
. Analogously to the derivation for 𝑀TDD in

section 4, we have obtained a way to calculate transmission in 𝑀TDC numerically. In order to use
𝑀TDC to gain insight into 𝑀TDD, the two models need to be related to each other. This relation is
discussed in the following subsection.

6.1.3 Relation between discrete and continuous time-dependent models

In section 5, transport through the high frequency effective model 𝑀HFD was explained by means of a
continuous model 𝑀HFC. Due to the good agreement between the transmission spectra of the two
models which were shown to coincide in the limit of small momenta 𝑘0 → 0, an analogue continuous
model 𝑀TDC to the original model 𝑀TDD was derived in section 6.1.1. A method to numerically
calculate transport in 𝑀TDC was presented in the previous section 6.1.2. In order to use 𝑀TDC to
explain transport in 𝑀TDD, it is necessary to determine a relation between the two models.

In section 5.2, it was argued that, when working with dimensionless momentum rescaled by the
inverse lattice spacing, the continuum limit of 𝑀HFD corresponds to 𝑘 → 0 (equations (5.24) to (5.26)).
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Any discrete and analogue continuous model are therefore expected to coincide at small momenta
which was used in section 5.2.3 to relate the two high frequency models to each other. Since they
were found to be time-independent, the only momentum appearing in any equation was the incoming
momentum 𝑘0. However, as discussed in sections 4.2 and 6.1.2, Floquet analysis of 𝑀TDD and 𝑀TDC
leads to multiple Floquet channels with index 𝑛 where waves propagate with momentum 𝑘𝑛. One
finds that for the momenta 𝑘𝑛 to coincide in time-dependent systems, the limits of small momenta
𝑘0 → 0 and low driving frequencies 𝜔 → 0 need to be taken simultaneously. To see this, first express
𝑘𝑛 in 𝑀TDC in terms of 𝑘0 and 𝜔 using relations (6.9) and (6.10):

ℏ2𝑘2
0

2𝑚
+ 𝑛ℏ𝜔 =

ℏ2𝑘2
𝑛

2𝑚
⇒ 𝑘𝑛 =

�
𝑘2

0 +
2𝑚
ℏ

𝑛𝜔. (6.21)

Using the tight binding dispersion relation (4.14), one finds the same dependence 𝑘𝑛 (𝑘0,𝜔) when
taking the simultaneous limits 𝑘0,𝜔 → 0:

− 2 cos
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� + 𝑛𝜔� = −2 cos
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�4� = �

𝑘2
0 + 𝑛𝜔� + O �
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�3 + O �

𝜔�� 3
2 . (6.22)

By comparing equations (6.21) and (6.22), one finds that the dispersion relations of 𝑀TDD and 𝑀TDC
coincide in the limit 𝑘0,𝜔 → 0 if the driving frequency 𝑀TDC is rescaled as

𝜔� =
2𝑚
ℏ

𝜔.

In order to find a quantitative relation between the two models, let us expand the coefficients 𝛼𝑛𝑛
and 𝛽𝑛 that are given by equation (4.20). They are required to calculate transmission in 𝑀TDD via
equations (4.21) and (4.26). In order to obtain a result that is valid for any distance between impurities
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𝑙, the product 𝑘𝑛𝑙 is kept finite. One obtains
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where the rescaled hopping amplitudes 𝐽 �𝑖 = 𝐽𝑖/𝐽 to the impurities are used.

Comparison of these expanded coefficients of 𝑀TDD to the analogue coefficients of 𝑀TDC given by
equation (6.16) immediately yields that, up to orders O �

𝑘0
�3 and O(𝜔)1, the two systems are related

to each other by

𝑣�𝑖 = 2

�
1

(𝐽 �𝑖 )2 − 1

�
⇔ 𝐽 �𝑖 =

1�
𝑣�𝑖/2 + 1

and 𝛾�
𝑖 = − 𝜇�

𝑖

(𝐽 �𝑖 )2 ⇔ 𝜇�
𝑖 = − (𝛾�

𝑖 )2

𝑣�𝑖 + 2
. (6.24)

Note that, in section 5.2.3, we found that the high frequency models are related by𝑉 �
𝑖 = 2

�
1/(𝐽 �𝑖,eff�)2 − 1

�
(equation (5.42)). Since these models are obtained from 𝑀TDD and 𝑀TDC by setting

𝑣�𝑖 ↦→ 𝑉𝑖 𝐽 �𝑖,eff� ↦→ 𝐽 �𝑖 𝜇�
𝑖 = 0 𝛾�

𝑖 = 0

the relations (6.24) between the time-dependent models match with our findings of section 5.2.3.

In this section, we have derived a model 𝑀TDC that is expected to show similar transport character-
istics as 𝑀TDD. A method to numerically calculate transport through this model 𝑀TDC was presented
and a relation between the parameters of 𝑀TDD and 𝑀TDC was found. We now have the tools at
hand to analyze the transport characteristics of the driven tight binding chain at arbitrary driving
frequencies. Before turning to two driven impurities in section 6.3, in the following section 6.2, results
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from literature on transmission through a single driven impurity are summarized.
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6.2 Single impurity transport

In section 4, we used Floquet theory to show that the periodically driven tight binding chain 𝑀TDD
can be treated as a static system of multiple tight binding chains coupling to each other at the driven
sites with coupling strengths 𝜇𝑖/2 (figure 4.1). In the previous section 6.1.2, we found an equivalent
picture for the analogue continuous model 𝑀TDC describing coupled one-dimensional systems with
continuous position parameter and coupling strengths 𝛾𝑖/2 (figure 6.1). Furthermore, we found that
the two models behave similarly in the limit of small momenta and small driving frequencies.

Using the systems’ Floquet pictures, in this section we will get an insight into their transport
properties by first considering only a single driven impurity. For this, we will, first, discuss how the
spectrum changes with respect to the high frequency limit discussed in section 5.3.1 when lowering the
driving frequency. We will then get an analytic insight into single impurity transmission by regarding
𝑀TDC. The findings in this model will, afterwards, be compared to single impurity transmission of
𝑀TDD. For more detailed discussions of the single impurity systems, consider references [21, 26, 27]
(discrete system) and [23, 45, 47, 48] (continuous system). The main results of these references will
be summarized in the following.

6.2.1 From high to low frequencies

We begin by drawing a relation to the single impurity driven at high frequencies which was discussed
in section 5.3.1. In section 5.1.1, we found that in the high frequency limit, the transmission probability
depends on the ratio 𝜇𝑖/𝜔 ≡ 𝜆𝑖 (equation (5.8)). In order to compare spectra at different driving
frequencies to the high frequency limit transmission (5.43), in figure 6.2, the ratio of driving amplitude
and frequency 𝜆𝑖 is kept constant. Here, the transmission at finite driving frequencies is computed
from equation (4.20) by setting 𝐽 �2 = 1 and 𝜇�

2 = 0.

Figure 6.2: Transmission spectra of the driven discrete system with a single impurity at different driving
frequencies compared to the high frequency limit discussed in section 5.3.1. A homogeneous chain with 𝐽 �1 = 1
is considered. Left: High frequencies, where qualitatively the spectra do not differ from the high frequency
approximation. Right: Lower frequencies where zero transmission resonances appear.

The figure demonstrates that the transmission spectrum at 𝜔� = 10 is well described by the high
frequency approximation. For lower frequencies and correspondingly lower driving amplitudes,
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the transmission spectrum decreases at all momenta but does not change qualitatively until 𝜔� = 4.
While at lower driving frequencies the transmission for most incoming momenta increases, zero
transmission resonances occur at certain momenta. The widths of these resonances seem to decrease
with decreasing frequency and driving amplitude. To explain these resonances of zero transmission
let us take a step back and consider 𝑀TDC with a single driven impurity in the following subsection.

6.2.2 Time-dependent continuous model with a single impurity

The model 𝑀TDC with a single driven impurity has been discussed thoroughly in references [23, 45,
47, 48]. The main transport characteristics of this model will be explained in the following. By setting
𝛾�

2 = 𝑣�2 = 0 in equation (6.16), the recurrence relation (6.15) for a single impurity becomes [26]

−2𝑖𝑘0𝛿0,𝑛 = 𝜂𝑛
�−2𝑖𝑘𝑛 + 𝑣�1

� + 𝛾�
1

2
�
𝜂𝑛−1 + 𝜂𝑛+1

�
. (6.25)

As explained in sections 4 and 6.1.2, by means of Floquet theory, periodically driven one-dimensional
systems can be regarded as multiple channels coupling to each other. The according physical picture is
obtained from figure 6.1 and illustrated in the left figure 6.3. Plotting transmission through this model
for fixed frequency 𝜔� = 1 and different driving amplitudes in the right figure 6.3 shows resonances
which are similar to the ones of 𝑀TDD shown in the right figure 6.2.

𝛾1
2

𝛾1
2

𝛾1
2

𝛾1
2

𝑣1

𝑛 = 2

𝑛 = 1

𝑛 = 0

𝑛 = −1

𝑛 = −2

Figure 6.3: Left: As explained in sections 4 and 6.1.2, by means of Floquet theory, periodically driven
one-dimensional systems can be understood as a set of coupled channels. Here, the model 𝑀TDC, described by
the Floquet equation (6.7), with a single impurity is illustrated. The red boxes indicates the side system which, at
low incoming energies, only contains bound channels. Right: Transmission spectrum of the continuous driven
system with a single impurity with 𝜔� = 1 and without a static potential 𝑣�1 = 0. The numerically exact spectra
considering 41 channels (𝑛max = 20) are compared to the spectra of the three channel approximation (𝑛max = 1).

For an analytic understanding of these resonances, consider the limit of weak driving amplitude
𝛾�

1 � 𝜔� where the channels with |𝑛| ≥ 2 couple to the zeroth channel with orders of at least O �
𝛾1
�2

and are thus neglected1. The resulting three channel approximation corresponds to choosing the cutoff
index of matrix 𝐴 in equation (6.17) as 𝑛max = 1.

1 For a quantitative justification of the finite channel approximation see appendix A in reference [23].
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In this approximation, the recurrence relation (6.25) becomes
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where the labels ’3c’ indicate the three channel approximation. The coefficient 𝜂0 is obtained by
inverting 𝐴3c

�𝜂3c = 𝐴−1
3c �𝛽3c.

According to equations (6.8) and (6.11), in the case of a single driven impurity 𝑟 �𝑛 = 0 and thus
𝑡𝑛 = 𝑡 �𝑛 = 𝜂𝑛. In this way, one finds the transmission amplitude of the zeroth channel [23]

𝑡 (3𝑐)0 = 𝜂 (3𝑐)
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�
𝛾�1
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(6.26)

which illustrates that transitions from channel 0 to the channels 𝑛 = ±1 take place. Even though
transmission also takes place through the 𝑛 = 1 channel, its transmission amplitude only contains terms
of at least O �

𝛾�
1
�
. In the weak driving limit, the transmission probability is therefore approximately

given by
���𝑡 (3𝑐)0

���2. The right figure 6.3 demonstrates that for small 𝛾�
1 this approximation describes the

exact transmission very well.

One now finds that the transmission amplitude (6.26) can only vanish for imaginary momentum
𝑘−1 = 𝑖𝜅−1 with 𝜅−1 ∈ R, that is for incoming energies 𝐸 � where the channel 𝑛 = −1 is bound.
According to the dispersion relation (6.10), this is the case for (rescaled) energies

𝐸 � ≡ 2𝑚
ℏ2 𝐸 � 𝜔�.

In this energy range, one finds the transmission amplitude to be identically zero at [23]

𝐸 �
zt = 𝜔� − 1

4
�
𝑣�1
�2
.

This energy agrees with the location of the zero transmission resonances in figure 6.3 for weak driving
amplitudes.

The shape of the transmission resonances is further characterized by the pole of the transmission
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amplitude (6.26) which is found as [23]
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such that the transmission amplitude around the impurity becomes

𝑡 (3𝑐)0 ∼ 𝐸 � − 𝐸 �
zt

𝐸 � − 𝐸 � + 𝑖Γ� . (6.27)

The situation at hand describes a so-called Fano resonance [49], which occurs when a propagating
state in the continuum interacts with a discrete energy level, which is, in our case, the bound state
energy of the 𝑛 = −1 side system. If the energy of the incoming particle matches a discrete energy
level of the attached side system (marked in red in the left figure 6.3), destructive Fano interference
with this quasibound state leads to a vanishing transmission amplitude. For this reason, the single
driven delta potential has been named ’Fano mirror’ in reference [23]. The asymmetric resonance line
shape described by equation (6.27) is characteristic for a Fano resonance [21, 23].

At energies 𝐸 � > 𝜔�, the channel 𝑛 = −1 opens up and due to its real momentum 𝑘−1 the transmission
amplitude (6.26) possesses no real zeros. Nevertheless, it still exhibits complex poles which are
observed as kinks in the transmission spectra of figure 6.3). Furthermore, with increasing driving
amplitude 𝛾�

1, the three channel approximation loses its validity. Here, the discrete states of the side
attached system shift towards lower energies leading to a shift of the zero transmission energy.

Having associated the zero transmission resonances of 𝑀TDC with a single impurity to the Fano
effect, let us compare the findings to transmission in 𝑀TDD with a single impurity in the following
subsection.

6.2.3 Discrete model with a single impurity

The discrete system with a single driven impurity has been analyzed thoroughly in references [21,
26]. However, the relation to the time-dependent continuous model 𝑀TDC has only been discussed
briefly in reference [26]. The according physical picture of multiple tight binding chains coupling to
each other at site 0 is obtained from figure 4.1 by setting 𝜇�

2 = 0 and 𝐽 �2 = 1. It is illustrated in the left
figure 6.4.

As for 𝑀TDC in figure 6.3, transmission through the discrete system 𝑀TDD is plotted for fixed
frequency 𝜔� = 1 and varying driving amplitude 𝜇�

1. A comparison of the right figures 6.3 and 6.4
shows that, even outside of the limits 𝜔, 𝑘0 → 0, the transmission spectra behave stunningly similar.

As pointed out before, the main difference between the spectra of 𝑀TDD and 𝑀TDC lies in the
different dispersion relations (4.14) and (6.9). Firstly, the discrete dispersion relation (4.14) leads to a
symmetric spectrum around 𝑘0 = 𝜋/2. Secondly, the continuum energy band is not only bounded
from below, as in the continuous case, but also from above. As discussed in section 4.2, this leads to
unbound channels with |𝜀�𝑛 | < 2 and bound channels outside this band. In the following, let us discuss
whether the zero transmission resonances of 𝑀TDD can be understood in terms of Fano interference, as
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Figure 6.4: Left: Illustration of the discrete system described by the Floquet equation (4.3) with a single impurity.
The red boxes indicate the virtual side systems which contain a number of propagating channels that depends on
the incoming particle’s energy and the driving frequency. The illustration is adapted from reference [21]. Right:
Transmission spectrum of the discrete system with a single impurity and 𝜔� = 1. A homogeneous chain with
𝐽 �1 = 1 is considered. The numerically exact spectra calculated from 41 channels (𝑛max = 20) are compared
to the spectra of the three channel approximation (𝑛max = 1). Note the striking similarity to the transmission
spectra of 𝑀TDC shown in the right figure 6.3. The driving amplitudes 𝜇�

1 and 𝛾�
1 are related to each other

according to relation (6.24).

was the case in the continuous system, or whether the different dispersion relation requires a different
explanation.

For this, consider the recurrence relation (4.19) with coefficients (4.20) for a single impurity [26]
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This recurrence relation coincides with the continuous recurrence relation (6.25) when mapping

𝑘𝑛 ↦→ sin
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𝛾�
𝑖 ↦→ − 𝜇�

1

(𝐽 �1)2 (6.28)

which, in the limits 𝑘 ,𝜔� → 0, leads to the relations (6.24) which were found in section 6.1.3.

At this point, one could proceed as for 𝑀TDC above, by considering small driving amplitudes
𝜇�
𝑖 � 𝜔� and applying the three channel approximation. However, to obtain the transmission amplitude

of channel zero in the three channel approximation, it is sufficient to insert the mappings (6.28)
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6.2 Single impurity transport

between discrete and continuous models with a single impurity into the transmission amplitude (6.26):
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As argued in section 6.2.2, in the weak driving limit, the transmission probability is well approximated

by
���𝑡 (3𝑐)0

���2, because, even though channels 𝑛 = ±1 might be unbound as well, they only contain terms
of at least O �

𝛾�
1
�
. The right figure 6.4 demonstrates the validity of this approximation for weak driving

amplitudes.
To find the zero transmission energy, note that in the spectra of figure 6.4, the zero transmission

resonances with small 𝜇�
𝑖 are observed at energies just below 𝜀� = −2 + 𝜔� where channel 𝑛 = −1

is still bound. Due to the spectra’s symmetry around 𝜀� = 0, the same resonance is observed just
above 𝜀� = 2 − 𝜔� before channel 𝑛 = 1 becomes unbound. Writing all momenta in the transmission
amplitude (6.29) in terms of 𝜀� and 𝜔� by means of equations (4.14) and (4.15) and solving 𝑡0 = 0 for
𝜀�, one finds zero transmission at [26]

𝜀�zt = ±
�����
𝜔� − 2

�
𝐽 �1
�2�

2
�
𝐽 �1
�2 − 1

�����
.

Again, this resonance energy agrees with the spectra in figure 6.4. As discussed above for 𝑀TDC,
Fano interference is responsible for the observed resonance when propagating solutions of the
continuum interact with discrete energy levels of the side system [21]. One of these discrete levels,
which in an isolated system would lie outside of the continuum, is pushed inside unbound energy
band by the interaction term 𝜇�

1. The resulting quasibound state affects transmission and leads to the
typical asymmetric line shape of a Fano resonance. However, note that, exactly at the energies of zero
transmission 𝜀�zt, the wavefunction in channel 0 at the position of the impurity 𝜂0 vanishes. Therefore,
the side systems decouple from the central chain and what was a quasibound state in the continuum
before becomes a bound state in the continuum (BIC). Such BIC were first described in reference [50]
and are known to influence transport [51, 52].

Besides these zero transmission resonances which occur at |𝜀� | > |𝜔� − 2|, weaker Fano resonances
with finite transmission probability are observed at energies closer to 𝜀� = 0 whenever 𝜀� matches
another quasibound state of the side attached systems (see the right figure 6.4, just at 𝜀� � 0).

Before switching on the second impurity in the next section and discussing how the described
transport phenomena change, let us briefly discuss transmission outside of the weak driving limit. For
this, in the left figure 6.5, transmission in 𝑀TDC is calculated for fixed (low) driving frequency and
varying driving amplitude. According to the relation between 𝑀TDD and 𝑀TDC (6.24), the driving
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Chapter 6 Solution of the Floquet picture

amplitudes 𝛾�
1 are translated into driving amplitudes of the discrete system 𝜇�

1 and the corresponding
transmission probabilities for 𝑀TDD are illustrated in the right figure 6.5. The similarity between
continuous and discrete transmission for weak drivings is stunning.

Figure 6.5: Comparison of the transmission spectra 𝑀TDC (left) and 𝑀TDD (right) for a single driven impurity
driven at 𝜔� = 0.5. Both systems are chosen homogeneous with 𝑣�1 = 0 and 𝐽 �1 = 1. According to relation (6.24),
the driving amplitudes of the left plot correspond to those in the discrete model plotted in the right.

Above, we found that, in the weak driving limits 𝛾�
1, 𝜇

�
1 → 0 and for homogeneous chains, the

zero transmission resonance is located close to 𝐸 � = 𝜔� and 𝜀�zt = ± �
𝜔� − 2

�
respectively. When

increasing the driving amplitude, this resonance shifts towards lower energies. At a certain driving
amplitude 𝜇�

1 ≈ 2.8 the resonance energy reaches 𝜀�zt ≈ ∓2 and the resonance vanishes for larger 𝜇�
1.

In a repeating fashion, the resonance is then restored at 𝜀�zt ≈ ±(𝜔� − 2) and shifts towards 𝜀�zt ≈ ∓2
again. Again, this effect can be understood by means of Fano interference with a quasibound state of
the side attached system [26]. With increasing coupling between channels, the energy of this discrete
state is lowered until it is pushed out of the continuum when the resonance disappears. When further
increasing the coupling to the side system, another discrete level is pulled inside the band and the
resonance is restored.

In conclusion, we are able to explain the zero transmission resonances of continuous and discrete
systems by means of Fano interference. In the discrete system, this effect leads to bound states in
the continuum occurring at the critical point of zero transmission where the side systems decouple
from the zeroth channel. Having understood the transmission spectrum for a single impurity, let us
switch on the second impurity and discuss, in the following section, how this affects the transmission
spectrum.
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6.3 Two impurity transport

6.3 Two impurity transport

In the previous section 6.2, transmission through a tight binding chain with a single driven impurity
was discussed. The three channel approximation to the multichannel scattering problem, which is
justified in the limit of small driving amplitudes, was used to identify Fano resonances which equally
appear in the analogue continuous model 𝑀TDC derived in section 6.1. These Fano resonances
were explained by means of the Floquet picture consisting of multiple interacting channels which
was derived in sections 4 (discrete model 𝑀TDD) and 6.1.2 (continuous model 𝑀TDC): Due to the
interaction between channels, discrete levels of the side systems are pushed inside the continuum
and, thus, lead to quasibound states. For the discrete model 𝑀TDD, it was found that, at the energy of
zero transmission, the side systems decouple from the zeroth channel, such that the quasibound states
become bound states in the continuum.

In this section, we regard the full model of two driven impurities which was introduced in section 2
and Floquet transformed in section 4 and which, to our knowledge, has not been analyzed before. For
this, we take advantage of the analogous model 𝑀TDC with two driven delta potentials. This system
has been analyzed previously in references [24, 53].

In order to connect the full time-dependent model 𝑀TDD to the high frequency effective model 𝑀HFD
which was discussed in section 5, we will first observe how the transmission spectrum changes when
leaving the high frequency limit. Analogously to the discussion of a single impurity in section 6.2, the
appearing features will, then, be explained in the limit of small driving amplitudes using the three
channel approximation.

6.3.1 From high to low frequencies

In section 5.1.1, we found that, in the limit of high driving frequencies, the time-dependent model 𝑀TDD
reduces to a static effective model 𝑀HFD with effective hopping amplitudes 𝐽𝑖,eff to the impurities.
The transmission probability through these static impurities was calculated in section 5.1.2 and several
interesting transport characteristics were discussed in section 5.3. For symmetrically driven systems
with strong impurities (that is small effective hopping amplitudes), we identified maxima of perfect
transmission accompanied by confined wavefunction modes. For weaker impurities, the transmission
resonances become broader which leads to a broadening of the perfect transmission peaks. Due
to a shift in the resonant momenta and the effect of multiple resonances overlapping, the perfect
transmission peaks were furthermore observed to shift towards lower momenta. As soon as the
effective hopping amplitudes exceed the bulk hopping amplitude, bound states emerge which lead to
the critical phenomenon of finite transmission at zero incoming momentum, a so-called threshold
anomaly.

It is the purpose of this section, to observe how these transmission features change when leaving
the high frequency limit and considering 𝑀TDD. In order to reduce the number of free parameters
and focus on the effect of the driving field, we will consider a homogeneous tight binding chain
𝐽 �1 = 𝐽 �2 = 1 and symmetric impurities with 𝜇�

1 = 𝜇�
2 ≡ 𝜇� and 𝜙 = 0. In figure 6.6, the high frequency

transmission (5.23) is compared to the transmission spectra at finite frequencies calculated with
the method explained in section 4.2. For a valid comparison to the high frequency limit where the
transmission probability only depends on the ratio of driving amplitude and frequency 𝜇�/𝜔� = 𝜆
(equation (5.8)), this ratio is kept constant for all plotted spectra.

The left figure 6.6 illustrates that for frequencies 𝜔� � 6 the transmission spectrum is well described
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Chapter 6 Solution of the Floquet picture

Figure 6.6: Transmission spectra of 𝑀TDD with two symmetrically driven impurities at a distance of 𝑙 = 10
sites and at various driving frequencies compared to the high frequency limit discussed in section 5.3.1. A
homogeneous chain with 𝐽 � = 1 is considered. Compare to the single impurity spectra in figure 6.2 to observe
the effect of a second impurity. Left: High frequencies, where qualitatively the spectra do not differ from the
high frequency approximation. Right: Lower frequencies where sharp transmission features appear.

by the high frequency approximation. In this range, the main difference between infinite and finite
frequencies is a slight decrease of transmission for most of the spectrum which is due to the fact that
at finite frequencies the driving is less averaged and effectively creates a stronger impurity.

As demonstrated in the right figure 6.6, for lower frequencies 𝜔� � 3, the transmission spectrum
deviates strongly from the high frequency result. In this frequency range, it seems like the overall
transmission increases with decreasing frequency. Furthermore, many transmission maxima and
minima are observed at different particle energies. A comparison to the corresponding single impurity
spectra in the right figure 6.2 suggests that the single impurity Fano resonances occur at similar
incoming energies but are accompanied by new features stemming from the second impurity. As in
the discussion of single impurities in section 6.2, let us get an analytic insight into these new features
by considering the time-dependent continuous model 𝑀TDC in the limit of weak driving amplitudes in
the following section.

6.3.2 Time-dependent continuous model with two impurities

We have seen before, that properties of the periodically driven tight binding chain 𝑀TDD could be
understood by considering the analogue continuous model 𝑀TDC. In section 6.1.3 we found that
𝑀TDD and 𝑀TDC coincide in the limit of small incoming momenta and small driving frequency. We
can, therefore, expect to identify resonances of 𝑀TDD by comparing its transmission spectrum to the
one of 𝑀TDC at low driving frequencies.

In order to get analytic insight into the transmission spectrum of 𝑀TDC, let us proceed as in
section 6.2 and consider the weak driving limit where the three channel approximation is valid2.
Considering only the central Floquet channels 𝑛 ∈ {−1, 0, 1} corresponds to reducing the matrix 𝐴 in
equation (6.17) to the central 3 × 3 entries. Inversion of this matrix and multiplication with �𝛽 leads

2 The validity of the three channel approximation is shown in appendix A of reference [23].
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6.3 Two impurity transport

to the three channel approximation of the vector �𝜂 denoted �𝜂3c. The transmission amplitude is then
calculated by combining equations (6.11) and (6.14) which yields
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(6.30)

Inserting the components of �𝜂3c into this equation (6.30) gives a very long expression. To obtain
manageable terms, let us consider symmetric impurities with 𝛾�

1 = 𝛾�
2 ≡ 𝛾� and 𝑣�1 = 𝑣�2 ≡ 𝑣� and no

phase between the two drivings, 𝜙 = 0. As for the single driven impurity discussed in section 6.2.2,
one finds that a drop in transmission to identically zero is only possible for incoming energies 𝐸 � < 𝜔�

where the channel 𝑛 = −1 is bound and thus has imaginary momentum 𝑘−1 = 𝑖𝜅−1. Including terms of
O �

𝛾��2, one then finds vanishing transmission at energies 𝐸zt that solve the equation [24]
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For a given combination of 𝑙 and 𝜔�, solutions to this equation are plotted in figure 6.7. The
physical reason for the zero transmission resonances produced by the two terms on the left hand side
of equation (6.31) can be understood by further investigating the analytic structure of the transmission
amplitude calculated from equation (6.30). In section 6.2.2, we explained that vanishing transmission
through a single impurity is caused by Fano interference between the propagating particle’s state and
the discrete level of the 𝑛 = −1 side system. This resonance was identified as a pole in the transmission
amplitude in three channel approximation.

In reference [24], it was reported that the transmission amplitude (6.30) for two impurities exhibits
two possible poles arising from Fano interference. These poles are accompanied by wavefunctions
that are either symmetric (bonding states) or anti-symmetric (antibonding). Up to O �

𝛾��2, the pole
associated to symmetric (bonding) wavefunctions is determined from equation [24]
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whereas the anti-symmetric (anti-bonding) wavefunctions arise at the pole given by [24]
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As for the single particle transmission poles, these two poles result from interaction with the discrete
energy levels of the 𝑛 = −1 channel. In fact, we have already come across the bound state spectrum of
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Chapter 6 Solution of the Floquet picture

Figure 6.7: Energies where, in three channel approximation, zero transmission occurs in the model 𝑀TDC with
two impurities at a distance 𝑙 = 5, driven at frequency 𝜔� = 0.5. These energies are calculated according to
equation (6.31) as a function of the driving amplitude. This equation is only valid for small driving amplitudes
up to O �

𝛾��2. At larger values of 𝛾�, we expect the two solutions to lie very close to each other and shift towards
lower energies.

a one-dimensional continuous system when discussing discrete states of the high frequency continuous
model 𝑀HFC in section 5.3.5. It was found that 𝑀HFC exhibits a single symmetric bound state for
weak impurities (quantified by the impurity strength 𝑉 � � 0) with a second anti-symmetric bound
state appearing for sufficiently strong impurities. Analogously the bound channel 𝑛 = −1 can also
either feature a single symmetric or a second anti-symmetric state. These two bound states lead to
the two poles described by equations (6.32) and (6.33) and, thus, give two Fano resonances in the
transmission spectrum. These resonances are thoroughly discussed in reference [24]. Here, I will
only briefly summarize their effect on the transmission amplitude before turning to the driven discrete
system 𝑀TDD that is the subject of this thesis.

A comparison of equations (6.32) and (6.33) to the zero transmission relation (6.31) suggests that the
first term on the left hand side of equation (6.31) is associated to the pole with symmetric wavefunction
whereas the second term corresponds to the pole of anti-symmetric wavefunction. Therefore, at least
in the limit of small driving amplitudes, the two poles produce the two zero transmission resonances
depicted in figure 6.7. In fact, in the limit 𝛾� → 0, the energies of zero transmission are identical
to the real energies 𝐸 �(𝑠,𝑎) (0)

p solving the pole equations (6.32) and (6.33). The finding of real pole
energies at vanishing driving strength corresponds to infinitely sharp resonances in this limit [24].

For finite driving amplitudes the energies of zero transmission can be found as a perturbation to the
energies at vanishing drivings [24]:
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Furthermore, outside the limit 𝛾� → 0, the poles are located at complex energies

𝐸 �(𝑠,𝑎)
p = 𝐸 �

𝑠,𝑎 − 𝑖Γ�
𝑠,𝑎

where the upper indices ’s’ and ’a’ denote the pole with symmetric and anti-symmetric wavefunction
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respectively. The transmission spectum around the resonances is therefore again described by the
Fano line shape (6.27)

𝑡0(𝐸 �) ∼ 𝐸 � − 𝐸 �
zt

𝐸 � − 𝐸 �
𝑠,𝑎 + 𝑖Γ�

𝑠,𝑎

.

We have thus found that, just as for a single impurity, Fano resonances occur as a result of propagating
states interacting with discrete energy levels of the side system. Due to the second impurity, this side
system exhibits a more complex energy spectrum than the one with a single impurity. In the three
channel approximation, which is valid for weak driving amplitudes, a symmetric and an anti-symmetric
state arise which are characteristic for a symmetric double delta potential as discussed in section 5.3.5.
In the following and last section, we will transfer these findings to the model 𝑀TDD to analyze its
transmission spectrum.

6.3.3 Discrete model with two impurities

In the previous section, it was discussed that, at low driving amplitudes, the three channel approximation
of 𝑀TDC reveals two Fano resonances which lead to zero transmission. These two resonances are
associated to a symmetric and an anti-symmetric bound state of the 𝑛 = −1 channel. In this section,
we will use the relation between 𝑀TDC and 𝑀TDD that was found in section 6.1.3 to identify analogous
bound states in the discrete model 𝑀TDD and relate them to resonances of the transmission amplitude.

One approach to locate energies/momenta of zero transmission in 𝑀TDD, would be the usage of the
three channel approximation as for 𝑀TDC in the previous section. The three channel transmission
amplitude can be calculated analogously to the three channel approximated transmission amplitude of
𝑀TDC (6.30). Unfortunately, the resulting expression is so long that standard symbolic computation
software can not determine a common denominator within a reasonable computation time. This,
however, would be necessary to analyze its poles and zeros.

In the limit of small driving frequency, approximate equations for zero transmission and the location
of poles can be found by inserting the relations between 𝑀TDD and 𝑀TDC (6.24) into equations
(6.31) to (6.33). In this way, one obtains equations for zeros and poles of the transmission amplitude
that are valid in the simultaneous limits of small driving amplitudes 𝜇�, where the finite channel
approximation is valid, and in the limits of small driving frequencies 𝜔� and momenta 𝑘0, where the
relation between 𝑀TDD and 𝑀TDC holds. One finds zero transmission at
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and the two poles at
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(symmetric wavefunction) and
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(anti-symmetric wavefunction). Here, the dimensionless hopping amplitude to the impurities
𝐽 �imp ≡ 𝐽1/𝐽 = 𝐽2/𝐽 was introduced. Thus, we have thus found analytic expressions to determine zeros
and poles of the transmission amplitude of 𝑀TDD.

In figure 6.8, using equation (6.34), the energies of zero transmission in three channel approximation
are calculated as a function of the driving amplitude 𝜇�. As shown for the continuous model 𝑀TDC in
figure 6.7, for low driving frequencies, two resonances are predicted, which lead to zero transmission.
Again, these are associated to two Fano resonance poles, given by equations (6.35) and (6.36).

In figure 6.9, for certain parameter sets where the three channel approximation and the relation
between 𝑀TDC and 𝑀TDD are valid, the predicted momenta of zero transmission are compared to
the numerically determined transmission spectra. It seems like the number of resonances and the
corresponding momenta are well approximated. The deviations from equation (6.34) are, presumably,
mostly due to the finite frequency 𝜔�. According to the recurrence relation’s coefficients (6.23), the
relation between 𝑀TDC and 𝑀TDD only holds up to O �

𝜔��1.
Since the analytic expressions (6.34) to (6.36) are only valid in the simultaneous limits 𝜇�,𝜔�, 𝑘0 → 0,

let us now analyze how these transmission characteristics evolve outside of these limits. For this,
in figure 6.10, the transmission spectrum of 𝑀TDD is compared to the one of 𝑀TDC. At the chosen
driving frequency 𝜔� = 0.5, it is apparent that the two transmission spectra agree very well for weaker
driving amplitudes 𝜇� ≈ −𝛾� � 2.

For small driving amplitudes, the predicted momenta of perfect transmission are highlighted
according to equations (6.31) (𝑀TDC) and (6.34) (𝑀TDD). They appear as single red lined, but, as
depicted in figures 6.7 and 6.8, they actually consist of two zero transmission resonances within a
narrow energy range. For stronger drivings 𝜇� ≈ −𝛾� � 0.7, the three channel approximation seems to
lose its validity and equations (6.31) and (6.34) do not hold any more. It is therefore not possible to
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Figure 6.8: Energies where, in three channel approximation, zero transmission occurs in the model 𝑀TDD with
two impurities at a distance 𝑙 = 5, driven at frequency 𝜔� = 0.5. These energies are calculated according to
equation (6.34) as a function of the driving amplitude. This equation is only valid for small driving amplitudes
up to O �

𝜇��2. At larger values of 𝜇�, we expect the two solutions to lie very close to each other and shift towards
lower energies.

Figure 6.9: Left: Transmission spectrum for two driven impurities at a distance 𝑙 = 10, driven at a frequency
𝜔� = 0.5 with amplitude 𝜇� = 0.2. Right: Zoom into the momentum range where the transmission resonances
occur. The dashed lines indicate the momenta of zero transmission determined from to the approximate
equation (6.34) (green lines 𝐽 �imp = 1.2, blue line 𝐽 �imp = 1). This figure demonstrates that, as predicted, at
𝐽 �imp = 1.2 two zero transmission resonances lie close together.
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Chapter 6 Solution of the Floquet picture

Figure 6.10: Comparison of the transmission spectra of 𝑀TDC (left) and 𝑀TDD (right) for two driven impurities
at a distance 𝑙 = 5 and driven at 𝜔� = 0.5. Both systems are chosen homogeneous with 𝑣� = 0 and 𝐽 �imp = 1.
According to relation (6.24), the driving amplitudes of the left plot correspond to those for 𝑀TDD plotted in the
right. The red dashed lines at energies 𝐸 � ≈ 𝜔� (left) and 𝜀� ≈ −2+𝜔� indicate the energies of zero transmission
calculated from equations (6.31) and (6.34) that hold for small driving amplitudes. They appear as single lines,
but as shown in figures 6.7 and 6.8, they actually consist of two zero transmission resonances very close to each
other.

determine analytically, whether outside of the three channel approximation, a single resonance or two
resonances close to each other exist. In figure 6.10, only a single prominent feature is visible which,
for increasing driving amplitude, shifts towards lower energies until it is pushed out of the continuum
at 𝜇� ≈ 3 (−𝛾� ≈ 2.7) . Furthermore, at higher energies, the resonance structure seems to repeat after
energy intervals of 𝜔�.

A comparison of figure 6.10 to the corresponding transmission plots for a single impurity in
figure 6.5 shows that the same resonance shifts and repeating structures at energy intervals of 𝜔�

are observed for a single impurity. Therefore, let us, first, focus on the similarities between single
impurity and two impurity systems and explain the occurring features analogously to the single
impurity discussion in section 6.2: For energies 𝜀� < −2+𝜔, the Floquet channel 𝑛 = −1 is bound and,
depending on the driving amplitude, features either one or two discrete states. Due to the interaction
between channels, quantified by the interaction strength 𝜇�/2 (see figure 4.1), the energies of these
discrete states are pushed inside the energy continuum.

When the energy of a propagating state lies close to this discrete state’s energy, Fano interference
leads to sharp features in the transmission amplitude and a strong decrease in the transmission
probability. For weak driving amplitudes, these discrete states can be determined from equations
(6.35) and (6.36) which yield resonant energies with real parts close to −2 + 𝜔� and very small
imaginary parts corresponding to very sharp resonances. At stronger driving strengths, the energies
of the discrete states in the continuum are lowered which leads to the Fano resonances occurring at
lower energies until they are pushed out of the continuum. At energies 𝜀� > −2 +𝜔, where the 𝑛 = −1
channel is unbound, the interaction between propagating states and discrete states of lower channels
which lie at energy distances of integer multiples of 𝜔�, lead to further Fano resonances. These give
the repeating structures in the plots of figure 6.10.

After having focused on the similarities between single impurity and two impurity systems, let us
explore the differences between the corresponding transmission spectra by, again, comparing figures
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6.3 Two impurity transport

6.5 and 6.10. First of all, for driving strengths 𝜇� ≈ −𝛾� � 1.5, the second impurity leads to a global
decrease of the transmission probability. The fact that a second impurity leads to increased scattering
and, thus, to a decrease in transmission is intuitive. Secondly, the transmission features at the Fano
resonances seem to have a more complex structure. In fact, for various parameter combinations, sharp
minima and maxima of transmission appear close to each other which is not observed for single
impurities. Thirdly, a dominant transmission maximum appears at 𝜀� ≈ −1.1, independently of the
driving amplitude 𝜇�.

There is no analytic tool at hand to understand the sharp Fano resonances and the maxima 𝜇�-
independent for arbitrarily large driving amplitude. However, an insight into these features can be
expected from a numerical analysis of the quasienergy operator which, as explained in section 3.2,
governs the behavior of Floquet systems. The quasienergy operator of 𝑀TDD was derived in section 4.1.
It is given by equations (4.2) and (4.3) and illustrated in figure 4.1. In order to understand the system’s
resonance and bound state spectrum, we proceed by analyzing the eigensystem of the quasienergy
operator for a finite number of sites 𝑁 and a cutoff Floquet index 𝑛max. Numerical diagonalization
yields eigenvalues 𝜀�𝛼 and the corresponding eigenstates |𝑢𝛼�� which contain the eigenstates for all
Floquet channels

���𝑢𝛼,𝑛� (see equation (4.3)).
To understand the relation between the transmission spectrum and the quasienergy spectrum, in

figure 6.11, two cuts through the transmission heat map in the right figure 6.10 at 𝜇� = 1.5 and 𝜇� = 2.2
are plotted. For 𝜇� = 1.5, one finds that the prominent feature at 𝑘 ≈ 0.65 consists of a transmission
maximum at 𝜀� = −1.587 and a minimum at 𝜀� = −1.584. At 𝜇� = 2.2, the transmission maximum is
broadened and shifted to 𝜀� = −1.680 and the sharp minimum disappeared.

Figure 6.11: Transmission spectrum for two driven impurities at a distance 𝑙 = 5, driven at a frequency 𝜔� = 0.5
at different driving amplitudes. A homogeneous chain with 𝐽 �imp = 1 is considered. These plots present cuts
through the right plot in figure 6.10.

In figure 6.12, those eigenstates of the quasienergy operator for a finite system size are plotted,
whose energies are the closest to the sharp features in the transmission spectra of figure 6.11. It is
apparent that, for both driving amplitudes 𝜇� = 1.5 and 𝜇� = 2.2, the transmission features occur at
an energy, where the first bound channels 𝑛 ∈ {−1,−2,−3} feature a symmetric bound state while
the propagating wavefunction in the 𝑛 = 0 channel is strongly enhanced in between the impurities.
This enhancement increases for stronger driving amplitude while the probability density in the bound
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state of channel 𝑛 = −1 decreases. This trend might explain the difference in the resonance shapes
which is visible in figure 6.11: At low driving strengths, Fano interference with the discrete state of
channel 𝑛 = −1 dominates the transmission spectrum and leads to the asymmetric line shape with a
sharply peaked transmission spectrum. In turn, for stronger driving amplitudes, the wavefunction
enhancement in the zeroth channel increases which yields a cavity-like mode and thus a broader and
more symmetric resonance shape with a prominent transmission maximum. Similar cavity modes
have already been identified for the high frequency effective model 𝑀HFD in section 5.3.3.

Figure 6.12: Eigenstates of the quasienergy operator with quasienergies that are the closest to the sharp
transmission features in the spectra of figure 6.11. Those components of the eigenstates

���𝑢𝛼,𝑛� are plotted which
correspond the the propagating channel 𝑛 = 0 and the first bound channels 𝑛 ∈ {−1,−2,−3}. They are obtained
by diagonalizing the quasienergy operator for a finite system of 𝑁 = 40 sites with impurities at a relative
distance of 𝑙 = 5 sites which are driven at frequency 𝜔� = 0.5. The cutoff Floquet index is 𝑛max = 40. The index
𝛼 indicates the number of the eigenstate out of all (2𝑛max + 1) · 𝑁 eigenstates. The impurity sites are indicated
by red dashed lines. Due to the logarithmic scaling, localized bound states can be easily distinguished from
propagating states. Left: 𝜇� = 1.5, quasienergy 𝜀�1494 = −1.586. Right: 𝜇� = 2.2, quasienergy 𝜀�1486 = −1.681.

Furthermore, it is instructive to perform a similar comparison between transmission spectrum and
eigenstates of the quasienergy operator at the broad transmission peak around 𝜀� ≈ −1.15 that features
a little dip at 𝜀� = −1.086 for 𝜇� = 1.5 and at 𝜀� = −1.183 for 𝜇� = 2.2. Similarly to figure 6.12,
in figure 6.13, those eigenstates are plotted whose quasienergies are the closest to the small dips
in the transmission spectra. One observes that the corresponding eigenstates look very similar to
those plotted in figure 6.12, with the difference that all channels are shifted by one: The enhanced
wavefunction is now observed in channel 𝑛 = −1 whereas the channels 𝑛 = −2 and 𝑛 = −3 show
bound states. The fact that these eigenstates are located almost exactly at the energies of the small
dips in transmission, suggests that the dips are the result of Fano interference between the propagating
states in channels 𝑛 ≥ −1 and the bound states in channels 𝑛 ≤ −2 .

By analyzing the eigensystem of the quasienergy operator we have, thus, demonstrated that the
repeating resonances illustrated in figure 6.10 are due to a combined effect of Fano interference
and cavity effects. At low driving amplitudes, it was shown that Fano interference leads to sharp
drops in the transmission probability. For increasing driving strength, the two impurities produce an
enhancement of the propagating wavefunction which is accompanied by an increase in transmission.
This is, again, the cavity-like behavior that has already been observed for the effective high frequency
model 𝑀HFD in section 5.3.3. At intermediate driving amplitudes 𝜇� ≈ 1.5, a competition between
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Figure 6.13: Eigenstates of the quasienergy operator with quasienergies that are the closest to the small
transmission dips around 𝜀� ≈ −1.15 in the spectra of figure 6.11. Those components of the eigenstates

���𝑢𝛼,𝑛�
are plotted which correspond the the propagating channel 𝑛 = 0 and the first bound channels 𝑛 ∈ {−1,−2,−3}.
They are obtained by diagonalizing the quasienergy operator for a finite system of 𝑁 = 40 sites with impurities
at a relative distance of 𝑙 = 5 sites which are driven at frequency 𝜔� = 0.5. The cutoff Floquet index is 𝑛max = 40.
The index 𝛼 indicates the number of the eigenstate out of all (2𝑛max + 1) · 𝑁 eigenstates. The impurity sites
are indicated by red dashed lines. Left: 𝜇� = 1.5, quasienergy 𝜀�1534 = −1.086. Right: 𝜇� = 2.2, quasienergy
𝜀�1526 = −1.181.

these two effects was observed.
Finally, let us discuss the broad transmission maximum that occurs at 𝜀� ≈ −1.1, independently

of the driving strength (see right figure 6.10). One finds that, at this energy, the 𝑛 = −1 channel is
unbound and, at all driving strengths, exhibits a confined mode. Two examples of these confined
modes are illustrated in figure 6.14. In fact, for the given frequency 𝜔� = 0.5 and distance between
impurities 𝑙 = 5, exactly at energy 𝜀� = −1.118, the momentum in channel 𝑛 = −1 is (equation (4.14))

𝜀� − 𝜔� = −2 cos
�
𝑘−1

� ⇒ 𝑘−1 = arccos

�
𝜀� − 𝜔�

−2

�
=

𝜋

𝑙

which is the characteristic condition for the first mode of a cavity. This observation suggests that a
prominent, 𝜇�-independent transmission maximum appears, whenever the 𝑛 = −1 channel exhibits a
cavity mode.

To investigate this assumption, consider figure 6.15, where, with respect to the right figure 6.10,
the distance between impurities was increased from 𝑙 = 5 to 𝑙 = 8. Here, the first cavity mode in
channel 𝑛 = −1, 𝑘−1 = 𝑛𝜋/𝑙, gives an expected transmission maximum at energy 𝜀� = −1.348 which
is highlighted in figure 6.15. It is apparent that this mode is clearly accompanied by a 𝜇�-independent
increase in transmission. To identify this cavity mode in the quasienergy operator’s eigensystem, in
figure 6.16, eigenstates for different driving strengths are plotted, where the cavity-like wavefunction
enhancement is visible. Indeed, independently of 𝜇�, these eigenstates lie close the highlighted energy
of figure 6.15. This confirms the assumption that the cavity-like behavior of channel 𝑛 = −1 leads to a
transmission maximum which does not depend on the driving strength. For energies 0 < 𝜀� < 2, the
𝑛 = 1 channel takes the same role.

With this explanation of the prominent 𝜇�-independent transmission maximum, we can close the
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Figure 6.14: Eigenstates of the quasienergy operator where the 𝑛 = −1 channel has a confined mode with
𝑘−1 ≈ 𝜋

𝑙 . The components of the eigenstates
���𝑢𝛼,−1

�
in the propagating channel 𝑛 = −1 are plotted. It seems

like these states lead to a 𝜇�-independent transmission maximum. They are obtained by diagonalizing the
quasienergy operator for a finite system of 𝑁 = 40 sites with impurities at a relative distance of 𝑙 = 5 sites which
are driven at frequency 𝜔� = 0.5. The cutoff Floquet index is 𝑛max = 40. The index 𝛼 indicates the number of
the eigenstate out of all (2𝑛max + 1) · 𝑁 eigenstates. The impurity sites are indicated by red dashed lines. Left:
𝜇� = 3.2, quasienergy 𝜀�1528 = −1.137. Right: 𝜇� = 4.5, quasienergy 𝜀�1529 = −1.138.

Figure 6.15: Transmission spectrum of 𝑀TDD for two driven impurities at a distance 𝑙 = 8 and driven at 𝜔� = 0.5.
The system is homogeneous with 𝐽 �imp = 1. A comparison to the right figure 6.10 illustrates the influence of
the distance in between impurities. At the highlighted energy, channel 𝑛 = −1 exhibits a cavity mode with
𝑘−1 = 𝜋/𝑙 which is clearly accompanied by a transmission maximum.
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Figure 6.16: Eigenstates of the quasienergy operator where the 𝑛 = −1 channel has a confined mode with
𝑘−1 ≈ 𝜋

𝑙 . It appears like these states lead to a 𝜇�-independent transmission maximum. The components
of the eigenstates

���𝑢𝛼,−1

�
in the propagating channel 𝑛 = −1 are plotted. It seems like these states lead to a

𝜇�-independent transmission maximum. They are obtained by diagonalizing the quasienergy operator for a
finite system of 𝑁 = 39 sites with impurities at a relative distance of 𝑙 = 8 sites which are driven at frequency
𝜔� = 0.5. The cutoff Floquet index is 𝑛max = 40. The index 𝛼 indicates the number of the eigenstate out of all
(2𝑛max + 1) · 𝑁 eigenstates. The impurity sites are indicated by red dashed lines. Left: 𝜇� = 3.2, quasienergy
𝜀�1478 = −1.323. Right: 𝜇� = 4.5, quasienergy 𝜀�1476 = −1.348.

discussion of the driven discrete model with two impurities. We used the analogy between the
continuous model 𝑀TDC and the discrete model 𝑀TDD at low driving amplitudes, to associate peaked
drops in the transmission amplitude to Fano interference effects between propagating states interacting
with discrete states of bound channels. By diagonalizing the quasienergy operator, we found that,
for increasing driving amplitude, these Fano resonances compete with cavity resonances which stem
from a wavefunction enhancement between the impurities. These cavity effects were shown to lead
to a broader and more symmetric resonance shape and a transmission maximum. Furthermore, a
prominent, driving-amplitude-independent transmission maximum was associated to the cavity mode
of the first side channel.
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CHAPTER 7

Conclusion

In this work, the transport properties of a one-dimensional tight binding system with two periodically
driven impurities was analyzed. The unperturbed system is described by bulk hopping amplitude 𝐽,
hopping amplitudes to the impurities 𝐽1 and 𝐽2 and the distance 𝑙 between impurities. The external
driving fields oscillate at frequency 𝜔, a relative phase 𝜙 and at driving amplitudes 𝜇1 and 𝜇2 at the
first and second impurity respectively. Floquet theory was applied to the periodically time-dependent
Hamiltonian to derive the system’s time-independent quasienergy operator. It consists of an infinite
set of Floquet replicas of the original tight binding chain which lie at quasienergies shifted by integer
multiples of ±ℏ𝜔. In this way, the original one-dimensional Hilbert space was extended by an
additional virtual dimension. We found that at the impurity sites each Floquet channel couples to the
energetically neighboring channels with coupling constant 𝜇𝑖/2, 𝑖 ∈ {1, 2}.

In order to characterize the system’s transport properties, we then considered the limit of high
driving frequencies 𝜔/𝐽 → ∞. In this limit, we found that the original model reduces to an effective
time-independent model where the impurities are represented by effective hopping amplitudes 𝐽𝑖,eff ,
𝑖 ∈ {1, 2}, which depend on the original impurity hopping amplitude 𝐽𝑖 and 𝜇/𝜔. It was shown
that in the continuum limit of vanishing lattice spacing 𝑎, while keeping 𝐽𝑎2 finite, the change in
hopping amplitudes at the impurity sites corresponds to a position-dependent mass in a continuous
system. An expression for this position-dependent mass was found which was transformed into an
effective potential consisting of two static delta potential peaks at the positions of the impurities. We
demonstrated that the transmission spectrum of this analogue continuous model coincides with the
spectrum of the discrete high frequency model in the limit of small momenta 𝑘 when they are scaled
in terms of the inverse lattice spacing.

We then made use of the analogy between high frequency discrete and continuous model to explain
the transport features of the discrete model. In contrast to a single impurity, for the case of symmetric
impurities with 𝐽eff = 𝐽1,eff = 𝐽2,eff perfect transmission peaks were observed whose width and value
depend on the effective impurity hopping amplitude 𝐽eff and 𝑙. In the limit of strong impurities 𝐽eff → 0,
these peaks coincide with infinitely sharp resonances of the transmission amplitude. The peaks are
furthermore accompanied by a strong enhancement of the wavefunction in between impurities. These
features suggest that in the regime 𝐽eff → 0 the high frequency model behaves like an optical cavity
which leads to the interpretation of the confined wavefunctions as cavity modes.

Outside of the limit 𝐽eff → 0, the sharp transmission peaks were observed to broaden and the
momenta of perfect transmission shifted. These effects were explained by broader transmission

95



Chapter 7 Conclusion

resonances, such that multiple resonances contribute to a single transmission peak. When leaving
the limit 𝐽eff → 0, the wavefunction enhancement was observed to decrease. However, confined
modes were still demonstrated to be present at the momenta of perfect transmission. For a certain
value of the effective hopping amplitude 𝐽eff > 1, a threshold anomaly was identified, which is the
critical phenomenon of perfect transmission at zero momentum. This feature was associated to
the appearance of a second bound state at this value of the hopping amplitude which boosts the
transmission probability at vanishing momenta.

The discussion of the high frequency limit was finalized by considering asymmetric impurities
𝐽1,eff ≠ 𝐽2,eff . In this case, transmission peaks are still observed but generally do not reach perfect
transmission. However, we found that for effective hopping amplitudes above a certain threshold value,
an asymmetric combination of hopping amplitudes can be found where perfect transmission occurs
exactly at momenta 𝑘 = 𝑛𝜋/𝑙. As in the symmetric case, these transmission peaks are accompanied
by confined wavefunctions which yet do not reach the enhancement in between symmetric impurities.
Furthermore, at asymmetric effective hopping amplitudes, the threshold anomaly leads to a finite, but
not perfect transmission probability at vanishing momentum.

After the analysis of the high frequency limit, we returned to the Floquet picture of multiple replicas
of the original chain which lie at equidistant quasienergies and couple to each other at the impurity
sites. As in the high frequency limit, a general analogue continuous model to the Floquet picture was
derived where the discrete tight binding chains are replaced by continuous channels. It was found that
the two models coincide in the simultaneous limits of small momenta and small driving frequency.
This analogy was utilized to gain analytic insight into the multichannel transport problem at hand.

To this end, first, previous results on transmission through a single driven impurity were summarized.
It was explained that a given Floquet channel only contributes to the total transmission when it supports
propagating solutions, that is when its quasienergy lies within the energy continuum. Otherwise,
the channel only features bound solutions. Whilst these bound states do not directly contribute to
particle transmission, due to the interaction between channels, they can influence propagating states in
neighboring channels. This effect is called Fano interference and, for single impurities, was observed
to produce resonances of zero transmission.

The same effect of Fano interference was found to occur with two driven impurities. At weak driving
amplitudes, the resulting Fano resonances were shown to produce very sharp dips in the transmission
spectra. At stronger driving amplitudes, these Fano resonances were demonstrated to compete with
cavity-like wavefunction enhancement in between the impurities. As in the high frequency model, this
enhancement was observed to produce broad transmission maxima which dominate the Fano effects at
large driving amplitudes.

The discussion of asymmetric impurities outside of the high frequency limit remains for future
work. The same holds for the discussion of a nonzero phase between the driving fields. Moreover,
an interesting direction of further research would be the addition of an interaction between multiple
particles. For sufficiently large interaction, the formation of pairs is expected which may exhibit very
different transmission characteristics as single particles.
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APPENDIX A

Time evolution in the Floquet picture

As explained in section 4.1 the time evolution of the tight binding chain with two periodically
driven impurities can be obtained by solving the Floquet equation 3.10, that is by diagonalizing the
quasienergy operator 𝑄̄ of this equation. According to equation 3.9, the extended Hilbert space, where
the quasienergy operator lives, is given by the product of the Hilbert space of the quantum mechanical
system, which for an infinite tight binding chain is infinite dimensional, and the infinite dimensional
space of 𝑇-periodically time dependent functions. In order to numerically diagonalize the quasienergy
operator one therefore needs to approximate the quasienergy operator as a finite dimensional matrix.
The physical Hilbert space can be made finite by considering a finite chain of 𝑁 sites. Similarly L𝑇
can be made finite by choosing some cutoff Fourier index 𝑛max.

The explicit form of the Floquet equation for the tight binding chain with two driven impurities
is given by equation 4.3. It states that numerical diagonalization yields quasienergies 𝜀𝑛 with
corresponding eigenstates |𝑢𝛼�� that contain the eigenstates all all Floquet channels

��𝑢𝛼𝑛� labeled by
the Floquet indices 𝑛 ∈ {−𝑛max,−𝑛max + 1, ..., 𝑛max}. The time evolution of any initial wavefunction
can be determined as explained in [54]. As explained in section 3.2, this eigensystem contains a lot of
redundant information and can be reduced by considering eigenvalues within an energy interval of
width ℏ𝜔. We can therefore limit the analysis to those eigenvalues within the first Floquet Brillouin
zone 𝜀 ∈ �−𝜔/2,𝜔/2� .

According to equation 3.6, for a given index 𝛼, the quasienergy of the Floquet mode
��𝑢𝛼𝑛� is given

by 𝜀𝛼𝑛 = 𝜀𝛼 + 𝑛ℏ𝜔. The time evolution of a given initial wavefunction
��𝜓(0)� can then be calculated

as [54] ��𝜓(𝑡)� = �
𝛼

𝑐𝛼

�
𝑛

exp
�−𝑖𝜀𝛼𝑛𝑡� ��𝑢𝛼𝑛�

where the coefficients

𝑐𝛼 =
�
𝑢𝛼 (0)

��𝜓(0)�
𝑐𝛼 are calculated from the initial wavefunction. Here, the Floquet mode at 𝑡 = 0 is given by

��𝑢𝛼 (0)� = �
𝑛

��𝑢𝛼𝑛� .
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Appendix A Time evolution in the Floquet picture

This formalism illustrates the simplicity of determining a wavefunction’s time evolution by means
of the Floquet formalism. The presented method can be utilized to depict the scattering process of an
incoming Gaussian wave packet

���𝜓wp(𝑡)
�
=
�
𝑗

exp

�
− ( 𝑗 − 𝑗0)2

2𝜎
+ 𝑖𝑘 𝑗

�
𝑐†𝑗 |0�

initially centered around site 𝑗0 with width 𝜎. For a given set of system and driving parameters, this
scattering process is illustrated in figure A.1. The plots nicely show a decrease in transmission for
altered driving amplitude which is predicted from the transmission spectrum in the right figure 6.10. In
principle, the transmission probability can be calculated from the analysis of such scattering processes.
However, compared to the method presented in section 4.2, the calculation of the wavefunction after
the scattering process

���𝜓wp(𝑡f)
�

is computationally more costly. Furthermore, the initial wave packet
features a finite momentum bandwidth which reduces the momentum resolution of the scattering
process.

Figure A.1: Time evolution of incoming wave packets of energy 𝜖 � = −1.6 on a homogeneous tight binding
chain with 𝐽 �imp = 1 scattered at two impurities at a distance of 𝑙 = 5 driven at frequency 𝜔� = 0.5. The cutoff
parameters to make system finite are chosen as 𝑁 = 50 and 𝑛max = 20. The red dashed lines indicate the
impurity sites. Left: driving amplitude 𝜇� = 1. Right: driving amplitude 𝜇� = 2. These scattering processes
can be compared to the transmission spectrum in the right figure 6.10 which indeed show a drop in transmission
at 𝜇� = 2 compared to 𝜇� = 1.
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APPENDIX B

Supplements to the high frequency limit

B.1 High frequency transmission rewritten

In this appendix, a different way to write equation (5.23) is given which describes particle transmission
in the high frequency discrete model 𝑀HFD. Using various addition theorems for triangular functions,
one obtains the following representation:

𝑇 =8(𝐽 �1,eff)4(𝐽 �2,eff)4 sin4(𝑘)

·
� �

−16
7
(𝐽 �1,eff)2(𝐽 �2,eff)2 +

�
(𝐽 �1,eff)2 + (𝐽 �2,eff)2

�2
+ 7

�
(𝐽 �1,eff)4 − 4

7
(𝐽 �1,eff)2

� �
(𝐽 �2,eff)4 − 4

7
(𝐽 �2,eff)2

��

+ 8 cos(2𝑘)
��
(𝐽 �1,eff)2 − 1

�2 �
(𝐽 �2,eff)2 − 1

�2
− 1

2
(𝐽 �1,eff)4(𝐽 �2,eff)4

�

+ cos(4𝑘)
��
(𝐽 �1,eff)2 − 1

�2 �
(𝐽 �2,eff)2 − 1

�2
+
�
2(𝐽 �1,eff)2 − 1

� �
2(𝐽 �2,eff)2 − 1

��

− 8 cos(2𝑘) cos(2𝑘𝑙)
�
(𝐽 �1,eff)2 − 1

�2 �
(𝐽 �2,eff)2 − 1

�2

− 2 cos(4𝑘) cos(2𝑘𝑙)
�
(𝐽 �1,eff)2 − 1

� �
(𝐽 �2,eff)2 − 1

� �
2(𝐽 �1,eff)2(𝐽 �2,eff)2 − (𝐽 �1,eff)2 − (𝐽 �2,eff)2 + 1

�
− 16 sin(𝑘) cos3(𝑘) sin(2𝑘𝑙)

�
(𝐽 �1,eff)2 − 1

� �
(𝐽 �2,eff)2 − 1

� �
2(𝐽 �1,eff)2(𝐽 �2,eff)2 − (𝐽 �1,eff)2 − (𝐽 �2,eff)2

�

+ 4 sin2(𝑘𝑙)
�
3
�
(𝐽 �1,eff)2 − 1

�2 �
(𝐽 �2,eff)2 − 1

�2
−
�
(𝐽 �1,eff)4 − (𝐽 �1,eff)2

� �
(𝐽 �2,eff)4 − (𝐽 �2,eff)2

�� �−1

(B.1)

B.2 Comparison of position-dependent mass system and double delta
potential

In section 5.2.1, we found that the position-dependent mass of the high frequency analogue continuous
model can be translated into the potential (5.35). According to equation (5.38), in the limit of small
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Appendix B Supplements to the high frequency limit

peak width 𝜎 → 0, the effective potential (5.35) is expected to be described by a double Dirac delta
potential. This potential is investigated in section 5.2.2. In this appendix, the numerical transmission
through the effective potential (5.35) is compared to the analytical transmission through a double delta
potential given by equation (5.41). We will find that, except for numerical deviations, the two models
match very well.

Transport through the effective potential (5.35) is calculated numerically by means of the numerical
method described in reference [34]. In figure B.1, the resulting transmission spectrum is compared to
the one of the delta potential for different values of the impurities’ spatial extent 𝜎.

Figure B.1: Transmission through the double delta potential with 𝑙 = 10 compared to the numerically calculated
transmission through the effective potential (5.35) resulting from the position-dependent mass described in
section 5.2.1 for different values of 𝜎.

For 𝜎 = 0.1, the numerical transmission spectrum is smooth, but for the case of strong impurities,
it deviates from the spectrum of the corresponding double delta potential. The spectrum for 𝜎 = 0.01
matches very well with the corresponding result for the delta potential. However, its spectrum features
many spikes. Since the potential peaks are very narrow here, the numerical algorithm sometimes
struggles at determining the correct wavefunction and transmission.

In figure B.2, the four momenta of perfect transmission of the double delta potential are compared
to those for the position-dependent mass system, again relating the two with equation (5.38). As
observed in figure B.1, the spectra seem to match very well. For 𝜈 ∈ (0, 1), in the limit 𝜎 → 0, the
position-dependent mass system seems to be described very well by the double delta potential. Since,
in contrast to the position-dependent mass system, the double delta potential can be solved analytically,
the latter system is the only one considered from section 5.2.3 on.

B.3 Resonant wavefunctions and confined eigenstates

In section 5.3.3, we found that at perfect transmission, the wavefunction of an incoming particle
is enhanced in between the impurities. Furthermore, we found confined eigenfunctions of the
Hamiltonian with non-degenerate eigenvalues exactly at these energies of perfect transmission.

To illustrate the relation between transmission maxima and confined modes on the one hand, and the
relation between the high frequency discrete model 𝑀HFD and the high frequency analogue continuous
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B.3 Resonant wavefunctions and confined eigenstates

Figure B.2: The four momenta of perfect transmission for the delta potential as a function of 𝑉0 > 0 (solid line)
compared to the values for the corresponding position-dependent mass system with 𝜎 = 0.1 (plus symbols).

model 𝑀HFC on the other hand, the following procedure is pursued:

1. For a given 𝐽 �, the energies of perfect transmission 𝜖 �perf. trans. = −2 cos
�
𝑘perf.trans.

�
of 𝑀HFD are

determined numerically, using equation (5.23).

2. The corresponding Hamiltonian for a finite system (5.51) is diagonalized and the eigenvalues
that are the closest to the energies of perfect transmission are identified. These confined
eigenstates are normalized to the region in between the impurities such that

𝑙�
𝑗=0

|𝜓 𝑗 |2 = 1

where 𝜓 𝑗 is the wavefunction at site 𝑗 .

3. Using relation (5.42), the effective hopping amplitude 𝐽 � of 𝑀HFD is related to an impurity
strength 𝑉 � of 𝑀HFC. For the determined energies of perfect transmission 𝜖 �perf.trans., the
wavefunction of 𝑀HFC is determined using equations (5.39) and (5.40). In between the
impurities, the wavefunction’s density can be written in terms of the transmission as

|𝜓in btw. impurities(𝑥) |2 = 𝑇

�
1 + 2𝑉2

𝑘2

�
1 − cos

�
2𝑘 (𝑥 − 𝑙)� − 𝑘

𝑉
sin

�
2𝑘 (𝑥 − 𝑙)� �

�
.

It is normalized to match the density of the discrete eigenstates. Since the step size is chosen
as Δ𝑥 = 0.2 (yielding 1/Δ𝑥 = 5 sampling points per discrete site), the probability density is
normalized such that ∫ 𝑙

0
d𝑥 |𝜓(𝑥) |2 =

1
Δ𝑥

= 5

4. Using relation (5.38), the double delta potential is related to the position-dependent mass system
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described in section 5.2.1. For different values of the impurity extent 𝜎, the wavefunction of
a particle with the energy 𝜖 �perf.trans. is determined numerically using the method described in
reference [34]. Its probability density is normalized in the same fashion as the one of the double
delta potential.

5. The probability densities of all these wavefunctions are plotted for different values of 𝐽 � in
figures B.3 to B.4.

Figure B.3: Comparison of the wavefunctions at the energies of perfect transmission in the discrete model
𝜖 �perf.trans. for 𝐽 � = 0.3 and 𝑙 = 10. The discrete eigenvectors are determined for a finite system size of 𝑁 = 101
sites.

On the one hand, from these plots, one nicely sees that one is able to relate the three models (𝑀HFD,
continuous model with position-dependent mass and 𝑀HFC) to each other. Not only the transmission
spectra match, as shown in chapter 5.3, but also the wavefunctions do, at least at the energies/momenta
of perfect transmission.

Secondly, one nicely sees that in the discrete and the continuous model transmission maxima appear
when the wavefunction shows a confined mode. This feature is discussed thoroughly in sections
5.3.3 and 5.3.4.

In these plots, only the case of decreased hopping amplitude 𝐽 � < 1 and correspondingly positive
delta barrier with 𝑉 � > 0 has been analyzed. This is for the fact that, as explained in section 5.2.1,
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B.3 Resonant wavefunctions and confined eigenstates

Figure B.4: Comparison of the wavefunctions at the energies of perfect transmission in the discrete model
𝜖 �perf.trans. for 𝐽 � = 0.9 and 𝑙 = 10. The discrete eigenvectors are determined for a finite system size of 𝑁 = 101
sites.

the continuous position-dependent mass system can only be quantitatively related to the double delta
potential for 0 ≤ 𝜈 ≤ 1 which limits the double delta potential to 𝑉 ≥ 0. In figure 5.5, one sees that
𝑉 ≥ 0 limits the discrete system to 0 ≤ 𝐽 � ≤ 1. However, as discussed in section 5.3.5, one finds that
𝐽 � > 1 relates to 𝑉 < 0 where both models feature bound states.
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6.3 Left: As explained in sections 4 and 6.1.2, by means of Floquet theory, periodically
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6.9 Left: Transmission spectrum for two driven impurities at a distance 𝑙 = 10, driven at a
frequency 𝜔� = 0.5 with amplitude 𝜇� = 0.2. Right: Zoom into the momentum range
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6.14 Eigenstates of the quasienergy operator where the 𝑛 = −1 channel has a confined
mode with 𝑘−1 ≈ 𝜋

𝑙 . The components of the eigenstates
���𝑢𝛼,−1

�
in the propagating

channel 𝑛 = −1 are plotted. It seems like these states lead to a 𝜇�-independent
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